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Preface

‘ x r hile the paper-setting pattern and assessment methodology have been revised many times over and newer criteria devised to

help develop more aspirant-friendly engineering entrance tests, the need to standardize the selection processes and their out-

comes at the national level has always been felt. The Joint Entrance Examination (JEE) to India’s prestigious engineering in-

stitutions (ITs, ITs, NITs, ISM, IISERs, and other engineering colleges) aims to serve as a common national-level engineering entrance
test, thereby eliminating the need for aspiring engineers to sit through multiple entrance tests. '

While the methodology and scope of an engineering entrange test are prone to change, there are two basic objectives that any test needs -
to serve: .

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.
2. The need to test an aspirant’s grasp and understanding of the concepts of the subjects of study and their applicability at the grassroots
level. :

Students appearing for various engineering entrance examinations cannot bank solely on conventional shortcut measures to crack
the entrance examination. Conventional techniques alone are not enough as most of the questions asked in the examination are based
on concepts rather than on just formulae. Hence, it is necessary for students appearing for joint entrance examination to not only gain a
thorough knowledge and understanding of the concepts but also develop problem-solving skills to be able to relate their understanding of
the subject to real-life applications based on these concepts. : :

This series of books is designed to help students to get an all-round grasp of the subject so as to be able to make its useful application in
all its contexts. It uses a right mix of fundamental principles and concepts, illustrations which highlight the application of these concepts,
and exercises for practice. The objective of each book in this series is to help students develop their problem-solving skills/accuracy, the
ability to reach the crux of the matter, and the speed to get answers in limited time. These books feature all types of problems asked in the
examination—be it MCQs (one or more than one correct), assertion-reason type, matching column type, comprehension type, or integer
type questions. These problems have skillfully been set to help students develop a sound problem-solving methodology. !

Not discounting the need for skilled and guided practice, the material in the books has been enriched with a number of fully solved
concept application exercises so that every step in learning is ensured for the understanding and application of the subject. This whole
series of books adopts a multi-faceted approach to mastering concepts by including a variety of exercises asked in the examination. A mix
of questions helps stimulate and strengthen multi-dimensional problem-solving skills in an aspirant.

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in order to get maximurm benefit
from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understanding of the theory/concept.

" Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time problems, ‘which equips the
students with the knowledge of the field and paves a confident path for them to accomplish success in the JEE. '

With best wishes!

G. TEWANI

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
- 'Ph.: 0651-2562523, 9835508812, 8507613968



K’S JEE (MAIN & ADV.), MEDICAL -
S + BOARD, NDA, FOUNDATION

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



K’'S JEE (MAIN & ADV.), MEDICAL
S + BOARD, NDA, FOUNDATJ__QN

Functions -

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 ¢



PP NEWTON CLASSES

1.2 Calculus

"NUMBER SYSTEM AND INEQUALITIES

Number System

Natural Numbers

The set of numbers {1, 2,3,4,... } is called natural numbers, and is
denoted by N,ie.,N={1,2,3,... }.

Integers

The set of numbers {...,—3,-2,-1,0,1,2,3, ...
and the set is denoted by 7 or Z.
Here, we represent

} is called integers,

a. - Positive integers = {1, 2, 3, 4, ...} = Natural numbers
b. Negative integers = {...,—4,-3,-2,-1}

¢. Non-negative mtegers (orNo) {O 1,2,3,4,:..} =Whole -

numbers
d Non-positive integers = {...,-3,-2,-1,0}

Rational Numbers

A number which can be written as — , where a and b are integers,

b’
b#0and H.CF. of a and b is 1, is called a rational number, and

a set of rational numbers is denoted by Q..

The sét of. al;
‘roaster form.. E

Irratronal Numbers

Those values which could be neither terminated nor expressed as
recurring decimals are 1rrat10na1 numbers (i.e., such numbers

cannot be expressed in Z form). Their set is denoted by O° (i.e.,

complement of 0), e.g., \/E, T, —E ,2+ \/5_,

Note
. Two consecuttv
" e The set of zrratzon'

roaster form.:

jonal numbers” is meaningle,
umbers cannot be expressed. in

Real Numbers

The set of numbers that contains both rational and irrational
numbers is called real numbers and is denoted by R. As from, the

above definitions, it could be shown that real numbers can be

expressed on number line with respect to origin as

.

T T T T T T 1 T T

% 3 -2 5 -+ 0 1 2 3 %

_ Fig. 1.1 " (asforx =0, L
Office.: 606, 6th Floor, Hariom Towe?,fﬁlrc(:)marrﬁ ,
"Ph.: 0651-2562523, 9835508812, 8507613968
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~Note: SR
e The Set R represents zhe set of contzn
' discrete values):
‘ Between any two zrratzonal num e
atzonal numbers and. between ‘two: ratl
there exzst mf nzte zrratlonal num,,_‘_\

Intervals

The set of numbers between any two real numbers is called
interval. The following are the types of interval.

. Closed Interval

- xe [a,b]={x:a<x<b}

—~—

a o b
Fig. 1.2
Opeh Interval
x€ (a,b)or]a,b[={x:a<x<b}

Fig. 1.3
Semi-Open or Semi-Closed Interval ’

x€ [a,bfor [d, b)= {x: a Sx<‘b} :

a b’
x€ Ja,blor(a, b} ={x:a<x<b}

Some Facts About Inequalities

The following are some very useful points to remember:

a. a<b=eithera<bora=5b

'h a<bandb<c=a<c

¢. a<b=—a>-b,i.c., theinequality sign reverses if both
sides are multiplied by a negative number

d a<bandc<d=a+c<brdanda-d<b-c

e. a<b=ka<kbifk>0andka>kbifk<0

f 0<a<b=d <bifr>0anda >b"ifr<0

g a +l >2 for a > 0 and equality holds fora=1
a

h. a+l < -2 for a < 0 and equality holds for a=-1
a

i Ifx>2= 0<.l<—1-.
x 2

1
i Ifx<—3::>-l<—<0

3 x _ : :
k. Ifx<2,thenw’emustconsider—w<x<0or0<x<2

defin then .
anchi-1,
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11 .1 .1 1 1
im —>->lm—or lim —>-—>—
x> X X x—-0-X -0t x X

1 1 1
= 0>—>—0 0roo>—>-—

1. Squaring an inequality:
If a < b, then a* < b? does not follow always: A
Consider the following illustrations:

'2<3=4<9,but—4<3=16>9

Alsoifx>2=x*>4,butforx<2=x*20
If2<x<4=4<x*<16
If-2<x<4=0<x*<16
If-5<x<4=0<x%<25

Generalized Method of Intervals
Let Flx)= (x—q )kl (x—a, Yo .. (x— a,, )k"-l (x—a, Yo .
Here &y, ky, ... k, €-Z and ay, ay, ..., a, are fixed real numbers

satisfying the condition
a,<ay<a;<..<a, <a,

For solving F(x) > 0 or F(x) < 0, consider the following

algorithm: o

e 'We mark the numbers a,, a,, ..., a, on the number axis and
put plus sign in the interval on the right of the largest of
these numbers, i.e., on the right of a,,.

e Then we put plus sign in the interval on the left of a, if &,
is an even number and minus sign if &, is an odd number.
In the next interval, we put a sign according to the
following rule: . :

¢ When passing through the point a4, ; the polynomial
F(x) changes sign if &, ; is'an odd number. Then we
consider the next interval and put a sign in it using
the same rule.

e Thus we consider all the intervals. The solution of the
inequality F(x) > 0 is the union of all intervals in which we
put plus sign and the solution of the inequality F(x) <0 is
the union of all intervals in which we put minus sign.

Frequently Used Inequalities

‘a (x—a)(x—-b)<0=xe (a,b),wherea<b

b (x—a)x—b)>0=x€e (—o0,a) U (b, ), where a<b

c. ¥<d?=xe [-a,ad]

d 2’ = xe (-0, —a]U[a, )

e. fa +bx+¢<0,(a>0)=xe (a B), where o, B
{0 < B) are the roots of the equation a+bx+c=0

£ Hax+bx+c>0,(a>0)=>xe (~, 0)) U (B, o), where o
B (o< ) are the roots of the equation ax* + bx + ¢ =0

‘Solve (2x+1) (x—3) (x+7) <O0.

Example 1.1

Functions 1.3

Sign scheme of (2x+1) (x— 3) (x + 7) is as follows:
- + - +

-7 =172 3
Fig. 1.5

Hence, solution is (—o=, ~7) U (-1/2,3).

Example 1.2 RIS 2 <3.
x

Sol. 2 <3.
X
= 2 -3 <0 (we cannot cross multiply with
o _ x, as x can be negative or positive)
N 2-3x <0
x .
- 3x-2 >0
x
. (x-2/3) >0
X
Sign scheme of x=2/3) is as follows:
: - d
+ 0 = F
0 2/3
Fig. 1.6

= xe (—o, 0) U (2/3, ).

2x-3
Example 1.3 RVA 177 >3.
) 3x-5

Sol. 2273 >3
3x —
= 2x—3_3 20
3x-5
2x—3-9x+15 >0
3x-5
’ N —~7x+12 >0 -
3x-5
Tx—12 <0
3x-5
Sign scheme of Tx—12 is as follows:
3x-5
+ -+
5/3 1277
Fig. 1.7

=xe (53,12/7]

x = 5/3 is not included in the solution as at x = 5/3,
denominator becomes zero.

Ex’anﬁplé‘_flA‘ 8 Solve (x— 12 (x+4)< 0.

sl icg..606, 6th Floor, Hariom Tovfer (Civéutér Road, Ranchi-1, M
so. = AL 6-O, © 0651-2562523, 9835508&?1%?%%(5‘7%1@9@8 B
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- + +

-4 1
Fig. 1.8
Sign of expression does not change at x = 1 as (x - 1)

factor has even power.
Hence, solution of (1) is x € (—°, —4).

IR R Solvex> J(i-x).

Sol. Given inequality can be solved by squaring both sides.
But sometimes squaring gives extraneous solutions that
do not satisfy the original inequality. Before squaring, we
must restrict x for which terms in the given inequality are

- well-defined.

x> /(1-x) . Here x must be positive;
Here v1-x is defined only when 1 —x 2 0 or x < 1

. )
Squaring the given inequality we get #*>1-x
> +x-1>0= x—-—l—\/—s— x—i*-—\/——s— >0

- 2 2
=>x< _1;\/—5— orx> —1;\/5 2

! , 1] (asxis+ve)

| Example 16 | Find the domainoff(®)= {1-V1-V1=# .

Sol. f(x)=\/1..—\jl—\/1——_;c;
A 20
= \/1—\/1——;7 Si

= 1-1-x2 <1

From (1) aﬁd (2),;; € (‘E -

= J1-x ZO
=1-x*20
>x¥<1=xel-1,1]

Sign Scheme of

F)=f,(x) f,) £,6)--- 1,
Put the values of x, which are roots of the equation, f,(x) = 0, /2(x)-

=0,...,[,(x)=0onthe number line and follow the same procedure
explained in the above problems.

\/O e SR Solve (x— 1)|x+ 1 cos x>0, forxe [-m, 7}

Sol. Let f(x)=(x—1)lx+1fcosx

+ — —_

|

+H;;—|[ﬁ

a2 -1 1 2

" \ =4

-), MEDI

cosx=0=>x=%7/2.

So, critical points are —m/2,-1,1, /2

Forxe (w/2, 1), cosx<0=>f(x) <0 )

At x = 7t/2, and x = 1, f(x) changes sign as shown in the
sign scheme.

Atx=-1, f(x) does not change sign as |x + 1| > 0 for all x.
Hence, f (x)>0=x€ (~m-mi2)w (1, 7/2).

Find the domain of
N  fw)= Jx-4-2JG-5) _Jr-4+2JG-5)

Sol. f()= {Jx-4-2J(x=5) = Jx-4+2Jx=)
- \/xf—S—z,/(i—S) F1-yx-a+2J0=5) +1

N =R V=

ES S

Hence domain is [5, )

x—3

-x

x—2 1-x
. = [T+ |
3 f(x) x+2 1+x

' ( 2 1 _2;;—1)
4. f)= 4 2 —x+1 x+1 2 ¥l
5. f(x)= x—V1-x*

6. Find the range of f(x)=

x+1

. X2 +2
7. Solve x (€~ 1) (x+2) (x—3)* <0.

FUNCTION

Roughly speaking, term function is used to define the
dependence of one physical quantity on another, e.g., volume ¥

4 .
of a sphere of radius 1 given by V= 3 7} . This dependence of

V on r would be denoted as V=f(r) and we would simply say that

Vis a function of . Here fis purely a symbol (for that matter, any
other letter could have been used in place of f), and it is simply
used to represent the dependence of one quantity on the other.

Office.: 6086th Floor, Hariom Tower, Ci
b - J , Circular Road, R i
L
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Definition of Function

Function can be easily defined with the help of the concept of
mapping. Let 4 and B be any two non-empty sets. “4 function
from 4 and B is a'rule or correspondence that assigns to each
element of set 4, one and only one element of set B”. Let the
correspondence be f. Then mathematically we write f: 4 — B
where y = f(x), x € A and y € B. We say that y is the i 1mage of x
under f (or x is the pre-image of ).

e A mappingf: 4 — Bissaid to be a function if each element
in the set 4 has a image in set B. It is possible that a few
elements in the set B are present which are not the images
of any elementin set 4.

.o Every element in set A should have one and only one
image. That means it is impossible to have more than one
image for a specific element in set 4. Functions cannot be
multi-valued (A mapping that is multi-valued is called a
relation from 4 and B). _

A B . A B

—

Function

Not function Not function

(c) . ()
~ Fig. 1.10

Let us consider some other examples to make the above
mentioned concepts clear.

a. Letf: R* — R where y* = x. This cannot be considered a
function as each x € R would have two images namely

++/x . Hence, it does not represent a function. Thus, it
would be a relation.

h Letf [—2 21 >R, wherex +y =4.Herey= +4—-x*
that means for every x € [-2, 2] we would have two values
of y (except when x =+2). Hence, it does not represent a

~. function.

¢. Letf: R — Rwherey=x>. Here for each x € R we would
have a unique value of y in the set R (as cube of any two
distinct real numbers are distinct). Hence, it would
represent a function.

Function as a Set of Ordered Pairs v

A function f: 4 — B can be expressed as a set of ordered pairs in
which each ordered pair is such that its first element belongs to 4
and second element is the corresponding element of B!

As such a function f : 4 — B can be considered as a set of
ordered pairs (a, f(a)) where a € 4 and f (a) € B which is the f
image of a. Hence, fis a subset of 4 X B.

otows.” OTHCE: OB B 166

ction as

arromT

Functions 1.5

A relation R from a set 4 to a set B is called a functien if

a. each element of 4 is associated with some element of B
b. each element of 4 has unique image in B

Thus, a function f from a set A to a set B is a subset of 4 X B in
which each a € 4 appears in one and only one ordered pair
belonging to f. Hence, a function f is a relation from 4 to B
satisfying the following properties:

a fcAxB
b Vae A=(a,f(a))ef
- ¢ (a,b)efand(q,c)e f=b=c

Thus, the ordered pairs of f must satisfy the property that
each element of 4 appears in some ordered pair and no two
ordered pairs have same first element.

Dlstmctlon between a Relatlon and a Funct1on
by Graphs (Vertical Line Test)

y
y=1f(x)

R

b4

o { SRS

[

(b

@ Fig. 1.11
The above figures show the graph of two arbitrary curves. In Fig.
1.11 (2), any line drawn parallel to y-axis would meet the curve at
only one point. That mears each element of 4 would have one
and only one image. Thus, Fig. 1. 11(a) represents the graph of a.
function. .

InFig. 1.11 (b), certain line parallel to y-axis, (e.g., line L)would
meet the curve in more than one points (4, B and C). Thus, element

“x, of A would have three distinct images. Thus, this curve does
not represent a function.

Hence, ify = f (x) represents a function, lines drawn parallel to
y-axis through different points corresponding to points of set X
should meet the curve in one and only one point. ‘
Consider the graph of following relations:

2 .2 .
Eqﬁation of an ellipse x—2+z—2 =1 is a relation, which is a
a

; 2
x
combination of two functions y = £b,/1-—-.
a
: S
The upper branch represents function y = b,[1-—5 and the
.

e s e B R AR ch 1,

Ph.: 0651-2562523, 9835508812, 8507613968
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y
X’ l\ . o Il X
\\ ,/
1Y =-b 1—§—
v
Fig. 1.12
Graph of a parabola y=x
y
y=Vx
X’ ' X
" Oh
.\\
\\\ y==x
yo ”
Fig. 1.13
2 2
Graph of a hyperbola x—z—y—z =1
. a® b
y y=b iz-—1

Fig. 1.14

Domain, Co-Domain, Range

Let f: A — B be a function. In general, sets 4 and B could be any
arbitrary non-empty sets. But at this level, we would confine our-
-self only to real-valued functions. That means it would be
invariably assumed that 4 and B are the subsets of real numbers.

Set 4 is called domain of the functionf. .

Set B is called co-domain of the function f.

The set of images of different elements of set 4 is called the
range of the function f . It is obvious that a range would be a
subset of co-domain as we may have few elements in co-domain
which are not the images of any element of set 4 (of course, these
elements of co-domain will not be included in the range). Range is
also called domain of variation. Domain of function f is normally
represented as Domain ( f). Range is represented as Range ( f).
Note that sometimes domain of the function is not explicitly

defined. h ) ] | f val of
efined. In sy epe o ™ BT Eloor . Har iom Tower, Circu

,,,,, _JEE(MAIN & ADV ) _ME DIC‘, fL-
+ BOARD, NDA, FOUNDATION

- for which f(x) assumes real values. For example, if y= f(x) then

Domain (/)= {x: f(x)is areal number}.

Ruies for the quain of a Function
a. Domain (f(x) + g(x)) = Domain f(x) " Domain g(x)
b Domain (f(x) X g(x)) = Domain f{x) N Domain g(x)

c. Domain (i%)

= Domain f (x) N Domain g(x) A {x:g(x)=0}
d Domain Jf (x) = Domain f(x) N {x: f(x)=0}

om P

1. Polynomial function: If a function f is defined by f (x)
=gpx"+a "+ a, X"+ - +a,_;x+a, where nisanon-
negative integer and ag, a;, @y, -.., @, ar€ real numbers and
ay# 0, then fis called a polynomial function of degree n .

2. Algebraic function: y is an algebraic function ofx,ifitisa
function that satisfies an algebraic equation of the form
Py(x)y" + Py )y + - + P, _y(3) y + Py(x) = 0 where
n is a positive integer and Py(x),

P, (x), Py(x) are polynomials in x. For example, X+ y3 :
—3xy=0ory= x| is an algebraic function, since it satisfies
the equation y* — #=0. !
Note that all polynomial functions are algebraic but
converse is not true. _

A function that is not algebraic is called Transcedental
Jfunction. '

3. Rational function: A function that can be written as the

quotient of two polynomial function is said to be a
rational function. : :
If P(x) = @y + apx + ax*+ - +ax", and
O(x)=by+ byx+byx” + -+ b, x"
be two polynomial functions, then the function f is
defined by fix) = %x% is a rational function of x.
x

4. Explicit function: A function y =f(x) is said to be an
explicit function of x-if the dependent variable y can be
expressed in terms of independent variable x only. For
example, (i) y=x—cosx, (i) y=x+ log,x 2.

5. Implicit function: A function y = f(x) is said to be an
implicit function of x if y cannot be written in terms ofx
only. For example, (i) @ +2hxy+ by +2gx +2fy + ¢ =0, (ii)
xy=sin(x+y). .

6. Bounded functions: A function is said to be bounded if
| £(x)| £ M, where M is a finite positive real number.

7. Identity function: The function f:R— R is called an

identity function if f(x) =xVx € R.
DIFFERENT TYPES OF FUNCTIONS

Quadratic Function
Letf(x)= ax®*+ bx + ¢, wherea, b, c,€ Randa#0.

b
We have f(x) = aEx2 +2x+E

ar ﬁoél(l, Ranchi-1,

Ph.: 0651-2562523, 9835508812, 8507613968
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il
2
N
&
+
N
n|°‘
\_/'o
+
£
KN
8,7
N
o
[ |8
| I |

8

r( b)z D ( DJ ( bY
x+— | ——I=|y+—|=a|l x+—1} .
2a 4q° 4a . 2a
Thus, y = f(x) represents a parabola whose axis is parallel to
. : - D
y-axis and vertex A (——21 > — -4—-) . For some values of x, f(x) may

a a

be positive, negative or zero and for a > 0, the parabola opens
upwards and for a <0, the parabola opens downwards. This gives
the following cases:

a. a>0andD<0,s0f/(x)>0Vxe R,
i.e., f(x) is positive for all values of x.

Range of function is [—2, oo)
4a

b . . ..
x=- 22 is a point of minima.
a

y

A

0|
Fig. 1.15

h a<0andD<Osof(x)<O V xe R
i.e., f(x) is negative for all values of x.

Range of functlon is (—oo —2]
4a

b . . .
x=- 32 is a point of maxima.
a

\
Fig. 1.16
c. a>0andD=0,50f(x)20V xe R, ie.,

=0.
y

by

A

0|
Office.: 6@@ i6th Floor, Hariom Tower Gl

Jf(x) is positive for all values of x except at vertex where f(x)

. Functions 1.7

d a>0andD>0
Let f(x) = 0 have two real roots czand were B (where ¢t < 3)
then .

fx)>0V xe (—oo, ) U (B, ) and fix) <0 V x e (a, ).
y

N
ola\/ﬁ_

e. a<0and D=0

sof(x)S0V xeR i.e.; f(x) is negative for all values of x .
except at vertex where f(x) =0. ’

7

Fig. 1.19

f a<0andD>0
Let f(x) = 0 have two roots zand § (where ot < f8)

thenf(x) <0 V x & (oo, 0)) U (B, o) and f(x) >0,
V xe (a f)

of \B .

2 2 14

1 1 1 13

= 2— — = —— —— = —_— ——

Sol. f(x)=x"—x-3 (x 2) 2 3 (x 2) 2

N 12>0v R= LY 13,713
. 1 Loy B0
oW | X 2 xe 2 4 4

-

V xe R
: [ 13 )
Hence, range 1s- ——Z,oo .

IRV IERRII  Find the domain and range of

o= —3x+2.

Sol. Fordomainx’—3x+22>0
=2>E-1)Ex-2)=20
Dx€ (—oo, 1JU[2,00)

JzRgag, Ranchi-1,

Ph.: 0651- 2562523 9835508812, 8507613968
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Il
R
=
|
N W
N

[ %]
+
N
|
»|O

Ii
N

=

|
N[ w2
N———
N

|
B —

2
3
Now, the least permissible value of (x—E) "1 is 0

- . |
when (x—%) = iE . Hence, the range is [0, ).

|53 JERWIN Find the range of the function f(x) = 6" + 3*
+6™+37+2.

6"+3°+67+37+2
- (V& &) +(¥5 V5 w626

Hence, the range is [6, o).

IB¢T ) IMPA Find the domain and range of
F)= Vx? —4x+6.

Sol. x?—4x+ 6= (x—2)>+2 which is always positive.
Hence, the domain is R.

Now, f(0) = \J(x—2)% +2

The least value of f{ (x) is V2 whenx—2=0.
Hence, the range is [\/5 , ).

Sol. f(x)=

. . 2_
PEESIRREN Find the range of /() = 2 - .
x“+x+1
2
Sol. Lety=xz—x+1
x“+x+1
=1-P)xP-(1+p)x+1-y=0
Now x is real, then D >0

= (1+y)*—4(1-y)>=0
= +y-2+2)(A+y+2-2)20
=3y-1)(3-»)20

=>3(y—%)(y—3) <0

1
= §Sys3 = The range is [5,3}-

Ex’aﬁi’p_le IBLY Find the compléte set of values ofa such that

xz—x

attains-all real values.
1—ax

xz—x

Sol. y= "
—ax

:>x2—x y-axy

= “@ff‘t’evﬁ)% 6th Floor Hariom Tower Clrcular Rd’ad R3anch| 1

T BOARD, NDA, FOUNDATIG

Since x isreal = (ay — 1)* + 4y >0

.=>a2y2+2y(2—a)+120Vye R
= As?>0,42-a)f -4 <0=>4—4a<0=>ac [1,).

x* +34x-71
X +2x-7
2. Find therangeof f(x)= /x—1++5—x -

3. If f(x) = Vx?+ax+4 is defined for all x, then find the
values of a.

1. Find the range of f(x) =

4. Find the domain and range of f(x) = V3 -2x~ x°

L
DN

Modulus Function

y='|x|_{x’ *& \/—~max{x —x}

X, x<0

Domain:R" _
Range : {0, =)
Nature : even function

45° 45° -
X’ - X
o

NS
Fig. 1.21

. x—-a, x2a
y=|x—a|={ ’ ,wherea>0

a-x, x<a

~<

Fig.1.21(a)

Properties bf Modulus Function

Cac =a = Pomts 011  the real number line whos.' :
ﬁom ongm isd.’ »

=>x :|:a

- b Lx|—'§};';>'.x_

Ph.: 0651- 2562523, 9835508812, 8507613968
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L => Points on the real number lme whose dlstance from the

>xe [1/2,5/6). .

|PETT I BIR Solve |[x—1|-5|22.

Sol. [px~1]-5|>2

=x-1]-55-2o0rx-1]-522
=|x-1|<3or|x-127

=>—-3<x—-1<30orx-1<-70rx-127

=>-2<x<4o0orx<-60rx=>8

= xe (~o0,—6]U[-2,4] U[8, ).
' -1
Example1.17 RIS m 21, wherexe R,x#+2orfind
 the domain off (x)= 1-ixl
lx|-2
Sol. Gi BN
ol. Given -2
1159
lx|-2
—1—(IXI~2)20
lxl—- :

:’?Qﬁlc% .606 , 6th Floor, Hariom Towei.

Functions 1.9

Ixl-1

|x|-2

y-1 .
= SO,wherey=|x|.

y—-2 .

‘ + - T+
" 1 2 “teo
Fig. 1.22

=1<y<2.
=1<|x|<2

=xe (-2,-1]JU[L,2).

: | | x+3|+x
IRELNIBREE Solve ————— > 1.
x+2

[+ 3|+x
Sol. Wehave ——— >1
: x+2

Clearly, L.H.S. of this inequation is meaningful for x#—2.

=>|x+3|+x—x—2>0

x+2
|Jc+3|-—2>0
x+2
Ifix+3]-2=0=>x+3=22=>x=-5,—1.
. o ]x+3]-2
Hence, the sign scheme of the expression —-———x g} is
asfo-llowsg:.
= + - +
e 5 2 A 4

Fig. 1.23

From the above sign scheme, x € (-5, -2) U (-1, ).

[ EN I CIWEN Solve [x—1|+[x-2|24.

Sol. Letf(x) Lx 1[+Lx 2]

D.ANC

‘x,<1..w xS-1/2 B

1<x<2 | x— S4,motpossible |

x>2 s -

Hence the solutxon isxe (—<>o —1/2] U.[772, o).

1B N ICRWIY Solve {sin x + cos x | =

xe [0,2n].

= |sin x| + |cos x|,

Sol. The given relation holds only when sinx and cosx have

sign or at least one o them isZ
el 3 13 paskARangni-1,

Ph.: 0651- 2562523, 0835508812, 8507613968



R.K.MALIK'S

JEE (MAIN & ADV.). MEDICAL -

NEWTON CLASSES

1.10 Calculus

1. Solve the following:

a 1<|x-2(<3

b 0<[x-3|<5

¢ [x=2|+2x-3]=]x-1j
x=3
x+1
2. Find the domain of -

1

x—|x

d <1

a. f{x)=

-]

Ay ey

+ BOARD, NDA, FOUNDATI

cosx20=>xe U[Znﬂ:-—— 2nm+ m2]

nel

3. Find the set of real value(s) of @ for which the equation

| 2x+3|#+|2x -3 | =ax + 6 has more than two solutions.

4. Ifa<b<cthenﬁndtherangeoff(x) Lx a|+lx bl +|x

~cl.

5. Find the range of f(x)=v1-vx* - 6x +9

Tngonometnc Functions

L. y=f(x)=sinx

Domain — R,Range — [-1, 1]

Period —2x ,

Nature — odd, many-one in its actual domain

sin’x, [sinx] [0, 1]

sinx=0=>x=nm,ne I

siix=1=x=(@4n+)w/2,nel

sinx=-1=x=@n-1)m2,nel

six=sina=x=nx+(-1)"e,ne I

sinx20=>xe U[2n7r 7r+2n71:]
nel

Fig. 1.24

2. y=f(x)=cosx \ ‘
Domain — R, Range — [—1, 1]
Period —»2rx
Nature — even, many-one in its actual domain
cos’x, lcdsxl € [0, 1]
cosx=0=x=2n+1)n/2,nel
cosx=1=x=2nm,nel
cosx=—]1=x=(2n+ 1)717 nel

Fig. 1.25
3. y=f(x)=tanx .
~ Domain - R~(2n+ D)m/2,nel; '
Range—(—oo, o)
Period > 7.

Nature — odd, many-one in its actual domain
Discontinuous atx=(2n+ 1) w/2,ne I
tan’x,, |tanx| € [0, o)
tanx=0=>x=nm,nel
tanx=tan ¢=>x=nrt o, ne I
y

-

NIs

w
§ N -

‘ w

3

Fig. 1.26

4, y=f(x)=cotx

Domain — R ~n7, n e I, Range —> (—oo, o0);
Period — =

Nature — odd, many-one in its actual domain
Discontinuous at x = nx, ne I

cot’x , [cotx| € [0, <o)

cotx=0=x=Q2n+ ) w2,nel

Y

cosx = Offce, 2”666’ ®th Floor, Hariom Tower, Circular Eﬁ)acf Ranchl 1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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5. y=f(x)=secx
Domain — R~(2n+ l)7r/2 nel .
Range — (—eo, —1] U1, e0)
Period - 27,
sec’x , secx| € [1, o) v
Nature — even, many-one in its actual domain

y

Functions 1.1
= The range'of f(x)=acosx+bsinxis

[—\/az +b%,\d? -i-bz].
Example 1.21 @gitil the domain of the functions.

Soy=

1+2sinx
Sol. To define f(x), we must have 1 + 2sinx # 0

. 1 ;
=sinx#—— =>x;én7r+(—1)"7?n ,neZ

B % : : 3T g "5z x Hence, the domain of the function is
S22 12 t2.. : T
g ' ' R—-{nn+(—1)”—6—,neZ}. '
i : ' | — o 1 ' .
| : : I3 N [WWF] Solve sin x > -5 o find the domain of
Fig. 1.28 \O f)= e
6. y=f(x)=cosecx . V1+2sinx
Domain - R~nm,ne I : o 1
Range — (—e, 1] U1, o0 Sol. To define f(x), we must have 1 + 2sinx > 0 or sinx>— 3
-Pe“"‘i — 27 The function sin x has the least positive period 27. That is
cosec JF” |coseex] & [1, °°), . . why it is sufficient to solve inequality of the form
Nature —> odd, many-one in its actual domain sinx>a, sinx>a, sinx < a, sin x < a first on the interval of
y _length 27, and then get the solution set by adding
! ' ! numbers of the form 27m, n € Z, to each of the solutions
' : b obtained on that interval.
N ' E i Thus, let us solve this inequality on the 1nterval
| AR [z
_7[.: i ﬂi ' X 2 > 2 .
o ______ Z ﬂ : :
, ' ' sin x>~ 1/2
! o : nl6 | 7l
R : = NN VAN
I I ', ‘\ : E : ', ‘\\ . i
- . ' Fig. 129 )(-___ ':‘ _____ i’.‘@‘_‘;_._i-__' | O ’E}_Z__JEX ___§_-__,'i' _________ i.-:;: —12
Important Result LA oo .
: ) - H 2r v \ ) =
. i - 1y =sinx
f(x)=acosx+ b sinx= va® +b* sin(x+tan_1 %) Fig. 1.30
- ' ' . . 1 /s 02
=va? +p? cos(x— tan ! 2) ) FromFig. 1.30,sinx>— > when — 5 <x< r
a

Proof: Leta=rsina,b=rcosa
a
=a+b= rzandtana——l;

Now, f(x) =r (cos x sin o+ sinx cos Q)

=rsin(x+ )= Va? +b? sin(x+tan‘1

Since-1< sin(x+ tan”! %) <1

—\/ @ﬁfﬂtﬂ/aﬁ%s;n htzE"ll

_Thus, on generalizing the above solution, we get

7 -
2n7;—%<x<2n7r+—£;ne Z.

35 IWAR Find the number of solutions of sin x = I% .

;)
b). ] N
Sol. Here, let f(x) = sinx and g(x) = 0 Also we know that

8

—-1<sinx<1=- 1<——<1 =-10<x<10.

e ariom Towerrhs ikt ban tRaaGs Ranehid, 1ol

Ph.: 06512562523, 9835508812, 8507613968
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1.12 Calculus

(10, 1) Example jWY B Find the domain for f @)= \/W
=x/10
\ /\ g(x) = x Sol. f(x) m is deﬁned if

: cos(sinx) 20 m
-10 o a2 7:\/271: 3nvn B oy, _
Lt :

f(x) = sin x

’

y

f
Fig.1.31 . ' // \f’i"sx
From Fig. 1.31, f(x) = sin x and g(x) = — intersect at 7 o - : §
_ 10 Ny

o 1 7:/2\
points. So, numbers of solutions are 7. :

: '
Example IWXE  Find the number of solutions of the equation S y
sinx=x>+x+1.

Fig. 1.33
» 1V 3 Asweknow,—1<sinx<1 forallx
"Sel. Let f(x)=sinxand g(x) =x+x+1= (x+—) +— c0s02>0
. : . 2) 4 . - {Here, 8= sinx lies in the first and fourth quadrant}
as shown in Fig. 1.32, which do not intersect at any’ point, i.e., cos (sinx) = 0 forall x
therefore, there is no solution. ie.xeR
12,34y Y Thus, the domain f(x) is R.

. = 2 ! , . i .
Q‘// g = X Example 1.28 Ri#d6IES WY e 0S¥ , then find
' £(x) = sin x ] \/17+ tan x \/1 +cot® x
| / WV

//\ L \/ . x the range of f(x).

sin x COos x

Sol. f(x)= o | cosec x| = sinx |cos x| — cos x |sin x|
. Fi : i
o Fig.132 | Clearly, the domain of f(x) is R~ {nn, @n+l)7/nel }
IDEIIFWEY Find the range of f(x)=sin®x —sinx+1 and period of f(x) is 27 _
0, x€(0,7/2).

—sin2x, xe(@/2,m)
0, xe(m,3x/2)

. 2
Sol. f(x)_=sin2x—sinx+1=(sinx—%) +% L fw=

Now,—1<sinx<1=> —ESsinx—lSl ' sin2x, xe(Q@m/2,2m)
L0 2 2 2 = The range of f(x)is (-1, 1).

o AV 9 3 (1Y L3 _ ‘ ‘
=0s SmX=o 1 =y S by +Z‘3 e IWLN Find the range of f(x) = [sin x| +|cos x|, x € R.
Hence, the range is [3, 3]. Z@SOI fO)=Isinx| +|cosx| Vxe R.

W Clearlyf(x)>0
' Also, f2 (x)—sm x+cos® x+ 2 smxcosxl—l+|sm2x|
O Examplel o3 Find the range of f (x)= ———— Cysw—t 1% <2
Sol. —1<cosx<1 =1<f0)<2.
=-2<2cosx<2 Example 1.30 Find the range of f(8)=5cos € .
=-3<2cosx—151 o ’ ' AN
. 1 ' ' +3cos | G+—|+3.
For ———,-3<2cosx-1<0or0<2cosx-1<1 * . 3
2cosx—1 -
1 -1 1 _ /2
=S ——— < —or | S——— < Sol. f(8)=5cos@+3cos | O+—|+3
2cosx—1 3 2cosx—1 ' 3
Hence, the . range is %—w ——l si
Office.: 6 C

6, 6th Floor Harlom Tower, Ciréiiar R°oad Hanc i
Ph.: 0651- 2562523, 9835508812, 8507613968
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=£cos€— 3\/gsin9+3— 169 27 sm(9 o)+3
2 2 4 4

Thus, the range of(6) is [~ 4, 10].

. Find the domain off(x)= sinx +v16-x .
. Solve (a)tanx<2, (b)co'sxs—%

. Prove that the least positive value of x, satisfying

. Find the range of f{x) = sec (% cos’ x) , where —co<x <ce.

. Ifxe [1,2], then find the range of f(x) =tan x.

- 1
. Find the range of f(x) = —F————— "
‘ 7 1-31-sin® x

) ] T
tanx=x+ 1, lies in the interval (% s —2—) .

Inverse Tngonometnc Functions

fx)=sin" Iy
‘Domain: -1, 1],

T T
Range
g[zz]

sin”! (sinx) =x, forallx e [-m/2, W2]

sin (sin“1 x)=x,
sin™ (—x) =—sin’ (x),

nl2 i

forallxe [-1,1]
forallx e [-1,1]

-7/2 4

Fig.

f(x)=cos” x
Domain: [ 1, 1]

Range: [0, 7 ]

N (cos x) x, |

1.34

forallx e [0 7]

cos (—x) - cosI:yI;1

‘Gé‘s‘f

£
ek

523, 9835508812, 8507613968

Functions 1.13

y
zt
w2
x , —X
- 0 1
Fig. 1.35
fx)=tan" Ix
Domain: R

-T 7
R
e (2.7

tan™" (tanx) =x, forallxe (—m/2, w/2)
tan (tan”' x) =%, forallxe R
tan™! (-x)=—tan x, forallxe R

W2}
-+ — X
0
R 7] L """"""""""""
Fig. 1.36

fx)= cot lx
Domain: R
Range: (0, 7)

cot™ (cotx) =x, forallxe (0, m)
forallxe R

forallxe R

cot (cot™ x)=x,
cot } (~x)=7— cot ' x,

Lo
Fig. 1.37

f(x)=sec” Ix

Domain: (—ee,~ 1JU {1, o)

Range: [0, 7]—-{7/2} _

' forall x e [0, 7]~ {2}

forallx € (—oo, —11[1,9)

d, Ranghie feo, -11011,%)

sec! (s'ec x)=x,
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1
1
I
!
1
]
1
1
1
1
1
1
1
1
|
T
1
1
e

h
N
x .

-1 |0

-

Fig. 1.38
f(x)=cosec” I

Domain: (—ee,— 17U [1,0)°

+ BOARD, NDA, FOUNDATION

Example FIRXN Find the domain of f(x) =+ cos™ Lyx—sin x.

Sol. We must have cos™ x = sin “x
1

/4 vl e
= Z sintx>sin x
2
T . -
= Z>2sin'x.
2. ‘
. - n T . -
= smlxsz,but—ESsmlx

T .- T
= ——<sin Ty Z
2 4

. T . TT-
= sin|——|£x<sin—
( 2) 4

Range: [_ w2, 7 /2]_ {0} o [ sin x is increasing function in [— E’ E—D
cosec™! (cosec x) = x, forallxe [-n/2,m/2]— {0} _ 1 |
cosec (cosec™ x) =x, forallx € (—oo,=1]U[1, ) = *€ [ L J_:\ »
~ cosec™! (=x) =—cosec x, forallxe (—o0,~1]U[1,0) \ o 2x
y (B N RKEN Find the range of tan™ (1 > |-
+
» . RN X/ :
i b H \/ o ’ 2x ) g
i | Sol. First, we must get the range of > =V
_ i : 1+x
. 2 ) We have yx>—2x+y=0
Since xisreal, D=0, =>4~ 4y >0=> 1<y<1
= o i1 T , o o
= tan (e |- ) (as tan x is an increasing function).
"""""""""" -2
L i — i . af x?
- ! IS ISKER Find the domain for f (x) = sin |
' x
: Fig. 1.39 :
- : : (142 . 147
. . o 22 : Sol. f(x) =sin" |- is defined for -1 £ —— <1, or
| e N ICRWIE Find the domain off(x) = sin~ Y N 2x ' 2x ‘
. - : : 2
2 T2 1-12-x <1
: | L
Sol. f{x)=sin" ("—) is defined, if 1< - <1 or-2 < <2
) 2 2 = |1+x%<[2x], foralix. ‘
=0<x"<2 ' (as x* cannot be negative) — 1+x2<[2x], forallx : (as 1 +x2>0)
~V2<x242 | = 2-2x[+1<0 '
Therefore, the domain of f(x) is ,[—«/E , JE] ! = |x[P-20x|+1<0 (as x> = 1)
I K Find the range of f{x) =sin™ x+tan™ x+cos™ x. = (x]-1)°<0

But (|x| - 1) is always either positive or zero. Thus,
Sol. Clearly, the domain of the function is [-1, 1]. (Ix]- 1) =0=|xj=1=>x==%].

Thus, the domain for /' (x) is {—1, 1}.

@ o KA Find the range of £ (x)=cot ' (2x— x%).

& Sol. Let =cot™' (2x— x) where 8¢ (0, ) -

. Alsotan™'xe [—%, %] forxe {-1,1}.

Now, sin”' x+cos™ x = % forxe [-1,1].

Tﬁus,f(x)= tan~ x+ 2 ,whereﬁce 1,13 = cot=2x—x’, where O (0, 7)
2 . = cot6-1—(1—2x+x) where 8¢ (0, )
Hence, the range 1s£——+£ E nJ lﬂ Jnl ’ — cotd=1—(1 —x)*, where 96 ©O,n) -
Office.: 606 ,6th Floor', Hariom Tower, Circular Road, Ranchi-1,

'Ph.: 0651-2562523, 9835508812, 8507613968
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Functions 1.15

= cot 0<1, where 8¢ (0, @)

= z seén.
4 .

= Therangeof f(x) e l:%, n).

1. Find the domain of the following functions:
s o
sin” x
a flx)=
b f(x)= sm“ (x—1-2) . :
c. f(x)=cos (1 +3x+2x) . Logarithmic Function
d f(x)= sin” (x 3) Logarithm function is the inverse of exponential function.
 Hence, the domain and range of the logarithmic functions are
fx=1 - range and domain of exponential function, respectively.
e. f(x)=cos” ( } +cosec ( ) Also, the graph of function can be obtained by taking the mirror
. : _ image of the graph of the exponential function in the line y = x.
ff(x)— ( IxJ , ’ ~ y=log,x;a>0anda#1
4 Domain — (0, <)
2. Find the range of /() = tan™! (\/xz _2x4__r2). © Range— ()
: ' ' Period — non-periodic
3. Find the range of f{x) = \/cos—l J1-x? —sin"'x. Naturgg=3 n‘;ithef odd nor even
4. Find the range of the function, ’ 3
loggx(a>1) .
FG)=cot™ logy s(x* ~2x* +3)

Exponential and Logarithmic Functions

' o o /1 '
Exponential Function ' \

y=ax>-a>1 » | . | . logax(0<a<1)
Domain — R .
) Fig. 1.42 |
Nature — y Y =logzx
Non-periodic y=logsx
-One — one : 'y =logs X
Neither odd nor even T +y =log1o X

- Monotonically increasing, (a > 1)
" Monotonically decreasing, (0 <a <1)

0 1
y
O<a<t}
\
: ' Fig. 1.43
X" -/ = X Properties of Loganthmlc Functlon
, Forx y>0 a.nda ‘
y / 3 y)= logax +logay L
Fig. 1.40 2 log (x/y)—logax 1ogay | ‘ o

Office.: 606 , 6th Floor, Hariom Tower P RTA R oad, Ranchfl-l'"'w”  " “
Ph.: 0651- 2562523, 9835508812, 8507613968
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R
4 logyl=clogry

- 5. Iflogax>10gay=;{x 5

{

IBEVTIISKYM Find the domain off ()= (71_:5 7]-

Lo _cx X _
Sol. Wemusthaveg(x)=(l > ]20 = > 150

757 7> -7
Now 5 —1=0=x=0and 7" -7=0=>x=-1
The sign scheme of g(x) is '

-1 0
Fig. 1.44

Hence, from the sign scheme of g(x)
X€ (—o0,—1)U[0,00).

Example 1.38 -EBgnGRGE domain of
F0)= (0.625)> —(1.6)***) .
Sol. Clearly, (0.625)4—3x 2 (1.6)1(5‘4'8)

4-3x x(x+8)
~(5) =)
8 5

3x-4 x(x+8)
=) =)
5 5

=3x—42x+8x=>x"+5x+4<0
=>-4<x<-1 ;
‘Hence, the domain of function f(x) isx € [4,-1].

SRR Find the range of

a.f(x)=log,sinx

b. f(x)=log,(5 —4x—x%)
Sol. ‘a. f(x)=log,sinxisdefinedifsinxe(0, 1]

for which log, sinx € (-0, 0].
b f(x)=logy(5-4x—x%)

=logy(9 - (x—2)")
© f(x)is defined if 9 — (x —2)2> 0,but 9 — (x~2)* <9
0<9—(x—2)’<9 ' .
— oo <logy(9 - (x—2)?) <log;9
Hence, the range is (— =, 2].

=
=

JEE (MAIN & ADV, L
+ BOARD, NDA, FOUNDATION

1l I Find the domain of

fx)=log,o log, logy,, (tan™ x) ™.

Sol. “We must have log, log,/, (tan”' x) ! >0

= log,, (tan~ x)' > 1
=0<(tan'x)"<2/m

= 71/2 < tan”! x < oo, which is not possible.
Hence, the domain is ¢.

XTI RN Find the domain and range of

f(x)= |/log;(cos(sinx))..

Sol. f(x)= y/log; (cqs(sin x)) .-

f(x) is defined only if logs(cos (sin x)) 2 0

-=cos (sinx) =1

=cos (sinx)=1as—1<cos 0<1
=sinx=0=>x=nmne L

Hence, the domain consists of the multiples of 7, ie., Domain
={nmnel}.

Also, the range is {0}.

Solve log, (2 — 1) <0.

Sol. Givenlog,(Z—1)<0

Ifx>1, then .
=0<x*-1<1
=1<x?<2

=>xe[—ﬁ,—1)u(1,ﬁ-]

- =xe(1,42)

fo<x<l=x-121=x"22

Sxe (=0, —\210[V2,

=x=¢ .
Thus,x e (1, ﬁ].

Ex’aniple JWEN Find the number of solutions of 2* +3* +4°—5°=0.
Sol. 2*+3*+4*-5"=0

=2 +3" +47=5"

G-

Now, the number of solution of the equation is equal to
number of times

2Y (3 (4Y -
=|Z| +|=1] +| =1 andy=1 intersect.
(3] +(3) &) =

y
2 x 3 X_ 4 x

atRtRy

3 .
\ . y=1

X
0
v .
Fig. 1.45

From the graph, the equation has only one solution.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
~ Ph.: 0651-2562523, 9835508812, 8507613968 ‘
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Find the domain of f(x) = sin~* (logo(x*/4)).
Sol. We have f(x) =sin! {log9 (%]}

Since the domain of sin™! x is [-1 1].

2 : v
Therefore, f(x) = sin™! {10g9 (%—J} is defined,

(ralx|<h e

Hence, the domain of f(x) is [_—6,—%} u[g , 6] .

Find the domain of function
f(x)=log, {logs(log; (18x—x*~77))}

Sol. We have f(x)=log, {logs (18x—x*~T77))}
Since log, x is defined for all x > 0. Therefore, f(x) is
deﬁnedlf
logs {log; (18x— x—77)}>Oand18x --77>0
= log; (18x—x*—77)> 5" and x* — 18x+77 <0
= log; (18x—**—77)>1and (x— 11) (x—=7)<0
= 18x—x*-77>3'and 7<x <11
= 18x—x*—~80>0and 7<x<11
=x*—18x+80<0and7<x<11
= (x—10) (x—8)<0and 7<x<11
=8<x<10and7<x<11
=8<x<10
=xe(8,10).

" - Hence, the domain of f(x) is (8, 10).

TSR Find the domain of f(x)= | [logg., (—x—;-l-)
X

x—1 x—1
Sol. = |l — ists if lo, —— |20 and
ol. f(x) 0g0'4(x+5J €X18 go.4(x+5)

(i_—l)>0.
x+5
x—-1 0 x-1 '
= Z— <(04) and =——=>0
x+5 x+5

1and

x-1
= O x6@é 6th Floor, Hariom Tower
Ph 0651- 2562523 9835508812,%8507613968

+ BOARD, NDA, FOUNDATION -

Functions 1.17

& *7! 1coma 2=ls0
x+5 x+5

x-1
=>x+5>0and i—>0
: x+5

=x>-5andx-1>0
=}x>—5 andx>1
Thus, the domain £ (x) € (1, «°).

(asx+5>0)

xe [-b,—a]U]a,b])

Find the domain of the following functions: (1 to 7)

> :
. F(x-2) :
fO)=\4 +83 ~ —13-22¢7D

G =sin” (logp®)
L f®= log(x_4)(x2 ~11x+24)

6= = +log (+-x)

W e

=

log0.3|x—2|
x|

_ logyo x
()= \jloglo {2 e x)}

£6)- :
\/1081/2 (x*=7x+13)

191

- f)=

*

=

oo

sinx—cosx+3«/§]

. Find the range of f(x) = log, [ N

‘Greatest Integer and Fractional Part Function

Greatest Integer Function (Floor Value Function) .-
y=7(x)=[x] (Greatest integer <x)

y
y
= 21 —
1+ e—o
x’ T I- : : : x
21 -1:1_? 2 3
: ' . -
—0 -2
y.
Fig. 1.46

Graph of y = [x]

Propertles
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x—1<[x]<x

[>]+[x]=0,ifxe Z
[x]+[x]=-1,ifxe Z
Kl2n=x>nneZ’ , ,
X]Sn=x<n+l,neZ ...
x]1>n=x2n+ 1,‘né Z
g, o

, [x]>2=>xe 2, oo) '
I [x]>3=>[x]>4:>xe [4 oo)"“ :
*[x]<3=>xe

Fractional Part Function
y=f)={x} =x-[x]

; e {x} -F {;x} —“1‘1fxE I :
Example 1.47 B3l domam of

- f)= J([x] —1) +/(4—[x]) , (where[ ]
the greatest integer function).
Sol. Givenf(x) = \/([x]—1) ++/(4—[x])
- f(x) is defined when [x] — 1 > O and 4 - [x] 2 0
s Igx]€4or1sx<s. »
Hence, the domain of f (x)=D,=[1, 5).

represents

IBeig LI Find the domain and range of f(x) = sin™! [x]

(where [ ] represents the greatest integer fimction).

Sol I (x)=sin™ [x]isdefined if -1 <{x] <1
=[x]=-1,0,1
=xe[-1,2)

1RGNS WLR Find the domain and range of /(x) = log {x},

JEE (MAIN & ADV.), MEDIQ‘f\L’
+ BOARD, NDA, FOUNDATION

where { } represents the fractional part function).

Sol. Weknowthat0<{x} <1V xe R
Now when {x} =0, log {x} is hot defined. Sox cannot be
integer. Hence, the domainis R~ 1.
Now for 0< {x} <1, —o <log {x} <0 =>Rangeis (—>,0)

Find the range of f (x) = [sin {x}] where {.}

represents the fractional part function, [.]
represents greatest the integer function.
Sol. f(x)={sin {x}]

Here, {x} can take all its possible values and sine function

is defined for all real values.

Hence, 0< {x} <1

= 0<sin {x} <sinl

= [sin {x}]=0.

Hence, the range is {0}.

Example T3l Solve 2[x]=x+ {x}, where [.] and {.} denote

. the greatest integer function and fractlonal part,
! _ respectively.
Sol Given2[x}=x+ {x}
= 2[x] [x]+2{x}
[x]

=>{x}= 5

(E2

=0<[x]<2
=x]=0,1.
For[x]=0,weget {x}=0=x=0 ’

=0<

: 1 3
For[x]=1,we get {x} = P =x= 5

jNE T NIV Find the range of f(x) = _x=lxl ,Where[]

1-[x}+x

\> N represents the greatest integer function.

At £ TR . R
Sol f®= T T 1v ey It im
Now, 0< {x} <1 '

=>1<{x}+1<2

ENLIPI
2 1+{x}
= -1<—~ ! _l
1+{x} 2
= 0<1- ! <lr
1+{x} 2

[BEl RN Solve the system of eqilation nx,y, and z

satisfying the following equations
x+l+{z}=31

{x} +y+[z]=43

]+ {y}+z=54

(where [.] denotes the greatest integer function

= Rengsiedeita 308 °6th BidoF> A% iom Tower Cir étfl & ‘RosdEar e,
' Ph.. 0651-2562523, 9835508812, 8507613968
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Sol. Adding all the three equations 2(x + y + z) = 12.8 or

x+ty+tz=64 (1)
Adding first two equations, we getx +y + z + [y]
+{x}=74 ' @)
Adding 2nd and 3rd equations, we get x + y + z + [2]
+{y}=9.7 . : ' 3)
Adding st and 4th equations, we get x +y + z + [x]
+{z}=85 @

From (1)and (2), [y] + {x} =1

From (1) and (3), [z} + {y} =3.3

From (1) and (4), [x] + {z} =2.1
=[x]=2,]=1,[2]1=3, {x} =0, {y} =0.3 and {z} =0.1
=x=2,y=1.3,z=3.1.

Solve x* — 4 —[x] =0 is (where [.] denotes the
greatest integer function).
Sol. . The best method to solve such system is graphical one.
Given equation is x* — 4 = [x] '
Then, the solutions of the equation are values of x where
graph y =x* — 4 and y = [x] intersect.
y

: y=x-4

N

\

-«—2\~» 2 > x
Ry
NV

* Fig. 148

From the graph, it is seen that graph intersects when
¥—4=2andx*-4=-2
=x’=60rx’=2

=x= 46 or —\/5

,  0<{x}<05 '
Example 1.55 [Rigie)E {[x], b then prove that

[x}+1, 0.5<{x} <1
f(x)=—f (=) (where [ . ] and { } represent the
greatest integer function and fractional part
function). ' ' '

e ~ [_x], 0< {._x} < 0.5
Sol. f(-x)= {[—x]+1, 0.5< {x} <1
[—x1, {=x}=0
)\ [—X], 0< {-—x} <0.5
" [=x]+1, 0.5 < {~x} <1
(), (=0 |
= —1—-[)(?]’ 0<1_{x}<0.5-
~1-{x]+1, 0.5 <1-{x} <1
r_[x]’ {x}=0
={-1-[x), 05<{g<]

‘Functions 1.19

_ {—[x], 0<{x}<0.5

-1-[x], 05<{x}<l
3 —1x1, 0<{x}<0.5 e
- {1 +[x], 05<{x}<1 S

In the following questions: .
([x] and {x} represent the greatest integer function and
fractional part function, respectively).

1. Solve pPP—5[x]+6=0.

2. If y = 3[x] + 1 = 4[x — 1] — 10, then find the value of

[x+2y].
3. Find the domain of
1

1
S)= ——— b.f(x)=
a.f(x) 0ol Sx) Toglx]
1

Find the domain of £(x)= —
, =

_ ) J(1-sinx)
5. Find the domain of f(x)= ——————
. logs(1—4x°)

c.f(x)= log{x}.

O , +cos (1 - {x}).
6. Find the range of f(x) =cos(log,{x}).
x
7. Find the domain and range of f(x)= cos™ log (l—x—l) .
8. Find the range of f(x) =log,_jjsinx.
9. Solve: (x — 2)[x] = {x} — 1, (where [x] and {x} denotes the
greatest integer function less than or equal to x and

Qffice 6065, 6th Floor, Hariom Tower , STPe0 A

fractional part function respectively).
Signum Function | -
y=f()=sgn(x)

x’ —= X
I—J—C—|, x#0
sgn(x)=< x or
0, =x=0
-1, x<0
sgn(x)=40, x=0
1, x>0

oad, Ranchi-1,

Ph.: 0651-2562523, 9835508812° 8507613968
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Nature : Many one, odd function

x
In general, sgn(f(x)) = ¢ %‘%’ f(x)=0
| L 0, f(x)=0
-, f(0)<0
orsgn(f(x))=40, f(x)=0
(L f(x)>0

. Write the equivalent (piecewise) definition of
f(x)=sgn(sinx).

-1, sinx<0

Sol. sgn(sinx)=1: 0, sinx=0

|1, sinx>0 .

-1, xe(@2n+Y)m, (2n+2)7),neZ

x=nn,nel

(L xe(2nm, (2n+1)7),neZ

// \\ -
’ N T
X g - X
-2n AN

Fig. 1.50

BTN Find the range of /(x) =sgn(x® — 2x +3).

Sol. x2-2x+3=(x-12+1>0V xeR.
= f(x)=sgn(x’—2x+3)=1
Hence, the range is {1}.

Functions of the Form f(x) = max.{gl(x), g,(X), «eer
g,(x)} or f(x) = min.{g,(x), g,(x), ..., g,(x)}

Let’s consider the function f(x) = max. {x, x’}
To write the equivalent definition of the function, first draw
the graph of y=xand y = x*
Now from the graph, we can see that
' y

2 y=x? ,-/y:*
1 jmmmmm A ’Neglecting
X—t - - \ i X
2 1 o \ 2
Neglecting
Neglecting
«y'
Fig. 1.51

For x e (o0, 0), the graph of y = x* lies above the graph of

, NDA, FOUNDATI

Forx e (0, 1), the graph of y = x lies above the graph of y =x" or
x> » : _
For x € (1, ), the graph of y = x* lies above the graph of

 p=xorx’>x.

xl, x<0
Hence, we have f(x)=<x, 0<x<1
x%, x>0
x, x<0
For £(x) = min. {x, x’}, we have f(x) = x*, 0<x<l
x, x>0

Iff:R—> R, g: R —> R be the two given functions,
then prove that 2 min {f(x) — g(x), 0} = fix)

—g(x) - lg(x) —Ax)\-
Sol. h(x)=2min {f(x)—g(x), 0}
) { 0 £@)>g(x)
2(f(x)-g(x), f(x)<g(x)
_ {f(x) -g@)-|f()-gx)|, f(x)>gx
@) -g@-|fx)-g®)]|, f()<gx)

h(x)=f(x)—g(x)—1g) =S () -

Draw the graph of the function f(x) = max {sin x,
cos 2x}, x € [0, 27]. Write the equivalent
definition of f(x) and find the range of the’
function. '

Example 1.59

Sol. sinx=cos2x -
=sinx=1-2sin’x
=2sin’x+sinx—1=0
= (2sinx—1)(sinx+1)=0
= sinx=1/2 orsinx=-1
=x=m6,5m/60orx="1

y= niwax{sin X, c:os 2x}

2 N\ 3r/2 2n
§ =sin x

y=cos 2x

Fig. 1.52

T
cos2x,0$x<—6—

T S
—<x<—
6

From the graph f (i) =4 sinx, 6

cost,%r< x<2r

v

Also range of'the function is [—'l 11.

y=xorx*>xQffjce.; 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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1. Consider the function f(x) = max. {1,x—1|,

min{4, 3x—1|}} V x € R, then find the value of /(3).
2. Find the equivalent definition of
f(x)=max. {x% (1 —x)>, 2x (1 —x)} where 0<x< 1.
3. Write the equivalent definition and draw the graphs of the
folowing function. ‘
a. f(x)=sgn(loglx|)
b f(x)=sgn(x’-x)

DIFFERENT TYPES OF MAPPINGS(FUNCTIONS)
One-One and ‘Many-One Functions

Ifeach element in the domain of a function has a d1st1nct image in
" the co-domain, the function is said to be one-one. One-one
functions are also called injective functions.

For example, f: R — R givenby f(x)=3x+5is one-one.

On the other hand, if there are at least two elements in the
domain whose images are the same, the function is known as
many-one.

Forexample, f: R — R given by f(x)= =x*+ 1 is many-one.
Note that a function will be either one-one or many-one.

Lines drawn parallel to the x-axis from the each corresponding
image point should intersect the graph of y =7 (x) at one (and only

one) point if f(x) is one-one and there will be at least one line

parallel to x-axis that will cut the graph at least at two different
points if /(x) is many-one and vice versa.

Graph of f(x) = 3x + 5 (one-one function)
Fig. 1.53

Note that a many-one function can be made one-one _by-

restricting the domain of the original function.

y fx)=x2+1

v

::::::::;7

X

|
&

I
Xx
o
x
)

Graph of f(x) = x2 + 1 (many-one function)

Functions 1.21

Methods to Determine One-One and Many-One

a. Letx,x, € domainoffandifx, #x, =>f(x1) # f(x,) for
every x,, X, in the domam then f is one-one else many-
.- one. .
b Conversely, if f(x) = =f(x,y) = X = x2 for everyxl, x2 1n thc
* domain, then f'is one-one else many-one. - :

", ', I the function is entirely increasing or decreasmg in the
¢ =z domain, then fis.one-one. else many-one. - s

d. ‘Any continuous funct1on f(x) that has at least one 1oca1
“maxima or local xmmma is many-one ‘ :

, ;,_‘"All even ﬁmcnons are many ne.

b _All polynomlals of even degree defmed inR h ve af
o one 10031 maxima or: mmlma and hence are many-one in the

onp) = f () = (xl

ction in x; and x2 Now _ 1f g(jc't x )‘ 50' glves

e "One or many- one

. x2 +4x+7 '
e NI RRIN Letf: R — R where f(x)= ——+—+—- s f(x)
x°+x

one-one?

. St)l. Letf(x)=/x)

xl2 +a4x +7 x% +4x, +7

Xt +x +1 x% +x, +1 ,

= (v~ %) (2 + 25, x5 + 1) =0

One solution is obviously x; = x;,

Let us consider 2x; +2x; +xx, + 1=0

Here, we have got a relation between x; and x, and for
each value of x, in the domain we get a corresponding
value of x, which may or may not be same as x;. Let us
check this out:

Ifx, =0, we getx, =—1/2 # x and both lie in the domain of
f. Hence, we have two different values x; = 0 and
x, = —1/2 for which f(x) has the same value.

That is, f(0) = f (=1/2) =7 and hence fis many-one.

Example 1.61 : Qi AP Gl [1 =) be a function deﬁned as
B f)y=1+ 3x°. Find the super set of all the sets

\,\' X such that f(x) is one-one.
Sol. Note thatf/(x}21
=1+3xr21

Office.: 606 6th Floor Hariom Tower, aw%g r Road, Ranchi-1,

Ph.: 0651- 2562523 9835508812
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Moreover, for x|, x, € [0, o), x; #x,
=1+3x>21+3x}

= fx) £/ (xy)
Thus, f: [1, =) is one-one forx € [0, o).

- Onte and Into Functions

Letf: X~ Ybe a function. If each element in the co-domain Y has
at least one pre-image in the domain X, that is, for every
y € Ythere exists at least one element x € X'such that f (x) =y, then
fis onto. In other words, the range of =Y for onto functions.

- On the other hand, if there exists at least one element in the
co-domain Y which is not an image of any element in the domain
X, then fis.into. '

Onto function is also called surjective function and a function
which is both one-one and onto is called bijective function.

For example, f: R — R where f(x) =sin x is into.

f:R— Rwheref(x)=ax’ + bis onto wherea#0,b € R.
Note that a function will be either onto or into.

Methods to Determine Whether a Function is Onto or
Into

a. If range = co-domain, then fis onto. If range isa proper
subset of co-domain, then fis into.
b. Solvefix)=y forx, say x=g(y)-

Now if g(y) is defined for each y € ‘co-domain and g(y) € domain
of fforally € co- -domain, then f(x) is onto. If this requlrement is
not met by at least one value of y in the co- domam then f(x) is
into. '

Remark

‘a. An into function can be made onto by redefining the
co-domain as the range of the original function.

b Any polynomial function f: R — R is onto if degree is
odd; into if degree of fis even. '

Number of Functions (Mappings)

Consider set 4 has n different elements and set B has r different
elements and functionf: 4 — B

.Description . -~ -

“which # different balls canbe -
dlstrlbuted amongF persons 1f

il Eqiii&%ilent to number of ways in B

“Number of functions

B -:«,Any one can get any number =

1 Total number of :
' 'of objects

- functions

2. Total number of -one- "
to-one function | .

“Each gets exactly 1 Ob_]CCt

| takenrata time -

| permutation of 7. different ob]eéﬂ'gsh/‘;

3. Totalnumberofmany— ; At
* - one functions -~ ¢ |'ball-

At 1east one gets mdr_e!_than one |

‘4. Total number of onto Each gets at least one ' all P

e C] (r— 1) +'C2(r - 2) 'C (r - 3) 4+, P <R
functions. 1 e
s 5 - . >f‘n .
5. Total number of into |~ f{i{r‘c, =1 ="C -2+ G =) = r S
function o _ -
i r’, r>n

- 6. Total numberof - -+~ |- All the balls are received by
constant functions . ::-'}‘any one person

 EOTIBYIR Let/: R - R where f(x) = sin x. Show that fis

into.

Sol. Since the co-domain of fis the set R, whereas the range of
fis the interval [-1, 1], hence fis into.
Can you make it onto?
The answer is ‘yes’, if you redefine the co-domain.
Let fbe defined from R to another set Y=[-1, 1], 1i.e.,

Office.: 606 , 6th Floor, Hariom Tower= CIrAiTa R

f: R — Y where f(x) = sin x, then { is onto as range

/@=[-11=¥

f(x) =x—1000. Show that fis an into function.

Sol. Letf{x)=y=x—1000
= x=yp+ 1000 =g(y) (say)
~ Here, g(y) is defmed for each y € I, but g(y) & N for
into

oad Ranchi-1,

Ph.: 0651- 2562523, 9835508812, 8507613968

EETIEE Let /1 N — Z be a function defined as
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|DENTICRNEY Let 4 = {x: -1 < x < 1} = B be a mapping

f:A—>B.

Then, match the following columns:
ColumnlI ColumnII
(Function) (Type of mapping)

p ) =[x a, one-one
G flx)=xlx b many-one
r. fix)=x3 c. onto

5. flx)= [xj where [-] d. into

represents greatest
integer function

‘ nx
t. f =qQin —
(x)=sin 2

p-(b,d) g-(ac) r-(a,c) s-(b,d) t—@,¢)
Sol. p.f(x)=l

-1 0 1
Fig. 1.55

The graph shows that f(x) is many-one, as the straight
line parallel to x-axis and cuts at two points. Here, the
range for f(x) € [0, 1] which.is clearly a subset of co-
domain, i.e., [0, 1] <[-1, 1]. Thus, into.

‘Hence, function is many-one-into, thereforé neither

, injective nor surjective,
X%, x20
Gf@=bl=1"
-x°,x<0
y
y=xt
.......... L1 IO
s X
-1 PagiTe) 1
[
v/
/
.y{...,T.... :.1 ........
y=-x
%
Fig. 1.56

The graph shows that f(x) is one-one, as the straight line
parallel to x-axis cuts only at one point.

Here, the range f(x) € [-1, 1].

Thus, range = co-domain.

Hence, onto.

Therefore, f(x) is one-one and onto or (bijective).

r.f(x
6ff|ce 606 6th Floor, Harlom Tower, CII‘CU| r
' Ph 0651- 2562523 9835508812 850761
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.................

Fig. 1.57

The graph shows that f(x) is one-one onto (i.e., bijective)
(as explained in the above example).

S.f (X) = [X],

Fig. 1.58

The graph shows that f(x) is many-one, as the straight line .
parallel to x-axis meets at more than one point. '
Here, the range f(x) € {~1, 0, 1}, which shows into as the
range C co-domain.

Hence, many-one-into.

| t.f(x)=sin%

Fig. 1.59

The graph shows that f(x) is one-one and onto
as range = co-domain.

" Therefore, f(x) is bijective.
IREN SN Show f: R — R defined by

f(x)=(x—1) (x—2) (x— 3) is surjective but not
injective.

| SN/,
VAN
:%a%jéﬁanchl -1,
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Graphically, y=f(x)=(—1) (x— 2)(x-3),
which is clearly many-one and onto.

x2

Example 1.66 JRtgnG function f: R — A given by f(x) = 241
is surjection, then find 4.

Sol. The domain of f(x) is all real numbers.
Since, f: R — A4 is surjective, therefore A must be the range

of f(x).
Let f(x)=y
x* +1
= x2y_+y=x2
= x= 2 exists, if >0
1-y -y
- \ + . -
(U 1
Fig. 1.61

= 0<y<l.Hence,4€ [0, 1).

OS2l 1f/: R — R be a function such that fy=x"

+ x* + 3x + sin x. Then identify the type of
function. '
Sol. f(x)=x3 +x*+3x+sinx

=f(x)

=3x’+2x+3+cosx

I

and — cos x has a maximum value 1.

= f(x) is strictly increasing and hence one-one.

Also lim f(x)=o5 and lim f(x)=-e. Thus, the
X—00 X300 )

range of f(x) is R, hence onto.

' x| x| - 4,

, xeQ
I LLE Iff:R— R, flx)= ' ,then
' x|x]-B, x¢0

idéntify the type of function.
Sol. f(2)=1(3 1/4) = many-to-one function
and f(x) # \J3 V xe R= into function.

1. Which of the following functions from Z to itself are
bijections?
a f()=x b f()=x+2
c. f(x)=2x+1 d fx)=x*+x

. n—_—l— when 7 is 0dd jdentify the
2. IffiN—=Z f(n)=

1 .
—E, when # 1s even

2 - 2
3{(x+l) +§-}—(—cosx) >0as 3{(x+—1—) +§]
3 9 . 8 9 3

\"4

= L
+ BOARD, NDA, FOUNDATI%)N

' 2
-4 ...
3. If f: R — Rgiven by f(x) = x2 . identify the type of
. X+
function. _ .
4. If f:R— S, defined by f(x)=sinx— J3 cosx+1,is onto,
then find the set S. ‘

5. Let f:(-1,1) > Bbea function defined by f(x)

2x .
=tan L then fis both one-one and onto when B 18
the interval.

NI
S5 R

. s x2 _k
6. Letg: R—> |0, |1s defined by g(x) = cos > |
3 : A\ 1+x

Then find the possible values of ‘A’ for which g is
subjective function. :

" EVEN AND ODD FUNCTIONS

Even Function
A function y =f(x) is said to be an even function if f(—x) =
fx) Vxe Dy _ .

Graph of an even function y = f(x) is symmetri.qal‘about the y-
axis, i.e., if point (x, y) lies on the graph then (~x, y) also lies on the
graph. o '

y
| 1 y=s
N\ ya
(o]
(@)
Y] y=ixi
45° 45° :
X - — X
y/
(b)
Fig. 1.62

0dd Function
A function y = f(x) is said to be an odd function if f(—x)

=—f(x)Vxe Dy _ .

Graph of an odd function y = F(x) is symmetrical in opposite
quadrants, i.e., if point (x, ) lies on the graph then (=, =) also
lies on the graph.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1
 Ph.: 0651-2562523, 9835508812, 8507613968 i
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:'j"A fiinction can be either even or odd or nelther

“ : ¢ Function (not necessanly even or odd) can be expressed
' ‘as asum of an even and an odd functlon ie, =

(f(x)+f(—x)) (f(x) f(—x))

can now eas11y be shown that h(x) is even and g(x) is odd

‘ domam of f then for odd functlon f(x) whlch is
continuous at'x = 0, f(0) =0, i.e., 'if for-a function, f(O)
0, then: that: functlon cannot be odd. It follows that for: a

differentiable” even function f’ (0) = 0; ie, 4f
dxfferentlable funcnon_ f (O) ¢ 0 then the function f cannot

Fig. 1.63

n ii‘v”‘,.f(x)/g(x) ,fog'(x)?frlf?f?:"-;

Even -
" Bven
: : - Even i g
T ou
Example 1.69 Which of the following functlons is (are) even, =— f(x), hence f{x) is odd.
odd or neither ' . :
a f(x)=x*sinx. _ o . d.f(—x)—log(—x+\/1+(—x)2)

b fr)= Viexe? —1-x+2 : [(—x+\/1+x Yx + N1+ x )]
T e f)= log(1 x) N ' Gxr1+)
+x

4 /()= log (;c+\/1 +x° ) : _ o = 1og(;—11\/_+—x_2—] = — f(x), hence f(x) is odd.

/) =sinx-cosx. e f(—x) - sin (—x) — cos (—x) =—sin x — cos x. Hence f(x)
£ £ e" +e* is neither even nor odd.
- e +e ) et .
ff(=x)= = = f(x), hence f(x) is
Sol. 2 f(—x)= (=) sin (-x)=—* sinx=~— f(x) hence f(x) is -2 2
odd. even.
o T ooy PR Provethaif(x) givenby [+ ) /@) */() ¥
B f(=) \/l+( x)f( *) \/r( )+ (%) : ‘ x € R isan odd function.
=\/17—x'+x2 —\/174-x+x2 Sol. G1venf(x+y)—f(x)+f(y)VxeR ' o
— () hencef()isodd. - Replacey by -, we have /(x—) =f() /(=)
=) +f(%) 'f ) @ .

¢ - —Joa| =) Lt+x ) ow put x in we have (0 + 0) + 1(0)
oice(EE)asink, Hariom Tower Sitsiiar R a1 "™
Ph.: 0651-2562523, 9835508812, 8507613968
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Then from (2), f(x) + f(~x) = 0 . Hence, f(x) is an odd
function.

Extension of Domain

Let a function be defined on a certain domain which is entirely
non-negative (or non-positive). The domain of f(x) can be
extended to the set X'= {—x : x € domain of f(x)} in two ways:
a. Even extension: The even extension is obtained by
defining a new functlon f=x)forxe X such that f(—x) =
S&).
h. Odd extension: The odd extension is obtamed by

defining a new function f1 (—x) forxe X, such that f{-x)
=—f().

3, .2 <r<y
Example171 Iff(x)= {x X forO_x_Z.Then

./'

for2<x<4
find thie even and odd extension of f ).
Sol. Foreven extension f(x)=f(-x)

x+2

o0 =f )= {(—;;)3 +(=x)%, 0<-x<2
-x+2, 2<-x<4
-x+2, —-4<x<-2
- {—x3 +x2, ~2<x<0
The odd extension of f(x) is as follows:
)= { x— 22 —4<x<-2
©—x s —2_S»x$0.

IDEV WP et the function f(x) = x* + x + sin x — cos x

+log(1 + |x|) be defined on the interval [0, 1].
Define functions g(x) and A(x) in [-1, 0]

_ satisfying g(—x) = - f(x) and h(=x) = f(x)
V xe[0,1].

Sol. Clearly, g(x) is the odd extension of the functlon f(x) and
h(x) is the even extension.

- Since X%, cos x, log(1 + |x]) are even functions and x, sin x
are odd functions.

g(x)=—x2+x+sinx+cosx—]og(1 +|xp)
and h(x)=x2—x—sinx—cosx+ldg(1 + |x])

Clearly, this function satisfies the restriction of the
" problem.

\pplication Exercis .e7

Identitfy the following functions whether odd or even or neither
- [0 = (g0~ g’

- x +x°+1
Je)= _log (2“]

x“+x+1
3. f(x) =xg(x)g(—x) + tan (sin x)

f(Y) cos Ix 6.':J]SII'IJC

ok

b

-

Ph.: 0651-25625

i
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where [.] denotes the greatest integer function.

5, f(x)=log(x + \/ﬂ)

x|x]|, x<-1
6. f(x)=5[x+1]+[1-x], -l<x<T1,
-x| x|, x=1

where [ ] represents the greatest integer function.

PERIODIC FUNCTIONS

A function f: X — Yis said to be a periodic function if there exists
a positive real number T such that f(x +7T) = f(x), for all

x € X. The least of all such positive numbers T is called the
principal period or simply period of /. All periodic functions can

be analyzed over an interval of one period within the domain as
the same pattern shall be repetitive over the entire domain.
In other words , a function is said to be periodic function if its
each value is repeated after a definite interval. '
Here, the least positive value of T is called the fundamental

period of the function. Clearly,. f(x) = f(x + T) = f(x + 2T)
= f(x+3T)=... .

Important Facts about Periodic Functions

T/Ial (
“s Let f(x) has perlod p=min(m,ne N and €0-
. g(x) has perlod 9= = r/s (r seN and co-pnme) 'an
= 'LCM of (m )

, “HCF of (n, 5)
- Then ¢ will be the penod off+g, prov1ded there doés not
" exista positive number % (< £) for’ which =+
' f (c+E)y+gx+E)=f (x) +glx), else kwill be the peno
same rule is apphcable for any other algebralc comb" tio:
- off(x)and g(x): -
" LCM of p and ¢ exists 1f p and q are rat10nal quantme If
p and g are irrational, then LCM of p and ¢-does'no
unless they have same irrational surd LCM of ratlonal
and irrational is not possible. ' e
e sin" x, cos” x, cosec” x and sec”x have penod 27z1f nis
- and mifni iseven.* _,
-tan” % and cot” x have penod T whether n is odd oF
A: constant funcnon s penodlc but does not hav

_ defined penod

S, the LCM ofp and q, i. e“.t—
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o Ifgi is periodic, then fog will alwaysbe a penodlc function.
» Period of fog may or may not be the penod ofg."
_e A continuous periodic function is-bounded. -
- o If £(x); g(x) are periodic: functions with periods 7y, 75,
- respectlvely, then we have h(x) = f(x)+ g (x) has penod as
a. LCM of {T. v L} iff(x) and g(x) cannot be interchanged
_by-adding a least positive: number less than the LCM
S of {T, T,}. ‘
b. k; if f(x) and g(x) can be mterchanged by addmg a
 least positive numbet k (k <LCM of {T; T,})."
For example ‘consider the function f(x) = |sinx| + |cosx|
lsm x|-and )cos x|-havé penod 7, hence accordmg to the
_’,, rule of LCM perlod of f (x) is 7.

D 2 : .2h N 2

+
F | cOs X ] +| smxl Hence penod off(x) is 7:/2

| Find the periods (if periodic) of the following -
functions, [.] denotes the greatest integer
function.
a. f(x) ="+ tan’ x — cosec (3x — 5)
b f(x)=x-[x-b],be R

c. f(x)=_

|sin x + cos x|
Isinx| +|cosx|
d - f(x)= tan— [ ]

Sol. a. f{x)=¢8¢m + tan® x — cosec (3x—5)

. . A . . . 27
Period of e&6n? is 277, tan® x is 77, cosec (3x—5) is- 3

.. period=L.C.M of {27:, T, 2?7:} =27.
b f(x)=x—[x—b]=b+{x—b}, (" periodof {.} is 1)
= flx) has period 1.
: _ |sin x +cosx|
¢ [ = |sin x |+|cos x|
Since period of [sin x + cos x| = 7 and period of
sin x| + |cos x| is /2.

Hence, period of f(x)=L.C.M. of {% ) n} =7

d fx)=

Functions 1.27

e DINEM If /() = sin x + cos ax is a periodic function,

show that a is a rational number.

\\
2 2z
Sol Period of sin x = 271= T and period of cos ax = |a|
.. period of sin x + cos ax = LCM of and H
CM of 2 2
_LCMof dmand2n 2 b ofanda

HCF of 1 and a

Since A is the HCF of 1 and a. i— and % should be both

integers
la|
1 la] A4
Suppose — = p and -~ = g, then -2~ = =, where
pp A 1 »
. A ‘
pgeZ
ie,la=L.
p

Heﬁce, a is the rational number. _ »
e 30y 3l Discuss whether the function fx) = sin (cos x +
' x) is perodic or not, if yes then what is its period.
Sol. Clearly, f(x+2m)=sin(cos(2z+x) +27+Xx)
=sin(27+ (x + cosx))
= gin(x + cosx)
Hence, periodis 27.

Eviample"l FEB Find the period of cos(cos x) + cos(sin x).

~ Sol. Clearly, the domain of the function is R -
Let f(x) =f(x+ T), forallx
= f0)=f(D

= cosl + 1 = cos(cosT) + cos(sinT)

T
Clearly, T= % satisfies the equation, hence period-is 5

Example 1.78 RyhlRGE perlod of the function satlsfymg the

\9 relation f(x) +f(x +3) = 0 Vxe R

Sol. Givenf(x)+f(x+3)=0 )
Replace xby x+3,
We have f(x +3) +f(x+6)=0 @

From (1) and (2), f(x)=f(x+6).
Hence, the function has period 6.

/4 T T
tan—[x| = tan— [x + T]=tan— [x].
2[x] an2 [x+T) n2 [x]

i3 > /2
= —[x+T]|=nw+ —
2 b+ I)= A [x]
= Period = 2 (least positive value).
Example 1.74 JRghlAnt peﬁod if f(x) =sinx + {x}, where {x} is
' - the fractional part of x.

Sol. Here sin x is periodic with period 27, {x} is periodic with 1.
LCM of 27 (irrational) and 1 (rational) does not exist.

- Thu)ffiicestrB06°, 6th Floor, Hariom Td

Concep ion Exermse ‘1 -1 1"
1 Match the column

Column]I (F unction) Column II (Period)

p.fG)=sin’x+cos’x | am2 - '

q. f(x)‘—"cos"“x+' si'xi-“x EEE ¥

L. f(x)—sm x+cos % e.2rm

s. f(x) =cos x - 51n4x :: - '

wer , Circular Road Ranchl 1

Ph.: 0651-2562523, 983~
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2. Which of the following functions is not periodic?
a. |sin3x|+sin®x h cos/x +cos? x
¢. €os 4x +tan’ x ‘d cos2x +sinx

3. Let[x] denote the greatest integer less than or equal to x. If

the function f(x) = tan (4/[n] x) has period %
the values of n.
4. Find the period of
|sindx|+]cos4x|

| sin4x —cos 4x | +| sin 4x +cos 4x |
nx

(n+1)!

c. f(x)=sinx+ tanE +sin —

. X’
h f(x)=sm—| — oS
n!
+tan—-+
2}
.X X
+sin ——-+tan—
2"—1 2"

5. If f(x) = Alsin x| + A2 |cos x| + g(X) has the period equal to
7/2, then find the value of A.

6. If f(x) satisfying the relation f(x) + f(x + 4) = f(x + 2)
+ f(x + 6) for all x, then prove that f(x) is periodic and find
its period.

, then find »

COMPOSITE FUNCTION

Fig. 1.64

Let 4, B and C be three non-empty sets.
Letf: A — B and g: B — C be two functions, then gof: 4 — C.
This function is called composition of f'and g, given by

8of(0)=g(f6) V xe 4.

Thus, the 1mage of every x € A under the function gof is the
g-image of the f-image of x.

The gof is defined only if Vx e A , f/(x) is an element of the
domain of g so that we can take its g-image.
The range of fmust be a subset of the domam ofgin gof

Properties of Composite Functions

a. The composition of functions is not commutative in
general, i.e., fog # gof.

b The composition of functions is associative ie., if
h:A— B, g:B— Candf: C— D be three functions, then
(fog)oh = fo(goh).

¢. The composition of any function with the identity
function is the function itself, i.e., f: A — B then fol,
= Ipof =jfwhere I, and I are the identity functlons of 4
and B, respectively.

d Iff:4—Bandg:B— Care one-one, thengof A—-Cis

0 onepfice.: 606 , 6th Floor, Hariom Tower, Cir U3
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" Proof:
Suppose gof (x}) = £0f (x,)
= g(fx)=g(f(x))
= f(x;)=f(xy), as g is one-one
= X, =X,,asf1s one-one
Hence, gof'is one-one.
e. If f:A— Bandg: B— Careonto, thengof: 4 — Cisalso
onto.
Proof:
Given an arbitrary element z € C, there exists a pre-image
y of z under g such that g ( y) =z, since g is onto. Further,
fory € B, there exists an elementx in A with f(x) =y, since
fis onto.
Therefore, gof (x) = g (f(x)) = g(») = z, showing that gof is
onto.
f. If gof(x) i is one-one, then f(x) is necessarily one-one but
g(x) may not be one-one.
- Consider the function f(x) and g(x) as shown in the

following figure.
- oa—f .8 8 ¢ ¢
; =
o —
[ —
(a) (b)

Fig. 1.65

Here fis one-one, but g is many-one. But g(f(x)): {(1,
1),(2,2),(3,3),(4,4)} is one-one.
g. If gofix) is onto, then g(x) is necessarily onto but f(x) may
not be onto.
f

) 0

(
? Fig. 1.66

Here, fis into and g is onto. But gofix): {(1, 1), 2, 2),
(3, 3), (4, 3)} is'onto.

Thus, it can be verified in general that gof is one-one implies
that fis one-one. Similarly, gofis onto implies that g is onto.

Letf: {2,3,4,5} = {3,4,5,9} and g : {3,4,5,
- 9} — {7, 11, 15} be functions defined asf(2)
=3, f3)= 4, /&) = f(5) = 5 and g (3)

=g(4)=7and g (5)=g(9)=11.Find gof.

Sol. Wehave gof (2)=g(f(2)=g(3)=7,80/(3)=g (fB)=¢
@ =7 8f(®=g(f/@)=g(5)= 11 and gof (5)
—g(5) 11.

| Let f(x) and g(x) be bijective functions where
, fi{a, b,c,d} —{1,2,3,4} and g: {3,4,5,6} —
{w, x, y,z}, respectively. Then, find the number

th oe set of g(f(X))-
eme 1n 1a ea_SnCF] ](_

Ph.: 0651—2562523, 9835508812, 8507613968
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Sol. The range of f(x) for which g(f1 (x))is deﬁned is {3,4}.
Hence, the domain of g{ f(x)} has two elements.
-. The range of g(f(x)) also has two elements.

Let f(x) = ax +band g(x) =cx + d, a#0,c=0.
' Assume a = 1, b=2. If (fog) (x)=(gof) (x) forall
x, what can you say about ¢ and d ?

Sol. (fog) (x)=f(g(x))=alcx+d)+b
and (gof ) (x) =g(f(x)) = clax t b) +d
Given that (fog) () = (gof ) (x)andata=1,b=2
= ex+d+2=cx+2c+d= c=1anddisarbitrary.

i Example1.82 Suppose that g(x) = 1 + Jx and f(g(x))

=3 +2+fx +ux, then find the function f (x); i
Sol. g(x)=1+ Jx andf(g(x))=3+2x +x o))

= f+x)=3+2x +x

Puti+ Jx =y=x=(y- 1)?
Thenf(y)=3+2(y-1)+(y—
Therefore f (x) 2+x%.
IR EXMN The function f(x) is defined in [0, 1]. Find the
domain of f(tan x).
Sol. Here, f(x)is definedin [0, 1}.

= x e [0, 1], i.e., the only value of x that we can
substitute lies between [0, 1]

For f(tan x) to be defined, we must have 0 <tanx < <1
- [as x replaced by tan x]

12=2+)%

. T -
ie,nr<x<nm+ Z-,ne‘Z " [in general]

' (1
Thus, the domain for f{tan x) € [mr, nx +Z],ne Z.
x+1, x<0 3
Ewamplel I [ (x)= { andg(x)={x » x<1
x 5 .

x>0 2x-1, x21’

then find f(g(x)) and find its domain and range.

Sol. _ g(x)+1, g(x)<0
ol Jlge)= (g®), g(x)=0

-x3+1, © <0, x<1 3
x+1, x<0
2x—1+1, 2x-1<0,x21 P :
=91,.32 .3 =Jx°, 0<x<l
(x’), x 20, x<1
(2x-1)*, 2x-120, x21
Forx<0,x>+1€ (—oo,1)
For0<x<1,x%¢ [0,1)
Forx>1,(2x-1)* € [1,)

(2x-17, x21

Functions 1.29

s GG o Tower, Eipeats Rkt =<
Ph.: 0651-2562523, 983550881%" 8557613968

1. If f be the greatest integer function and g be the modulus
- 5 5
function, then find the value of (gof) (— 5) - (fog) (— 5) .

1+|x], x<-1

2. Letf(x)=
/&) { [x], x=-1
integer function. Then find the value of f{f(-2.3)}.
3. Iff)= log[ } then prove that f { 2x ] =2f(x).
-x 1+ x

4. If the domain for y = f{x) is [-3, 2], find the domain of
g(x) = f([x])). where [ ] denotes the greatest integer
function).

5. Let f be a function defined on {0, 21, then the domain of

function g(x) = f (9x2-1).
logex, 0<x<l - x+1, x<2
6 /=12 w21 O R
find g(/ (x))
7. Letf(x)=tanx, g(f(x)) = f (x - Z) wher f{x) and g(x) are|

, where [.] denotes the greatest

, then

x—1
real-valued fllIlCthﬂS Prove that f{g(x)) = tan 1)

8. A function fhas domain [-1, 2] and range [0, 1]. Find the
domain and range of the function g. defined by g(x) = 1

—flx+ 1).‘
INVERSE FUNCTIONS

Fig. 1.67
Iff: A — B bea function defined by y = = f(x) such that fis both one-
one and onto, then there exists a unique function g: B — 4 such
that for each y € B, g(y) =xif and only ify = = f{x). The function g'so
defined is called the inverse of f'and denoted by f Alsoifgis

" the inverse of f, then fis the inverse of g and the two functions f

and g are said to be inverses of each other.

The condition for the existence of inverse of a function is that
the function must be one-one and onto. Whenever an inverse
function is defined, the range of the original function becomes
the domain of the inverse function and the domain of the original
function becomes the range of the inverse function.

Properhes of Inverse Functions

». The' inverse of b ective function'is umque ‘and bl]ectxve
e et “B'be a function such that £ is bijective and
g B -—)A isinverse off then fog = IB—"dcphty func i
1 = 1dent1ty function of set A "
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o ‘Iffand g are two bijective functions such that : 4 — B and
g B> C, then gof A — Cis bijective.
_ Also (gof) =f"og™
o Graphs of y = f (x) and y=f"(x) are symmetncal about
.-y = x line and intersect on line y = x or f{x) = f ) =x
whenever graphs intersect.

o y : y
,}'="f(x) - _y=f“\1\fx’)—— ‘
) - /
1,0 7] © -1 ] ’,f —y =)
e :
y\Y=f’1(X) B I—
(a) (b) .
| Fig 1.68 '

el +4, xell, 2
But in thé Gase of the ﬁmctlon f (x)= {x xel ]

x—4, xe[5, 6]
f () {7 x, x€[l, 2]

f(x) and y=f" 1(x) intersect at (3/2 11/2) and
'(1 1/2 3/2) which do not he on the lme y=x.

oy
o . _y=x
N I
. .
4+
3 g
© 2 -
/
4 . 3
1 .
: 1 H ’X
T T ¥ .
8 42 3 4. 5 86 :

_ Which of the following functions has inverse
function?

a f: Z— Zdefined by f(x)=x+2

h f: Z— Z defined by f(x)=2x

¢ f: Z— Zdefined by f(x)=x

d /2 Z - Zdefined by f(x)=| x|

Sol. Functions in options a and ¢ are both one-one and have
range Z, i.e., onto, hence invertible. /: Z — Z defined by
f(x) = 2x is one-one but has only even integers in the
range, hence not onto.

f:Z — Z defined by f(x) = x | is many-one and has range
NuU {0}.
Thus, both the functions are not invertible.

x+7 xe[5, 6] ‘

Example 1.89

IRENT IR Let 4 =R~ {3},B=R-{1} andletf: 4 —> B

defined by f(X)= = _i Is finvertible? Explain.
. x —_—

Sol. Letx;, x,e€ AC
andletf(x))=f(x;)

=

= x1x2—321—2x2+6=x1x2—3x2—3x2—2x1+6

= x=x

= f is.'one-one

To find whether fis onto or not, first let us find the range
off.

x—2
x-3

Lety=/(x)=

= xy-3y=x-2

= x(y-1)=3y-2
= x= 3y=2
y=-1

x is defined if y # 1, i.e., the range of f is R — {1} which is
also the co-domain of f.

Also, -for no value of y, x can be 3, ie., if we put
-7 '
3=x= _3y___
y-1
= .3y -3 =3y -2 = -3=-2 not possible. Hence, f is
onto. :

Let f R— R be defined by f(x) = (¢" — €7)/2.
Is f(x) invertible? If so, find its inverse.

Sol. Letus check for inevitability of f(x)
(a) One-one .
Letx;,x, € Rand x; <x,

= ei<e (re>1) ()

Also x; <xy = — X< — X

S eT<e™ (vex]) _ @

€)) . @)= %(ex’ —e )< %(exq —e ) = f(x)) <f(xp)-

i.e. f is one-one.

(b) Onto
Asx —> oo, f(x) > 0 )
Similarly, as x — —eo, f(x) —>— o0, i.¢.,—e0 < f (¥) <cosolong
asx € (—oo,00).

Office.: 606 , 6th FIoor,AHar_iom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Hence, the range of fis same as the set R. Therefore, f(x)
is onto.

Since f(x) is both one-one and onto; f(x) is invertible.
(c) To find f-!

y=fx)=(-e)2

e—-e =2y

eZ—2ye*—~1=0

&= ___——2yi“4y2+4 =yi\/y2+1.

2
= &= y+\/y_-:i
(as y-\/y_-ﬁ <0 for all y and ¢ is always positive)
| = x=log, (y+\/y—Tl)
= )= log, (x+\/;2:)

If f(x) = (ax? + bY’, then find the function g such
that f(g(x)) = g (f(x))-
Sol. f(g(x))=g (f(x))
f&)=(a +b)’

If g(x)=f"'(x)

=
=

. /3 _
y=(@+ b = T2 s
‘ 13 _
g0 = || —2
. a
IS 1f /(x) = 3x — 2 and (gof)"(x) = x 2, then find
the function g(x). :
Sol. f(x)=3x-2
AR

Now (gof)” (x) x-2
o= flogt)=x~2.
= [ @)=x-2

-1
g M*+2_ _,
3
= gl(x)=3x-8
x+8
= g(x)
N
X, _x<1
e CS A Find the inverse of f(x) = ¥}, 1<x<4
' 8\/;,‘ x>4

X, cx<l

Sel. leenf(x)— x?, 1<x<4

Offic&Y606>6th Floor, Hariom Tower, &t
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.Let f(x)=y
=x=f"(») 6)
¥, vy<1 ¥, y<1
ax=4 |y, 1gys4a=3 |y, 1=2ys<16
2164, yrl64>4 |y’ /64, y>16 .
s y<l
=3 ., 1<y<16 [From(1)] -
y* /64, y>16
x, - x<l
Hence,f'(x)= «/;, 1€£x<16
1164, x>16

' 13
IBETICRRRE Solve the equation X-x+1= —2-+ =7

where xZE .
’ 4

CSol. f()=R-x+1

( 3
and g(x) = —;— +.,[x ~

are inverse of one another so f(x) = g(x).
. When f(x)=x .

=>x*—x+1=x

=x=1

~ |Find the inverse of the following functions:

—X

1 fe)= "= +2

e +e

2. fiR—(~, 1)isgivenby f(x)=1-27

3. Letf:(2,3)—>(0,1) be defined by f(x) =x—[x], where [. ]
~ represents greatest integer function.

4. f:Z—> Zbedefined by f(x) =[x+ 1], where [.] denotes the
greatest integer function.

x -1, x<2
5. f(X)={

x2+3,x>2
6. f:[-1,1]1—=[-1, 1] defined by f(x) =xlx|

7. f (=o0, 1] {%, °°),Wheref(x)=2"(x*2)

IDENTICAL FUNCTION

Two functions fand g are said to be identical if .

S HREaE Rafichi-t

Ph.: 0651- 2562523, 9835508812, 8507613968
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2N

h The range of /= the range of g.
¢ f(x) =gx), V xe Dyorx € D, eg., f(x) = x and

g(x) = \/— are not identical functions as D, =D, but

functions are identical.

IDEL RN Find the values of x for which the followmg

v /) =xandg) = 17~
b. f(x)=cos x and g(x)—
+tan® x
/ 2 2
9—x
¢ f(x)= and
f)= Ny gk)= 5
df(x) = tan'x + tan” 1 and g(x) =
_ X
sin'x+cos'x
Sol. a. f(x)=xis defined forallx.

But g(x) = % =x is not defined for x=0as 1/x isnot
x
defined atx=0.
Hence, both the functions are identical forx € R—{0}.
b. f(x) = cos x has the domain R and the range [- 1, 1].

1 _ 1
\/ 1+tan’ x \,/;acz x
domain R — {(2n+ 1)7/2, n € Z} as tan x is not defined
forx=Qn+)m2,ne Z.
Also, the range of g(x) =|cos x| is [0, 1].

Hence, f(x) and g(x) are identical if x lies in 1st and 4th
quadrant.

But g(x) =

= |cos x|, has

=>xe (——+2n7r,zr-+2m'r), nelf.
2 2
o Vo—x?
c fx)=
i
=xe|-3,3]landx>2=x€ (2,3]

2 2
g(x)=,’9 X" s defined if 2 >0
x=2 x—2

-9
= <

is defined if9—x*=0andx—2>0

Fig. 1.70

From the sign scheme, x € (~e0, 31U (2, 3].
Hence, f(x) and g(x) are identical if x € (2, 3].

d f(x)=tan 'x + tan™! 1 _]2

+ BOARD, NDA, FOUNDATIaP

and g(x)= sin~! x+cos™

Hence, the functions are identical if x € (0, 1]

TRANSFORMATION OF GRAPHS

a. f(x) transforms to f(x)+a (wherea is +ve)
That is, f(x) = f(x) + a shift the given graph of f(x)
upward through a units.
f(x) = f(x) - a, shift the given graph of f(x) downward
through @ units.
Graphically, it could be stated as

x = g forxe [-1,1].

Y
y=f(x)+a’
y=1f)
X
0 y=flx)—a

Fig. 1.71

b f(x) transforms to f(x—a)
That s, f(x) = f(x— a); a is positive. Shift the graph of f
(x) through a unit towards right.
Thatis, f(x) = f(x+ a); ais positive. Shift the graphof f
(x) through a units towards left.
Graphically, it could be stated as

¥%

y=f(x+a)7/ y =
p y=f(x ., .
-3 - . x
' 7 a

Fig. 1.72

Example 1.95 Ploty=|x|,y=|x—2|andy=|x+2].

Sol. As discussed f(x) — f(x — a); shift towards right.
= |x — 2| is shifted 2 units towards right. -
Also y = |x + 2} is shifted 2 units towards left.

y

fix—a)

-1 'f'

Office.: 606, 6thsFle6P, Hariom Tower, Circular R'Béd "Ranchi-1,
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¢. f(x)transforms to f (ax) y=afix)a>0 °

y Y=f(20) y=fx) y=f(x2) ' A A&yﬂm
11 : S = X X
W y=afix),0<a<i

-3 % 2 3. \/ . 'Fig. 1.77
' - 4 ' . — _ [ 2x+3, x<1
' RS KL Consider the function flx) = :

y L —x*+6, x>1
Fig. 1.74 ' I Then draw the graph of the function y = f(x),
That s, f(x) = f(ax);a>1. y=f(x),y=f(x)| andy=1|f (D).

Shrink (or contract) the graph of f(x) a times along the x-axis. Sol. _
y= f(x) 2 y= KIXD
Againf(x) > f (— x]; a> 1, stretch (or expand) the graph StA =p-x 5
of f(x) a times along the x-axis. ' ot 2 1\ / ;\ \
_ Graphically, it could be stated as shown in Fig.1. 74 ' /. / \ [ 1 \ v
. ] 1 4
Example 1.96 Ploty=sinxandy_=si112x. g g ST g\\; . 3/ ERE \\3 l
. . lt 4 ~4 —3f—L —i 1 4
Sol. ' Here y = sin 2x, shrink (or contract) the graph of sin x by / ! \
factor of 2 a}ong the x-axis. ' y = ) | v = IR
\ 5
5 / \ .
N LA
\ v V
aB2,| 1234656 “#32-, 2 34
Fig. 1.75 Flg. 1‘.78

From Fig. 1.75, sin x is periodic with penod 27 and Examle WTM Ploty=sinxandy=2sinx.
sin 2x with period 7. \ .
Sol. We know y=sinx and f(x) = a f(x)

1BV KYA Ploty=sinxandy= sin%.

)

Sol. Here y=sin (2) stretch (or expand) the graph of sin x, 2

L NV
- tix_nes along the x-axis. 4—27: —37r/2 -

y sin (xIZ)
Fig. 1.79
-1 g y s’ln x o = Stretch the graph of f(x) a times along the y-axis.
: : sy=2sinx
Fig. 1.76 = Stretch the graph of sin x, 2 times along y-ax1$
From Fig. 1.76, sin x is periodic with period 27z and sin ( 2) is e. f(x) transforms tof(~x)

Thatis, f(x)— f(-x)
To draw y=1(~x), take the image of the curve y = =f(x)inthe
y—ams as plane mirror.

periodic with period 47.

d f (x) transformstoy=a f x)

Ttis clear that the corresponding pomts (points with same

o @fficcerr 606+ Bt itoor P Sm Towerhe ?e %y SRENEARL
- Ph.: 0651-2562523, 9835508%‘1 g@d %?S%S
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y
y= (—\X) y = f(x)
’ N
\'\ -
A X
\ .
\ .
\\\-/1
Fig. 1.80

| e I ERLNE Plot the curve y = log, (—x).

Sol. Here y=log,(—x); take mirror image of y=log, x about y-

axis. Graphically, 1t is shown as
y

y=log(-x)

Fig. 1.81
f. f(x) transforms to—f(x)

Thatis, f(x) >—f(x) :

To draw y = — f(x), take image of y = f (x) in the x-axis as
plane mirror. '

Or

Turn the graph of f{x) by 180° about x-axis.

g. f(x)transforms to—f(-x)

Thatis, f(x) > —f(-x) .
To draw y = — f(—x), take image of f(x) about y-axis to
obtain f(—x) and then the image of f(-x) about x-axis to
obtain — f(—x). ;
f&@)—=-f(=x)
= a.Image about y-axis
b. Image about x-axis
Graphically, it is shown as

Fig. 1.82

h. f(x) transform to y=| f(x)) .
|f@ = f(x)if f(x)20and | f(x)}| =—f () if f(x)<O.
It means that the graph of -f (x) and | f(x)} would coincide
if f(x) = 0 and the parts where f(x) < 0 would get inverted
in the upward direction.
Figure 1.82 would make the procedure clear

+ BOARD, NDA, FOUNDATI

y=1fx]|
y=£(x) y

T

Graph of y = log x

Fig. 1.83

IVELTNIBIIE Draw the graph for y =|log x].

Sol. To draw graph for y = |log x|, we have to follow two steps:

a. Leave the (+ve) part of y =log x as it is.

h Take images of (—ve) part of y = log x, i.e., the part
below x-axis in the x-axis as plane mirror. Graphlcally, it
is shown as

Graph of y = |log x|

y y
y=logx_ wfﬁxl
1 x o\ 1 x
(a) - (b)
Fig. 1.84

y=logx is differentiable for all x € (0, o) (Fig. 1.84(a))
y=|logx|is clearly differentiable for all x € (0, =) — {1}

as atx =1 there is a sharp edge (Fig. 1.84(b)).

- PBTNNIIBIPRE Sketch the graph for y = [sin x|.

Sol. Here y=sin x is known.

.. To draw y=|sin x|, we take the mirror image (in x-axis) of
the part of the graph of sin x which lies below x-axis.
, Y : .

N = |sin x|

Yy Y Y )
\,—27: -~/ 70 7/ A2 3w/

___.____________._\_../_ ____________ N >

Image of the part
below x-axis

Fig. 1.85

From the above figure, it is clear
= |sin x| is differentiable for all x € R— {n7; n € integer}.

i. f(x) transforms to f(jx|)

Thatis, f(x)— f(1x[)

If we know y = f(x), then to plot y=f({x), we would follow
two steps:

. a. Leave the graph lymg right side of the y-axis as it is.

“ b Take the image of f(x) in the right of y-axis with
y-axis as the plane mirror and the graph of f(x) lying
left-side of the y-axis (if it exists) is omitted.

Or
Neglect the curve for x < 0 and take the images of
curves for x = 0 about y—axis. ,

Offlce 606 6th Floor Hariom Tower Clrcular Road Ranchl 1,
Ph 0651- 2562523 9835508812 8507613968
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4

, . N
\\ Neglect| /y= Rlx))
, .

~| “/ /
% '

7 Ay
1] \
i N\
N\

\

(a) . )
Fig. 1.86

IBDELTISBIKE  Sketch the curve y =log |x|.

Sol. As we know, the curve y = log x.
. y=1log Ix| could be drawn in two steps:
a. Leave the graph lying right side of y-axis as it is.
h Take the image of f(x) in the y-axis as plane mirror.

y=log x

[ v Concept Appllca
y=log |x| : { ydihadbat
/ Draw the graph of the following functions: (1 to 5)
ENCIIPL »” Ly | Ny =sinlx] |
\ / |\ =le-21-3)
: ®) Ly| V7 1/ ()] =tanx
Fig. 1.87- | I @ =p-3p+2)
S B A% [ -
¢ Drawing the graph of |y| =f(x) from the known graph ofy . L 6. Find the total number of solutions of sin 77.x = I .
=f(x) _ . \ , A e
Clearly, | y | 20, if £(x) <0, graph of | y | = f(x) would not 7. Solve |-—| < 1 using the graphical method.

exist. And if f(x) 20, |y |=f(x) would givey == f(x).
‘Hence, the graph of'| y | = f (x) would exist only in the
regions where f(x) is non-negative and will be reflected
about x-axis only in those regions. Regions where f(x) <0

wilLbe neglected.
y

7o N/

(@)

=)
X

(b)

Fig. 1.88

IO S BLL] Sketch the curve [y]= (x— 1)(x—2).
Sol.

y

\

- Office.: (06 %
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Functions 1.35

k. Drawing the graph of y=[f(x)] from the known graph of
y=r :

Itis clear thatif n < f(x) <n+ 1,n € Ithen [f(x)]=n. Thus,
we would draw lines parallel to the x-axis passing through
different integral points. Hence, the values of x can be
obtained so that f(x) lies between two successive
integers. , -

This procedure can be clearly understood from Fig. 1.90.

x—

\,8./Which of the following pair(s) of function have samg

graphs?
secx tanx ) cosXx sinx
a) flx)= - =—
@ fx) cosx cotx’ secx

cosecx
(®) fix)=sgn (- 6x +10), |

g(x)= sgn (cos2 x +sin® ( x+ g—)) , where sgn denoted
signum function. .

© fx)= D oy = x? +3x+3

2
2cos” x

()=

@ foy=S2%,

SeCx

‘COS X

b
COsE€C X cotx

MISCELLANEOUS SOLVED PROBLEMS
1. Letf:X—> Ybea function defmed by f(x)

= @ sin (x+%)+b cos x +¢.If f is both one-one and

onto, find sets X and Y.

ar=Road, Ranchi-1,
7613968
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1.36 Calculus

. /4 S 3 : /4 . :
= f(x)=aqsinx COSZ'*‘COSJC sz +bcosx+c 3. Letxe |0, —2—), then find the domain of the function
=fx)= isinx+(i+b)cosx+c ) ' 1
N W [y =———.
—log,, tanx

Let (i)=rcosa (i+bj=rsina ‘

V2 2 Sol. H 0,2
= f(x) =r[cos asinx +sin azcos x] + ¢ oh merexe %y
=fx)=r[sin(x+a)]+c - O<sinx<l 6y}

wherer= \/a2 +«/§ab +b?

: logax<b = x>a°, if0<a<l
5 \/5 and we know o .
and o= tan—l[ﬂ_) @ x<a®, ifa>
e | @
For f'to be one-one, we must have -2 <x+ o< /2. Thus, - : 1
' Thus, f(x) = ————=— exists, if—log, (tanx) >0
domain € 7-—&, E—a and range € [c—r,c+7]. sinx
- = logg,, tanx <0
- Py ) [as inequality sign changes on multiplying by —ve] .
OrX='[7—a E—a] andY=[c-r,c+r}. = tanx> (sinx)’ fusing (1) and (2)]
= tanx>1
2. Fmdlthe set of all solutions of the equation 2" — [2*1 — 1|
=27 4L : = xe€ (E,Ej. [asx € (0, W2)]
Sol. Here,2"— 2> —1j=2"1+1. - : 4’2 : :
Casel:y<0 , S 4. Find whether the given function is even or odd function,
' Q inx+t :
as when y<0 ; where f(x)= E(ﬂ%—m—]x) , where [ ] denotes the
:>2_y+(2y_1—1)=2y_1+1; ]y’:—y : [T]—E :

and |27 -1 = - (2> -1 . _
| ==( ) greatest integer function.

=27=2! ) .
Hence, y=-1, which is true wheny < 0 ¢ Sol. fx)= X(sinx+tanx) _ x(Sinx+ tanlx)
Casell: 0<y<1 [’”‘”il..l [£]+1__
v ¢ T 2 /4 2
: ~aswhen 0< y <1 ’ x(sin x + tan x)
=Y+ -1)=27+1; |yl=» Y
4 4 [—} +0.5
and [277 -1|=—-(27" -1)
Y — " -
=2=2 . . —x(sin(—x) + tan(—x))
=y =1, which shows no solutionas 0 < y < 1. (¥ = JEx)= X '
Caselll: y>1 [”_]"'05
2@ ="+
- as when y20 M, X #nw
==+, Iyl=y = fe9= —I—HM-S
and | 27 -1=@ -1 0 = nn
=>2¥=2" which is an identity, therefore it is true V y>1
©) :
Hence, from (1), (2) and (3) the 'solution of the set is x(sin x + tan x) d fex)=0
—————~ | an —X)=VU.

{yiyzluy=-1}. Hence, f(-x)= —

Hw.s
Office.: 606 , 6th Floor, Hariom Tower, Circulér‘ Road, Ranchi-1,
- Ph.: 0651-2562523, 9835508812, 8507613968



R.

NEWTON CL

K. MALIK'S
ASSES

JEE (MAIN & ADV.), MEDICAL -

!r/

Sol.

Sol.

Sol.

n
\ : a
= Zf(z) =a+a’++d" =

f(—x)=—f(x). Hence, f(x) is an odd function if x # nrm
and f(x) = 0 if x = nris both even and odd function.

. Let f(x) be periodic and & be a positive real number such

that f(x + k) + f(x) = 0 for all x € R. Prove that f(x) is a
periodic with period 2k. '
Wehave f(x+ k) +f(x)=0,VxeR

= flx+k)=—f(x),Vxe R Putx= x+k

= f(x+2k =—f(x+k),V xeR (asf(x+k)——f(x))

= f(x+2k)=f(x),V xeR
which clearly shows that f(x) is periodic with period 2.

. If f(x) be a polynomial function satisfying f(x) f (—1—]
: : x

=fx)+ f(i) and f(4) =65. Then find 1(6).

Letf(xj=a0{’+a1x"‘1 +ax"?+ -

Then, /(x) f(l)é f(x)+f(1)_
X . X

eta, xta,

n a
= (gx"+ax +-+a,) (;2-

9
+——+-ta,
x"' . .

= (g +ax +- +a")+(—+ l+ +a)
X"

On comparing the coefficient of x” we have gy a, = a,
= aq,=1 (as ag#0)
On comparmg the coefficient of x*, we have aga,;
+a,a,= '
= aoan_1 +a,=a
= aga,,=0

= a,,=0

(asa,=1)

. (asay#0)

* Similarly,a, ;=a,,=-=a;=0

andgy=+1
fE)=£x"+1, f(4)=£4"+1

= 4+1=65 (as f(4)=65)

= 4"=64

= n=3.
So, f(x) =2+ 1. Hence, (6) = 6+1=217.

Consider a real-valued function f(x) satisfying 2 f(xy)
=(f&)Y+(f») V x,ye Randf(1)=awherea*1.Prove

that (a— 1) zn:f(i)‘ =q"" —a.
i=1
We have 2/() = (/)Y + (FO))
Replacing y by 1, we get 2f(x) =f(x) + (1)) =f)=a"

n+l_a

il - a—1

= (a— I)Zf(z)—a

Officé: 606, 6th Floor Hariom Towér

8.

Sol.

Sol.

10.

Sol

+ BOARD, NDA, FOUNDATION

Functions 1.37

ffx+y+1)= (Jf(x) + ) andf(O) 1, Vx,ye R
Determine f(n), n€ N.

Givenfix+y+ D= f&x)+yf() )

Puttingx=y =0,

thenf(1)=" (/7 (0) +{/F(©)° = 1+1)* =2°-
Again puttihg x=0,y=1 .

Thenf(2)= (/£(0) +Jf(1))2 =(1+27=3

“andforx=1,y=1

f03)= (\/f()+\/f( )’ =2 +2) =4%.

Hence, f(n)=(n+ 1)?.

. Check whether the function defined by f(x + Q)

=1+ 2f(x)- f2(x) V x € Ris periodic or not. If yes,

then find its period. (1> 0)

For the function to be true, 2 f(x) -2 = 0 )

= f(®) f(x)-2]1<0=0<f(x)<2 M

and from the given function, f(x +A) =1 = f(x) 21 -
’ ’ ' 2).

From (1) and (2), we have 1 < f(x) <2

Again, we have {_f(x +) -1} =2fx) - —f(x)

= {a+H-137=1+2/0-®-1

S (fard)-1=1-(@-1 )
Replacing x by x + A, we get '
(fot2)-1=1- {f+1)-1} | @
Subtracting (3) from (4), we get .
a+r2h)-1y= (f) -1}

= |fext2)-1|=lfx)-1 (1= f(X).SZ)

= f isperiodic with period 24.

If for all real values of u and v, 2f(u) cos v = f1 (u + V)
+ f(u — v), prove that for all real values ofx

a. f(x) +f(-x)=2acosx.
b f(m—x)+f(-x)=0.

o e flm— x)+\f(x) =2bsinx.

Deduce that f(x) = a cos x + b sin x, where a, b are arbitrary
constants. :
Given 2 f(u) cos V=f(u+ V) +f(u—"0) o .
Putting # = 0-and v=xin (1), we get »
fx)+f(=x)=2f(0)cos x=2acosx: ‘ @

a is an arbitrary constant.
V3 T .
Now puttmo u= 27 x and v= > in (1), we get

flm=x)+fx)=0 ©)
Again putting u=m/2 and V=2 —x in (1), we get
f(m—x)+f(x)=2f(/2) sinx=2bsinx @
b is an arbitrary constant.
Adding (2) and (4), we get

Ircular Igload Ranchi-1,

Ph.: 0651- 2562523, 9835508812, 8507613968
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1.38 Calculus

2f()+f(m—-;+f(~x)=2acosx+2bsinx
= 2f(x)+0=2acosx+2bsinx
g f(x)—acosx+bsinx )

[From (3)]

—x) = 1, and hence

evaluate

1 2\\ 3 - (1995)
\CED%)+f(1996)+f(1996)+'"+f(@)' |

9x
Sol. f(x)=
el

(D

9i—x
9* 43
9

and f(1-x)=

__ 9
R 943"
9*

= fA4- X)~

= fl-x= | )

B+ 9")
' Adding (1) and (2), we get () + /(1 - )
- 7 + 3 =1
9" +3  (3+9%)

= f@+(-n=1 - G

 Now, .puttingx - 2. 3 N 998" in
’ © 19967 19967 1996 ° 1996

(3), we get

1 1995 {2 1994
f[@)”(w%) b f(ﬁ)”(ﬁ)'l’

3 (1993
o)1)

(997 999 _. {998 998
f(@)”(iﬁ)"l ’f(1996]+f(1996)_1

998 1
o f(1996) 2

Adding all the above eXpression; we get

(1 \ (1995
4 (ie) /(i )r+ (i)

Ly

+ BOARD, NDA, FOUNDATI?N '

=(1+1+1+---+997)+ % =997+ % =997.5

12. Let f(x) be defined on [-2, 2] and is given by

-1, -2<£ < x<0 -
FO=1,_1 gersr -andg@=fl)+ Il
"Then find 2(x).
Sol. We have
[, —25x<0
/@)= x-1 0<x<£2

2 x<0

. ' -,
= = )
= S .{le—l, 0<ixis2

= flxD=}x|-1 0gx[<2

(as -2< |x] <0 is not poss1ble)

1, 2£x<0
3 f(le)={ o, v 4 M
-1, -2<x<0
again, f(x)= { L, 0<x<2
' —2<x<0 -
= eI o<ns
\
7 , - -2<x<0
= |f®l= —(x—l),' 0<x<1 (¥4
' +Hx-1), 1<x<2 '
L g)=f(x)+ ]f(x)] can be expressed as
(—=x-1D+1 ~2<x<0
g@)=3(x-D+(1-x), 0<x<l1
(x-D+(x-1), ISxSZ
, [using (1) and (2)]
: —x,‘ —2<x<0 |
= - g= 0, 0<x<l1

2(x-1), l<x<2
13. For what integral value of n, is 37 period of the function

cos (nx) sin (S—XJ ?
n

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Sol. Let f(x)=cos.nx sin (S—X)

f(x)is periodic
= f(x+A)=f(x) where A is period.

n

.. [5x+54 ' C(5x) /_ :
= cos (nx +nd)sin =cosnxsin| — v
n

. atx=0, cos nA sin (2}:0
n

IfcosnA=0
. 4 Y
= nl=rn’_+—2—_,re1 : T
T .
= n@Bn)=ra+ ) (" A=3m)
- 1 . \ -~
= 3n-r= 3 (Impossible).
Again, iet sin (2)=0 e
n
~— =pm @<,
n ¥
= 367 _ (o A=3m)
' n
1
- , ﬁ n= —
- P
 Forp=+1,+3,45,+15 - .
son=%£15,45,43,41 (- nel
\/14/. Let f: R - R and g2 R — R be functions defined
L‘ . 2%, x<l, _fx+2, x<0
LR R NS C 2 PV

Find (a)f+ g, (b)f2.

Sol. (f° + 2): R — Rand (&) : R — R are functions defined by (f
+g) (x)=£(x) + g(x) and (/8) (x) = fIx) g(x). To find (f+g)
(x) and (fg)(x), we rewrite f(x) and g(x) as:

2x, x<0 x+2, x<0
f)=14 2=, 0<x<l gx=19 2x, 0<x<1
22 -1, x21 2x,  x21
3x+2, x<0
Hence, a. (f+g)(x)= 4x, 0<x<li

2x% +2x— 1, x21

2x% +4x, x<0

b (R@=1 4%,

0<x<l

Functions 1.39

15. Iff(x)=-1+|x—2/,0<x<4and
L ) .g)=2- x], -1 <x < 3. Then find ( fog) (x) and (gof) (x)
Sol. We have

_[1-x, 0Sxs52
J®= x-3, 2<x<4

2+x, -1€x<0

and ()= {Z—x 0<x<3

-g(x), 0< gx)<s2

» (fogi=flgl)} = { -3, 2<g(x)=4

1-(2+x), 0<2+x<2 and —1<x<0
| 24x-3, 2<2+x<4 and -1x<0
~)1-(2-x%), 0<2-x<2 and 0<x<3
|2-x-3, 2<2-x<4 and O<x<3
—1-x, 2<x<0 and —-1=<x<0
NE" 0<x<2 and -1£x<0
—<—1+x, 0<x<2 and O0<x<3
[-x—-1, -2<x<0 and O0<x<3
—1-x, .—-ISxS‘()
| x, x€P
<—1+x, 0<x<2
-x-1, xe¢ -,f
-l -1£x<0
x-=1, O0<x<2
|2+ f(x), —1<f(x)<0
and (gof )x=g{f(0)} = {Z—f(x), 0< (x)<3
(241-x, -1£1-x<0 and 0<x<2
_]2-(01-x), 0<l-x<3 and 0<x<2
T124x-3, -1<x-3<0 and 2<x<4”-
2—(x-3), 0<x-3<3 and 2<x<4
(3-x, 1<x<2 and 0<x<2 = &
_jl4x, 2=5x<1 and 0<x<2
] x-1, 2 3 and 2<x<4
—x+5, 3<x<6 and 2<x<4
3—x, 1€x<2 1+x, 0<x<l ’
_|1+x, 0<x<l _ |3-x, 1€x<2
Clx-1, 2<x<3 . |x-1, 2<x<3
5-x, 3<x<4 5—x, 3<x<4

f kee-2606x26th Floor, Harlom Tower, Circular Road, Ranchi- 1
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Sub]ectlve Type §

: Solutlons on page 1.57

1. Write explicit functions of y deﬁned by the following
equations and also find domains of definitions of the
given implicit functions:

a, x+|y|=2 TN b.e¥—er=2%
d. x>—sin y= %
\}2. Let g(x) = Jx—2k, V 2k < x < 2 (k + 1), where
k € integer, check whether g(x) is periodic or not.
3. Let f(x) = x* — 2x, x € R and g(x) = f(f(x) - 1)
+f(5 —fx)). Show that g(x) >0V x € R. .
&4 If fand g are two distinct linear functions defined on
R such that they map [—1 1] onto [0,2}and 2 : R - {-1,

c. 10*+107=10

0,1} >R defined by A(x) = ‘j; E ; then show that |h(h(x))

+ h(h(1/x))| >2.

{x —4x+3,x<3andg(x_) 2x ‘3, -
x—4, x23 X +2x+2, x=24
escribe the furiction f/g and find its domain.

"6/ Let f(x) = log,logslog,logs(sinx +a?). Find the set of
values of @ for which domain of f{x) is R. .

-\ 7- A certain polynomial P(x), x € R when divided by x — a,

x — b, x — ¢ leaves remainders 4, b, ¢, respectively. Then

find the remainder when P(x) is divided by (x — a) (x - b)

(x —¢) (a, b, ¢ are distinct).
8 Let R = {(x, ) : x, y € R, x

A .
- R= {(x, y).' x,ye Ry 2—§x2 }, then find the domain and

x<4
5. Letf(x)=

2 + 32 < 25} and

" range of RN R

N 9. If fis a polynomial function satisfying 2 + f(x) f(y) '
=f)+f) +f(xy), V x,y € Rand if f(2) =5, then find-

the value of f(f(2)).
\\;10. If fla—x)=fa+x)and fb—x)=f(b+x) for all real x,
where a, b (a > b) are constants, then prove that f(x) is a
periodic function. 1
N\ 1. If p, g are positive integers, f is a function defined for
. N positive numbers and attains only positive values, such
that f(x f()) = xP'y9, then prove that p* = g.
QIZ. If /2 R— [0, =) is a function such that f(x — 1) + f{x + 1)

=3 3 f(x), then prove that f(x) is periodic and find its

‘ period.
\/ 13. If a, b be two fixed positive mtegers such that f(a + x)
' =b+[b+1-3b(x) + 3b{f(x)} — {f()}*]"” for all

real x, then prove that f(x) is a periodic and find its period. -

\\/ 14. Letf(x, y) be a periodic function, satisfying the condition
JE,»)=f2x+2y,2y —2x)Vx,y€ Rand let g(x) be a
function defined as g(x) = f(2%, 0). Prove that g(x) is
perlodlc function and find its %enod

frice.: 606 ,

EXERCISES

th Floor, Hariom Tower, _
Ph.: 0651- 2562523, 9835508812, 8507613968
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015. Let/:R _—)R,f(x) = m, b>c. Iffis onto, then
prove thata e (b, ¢).
16. Show that there exists no polynomial f(x) with integral
coefficients which satisfy f(a) = b, f(b) = ¢, flc) = a,

‘
r
where-a, b, ¢ are distinct integers. A ;

- : 1 s

. Consider the function f{x) = *—[x]- 2 Ifxe where
: 0, If xel
[.] denotes the fractional integral function and / is the set of
integers. Then find g(x) = max. {x%, f{x), x|}; 2 <x<2.

.- Determine all functions f: R-— R such that f(x — f(»))
=f(fN +xf)+fx)-1Vx,ye R.

$19 Let f(x) = (2 cosx—1) (2 cos 2x— 1) (2 cos 2% - 1) ..

(2cos 2" 'x — 1) (where n > 1). Then prove tha';
f(—zﬂ) —1Vkel
2" 1
20. If f(x) = —=—— (a > 0), then find the value of
+a -

a
2n-1 r
1[5

"Objé'ctive"Type

Each questlon has four choices a, b, ¢, and d, out of which only
- one is correct.

1. The functionf: N > N(Nis the set of natural numbers)./
defined by f(n) =2n+ 3 is
a; surjective only
c. bijective

2. The function f{x) = sin (log_(x +y1+x? )) is

b. odd function

d. periodic function

X +14x+9

x> +2x+3

b. injective only
d. None of these

\
a. even function
¢. neither even nor odd

3. Ifxis real, then the value of the expression

lies between
a, Sand 4 b. 5and—4
c. —5and 4 d. None of these
4. The function f: R — Risdefined by f{x) = cos? x +sin® x
for x € R, then the range of f(x) is

NSNS
B

5. The domain of the function f(x)=log, +Jc(xz —-1)is
a. (3,-1) (1, )
' b [3,-DU[l,e

ircular i?oa’d, Ranchi-1,
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\) 11.

Mhe domain of the function f(x) = \/ﬁc

\:\_13.

>

14.

c. (=3,-2)U(=2,-1)u(l,)
d. [3,-2) U (2, -D UL, =)

1/2
5x—x° ﬂ .
3 is

The domain of the function f(x) = [log10 (

a, —oo<xy<oo b. 1<x<4 e
c. 4<x<16 d -1<x<1 o
The domain of the function f(x) sin (3 —x)
e domain of the function f(x)= ——— 7 18
- _ In(x[-2)
a [2,4] . b (2,3)UE,4 .
e 2 d (= -3 U2 =) 7
. The domain of f{x) = logjlog x| is
a. (0, =) b. (1, o)
c. (0, 1) U (1, o) d. (~o, 1)
. log,(x+3) .
The d ffx)= >——">2
e domain of f{(x) 2t 3xt2 is
a. R—{-1,-2} b. (-2, )

c. R—{-1,-2,-3} d. (-3, ) — {~1,-2}

. Letf [—g; 2—;—} _» [0, 4] be a function defined as f(x)

= 3 sinx—cosx+2. Then /' (x) is given by

‘ ._l(x.—Z) 5 __(x_z £,
a. sin - b osin® | —— |+— w4
.2 /-6 2 6 ¥

c. 2:—:2+ cos™! (x_;_Z) ' d. Noﬁe of these

C2F(n)+1 -
If Fin + 1) = }—(—;)——n =1,2,... and F(1) =2, then
F(101) equals ' N
252  b.49  c 48 d. 51

10
x-1 " 3x ‘(’,‘x'/

contains the points

a. 9,10, 11. b. 9,10, 12 ;
¢. all natural numbers’ d. None of these
The domain of the function f(¥) = id

\[ sin (In x) —cos (In x)
(ne 2)is

a (lem’ e(3n +12)x) b ( e(2n + ]/4)7r’ e(2n + 5/4) n)

c. (e 1am gBn-39m - d. None of these
If fis a function such that f(0) = 2, f(1) =3 and flx + 2)
= 2f(x) - flx + 1) for every real x, then f(5) is

a. 7 b. 13

c 1 d. 5

2
\15/1: he range of f(x) = sin”! _x2 1 is
N, x“+2

16.

a. [0, /2]
c. [7/6, n/2)

" b. (0, /6)
d. None of these

-

sec”

The function f(x) = where [x] denotes the-

17.

18.

U— 19.

Functions 1.41

a R

h R—-{(-,)u{n|ne Z}}
c. RF—(0,1) '

‘d. R - {n|ne N}
a2 1.
The domain of f{x) = cos ! (—%—l) +[log B-x)]""is

’

a. [-2, 6) b. [-6,2)U2,3)
. [-6,2] - d. [-2,2]U(2,3)

. ' 1 _
The domain of the function f(x) = , {log| — is
|sinx| Co

a. R—{-m 7 b. R— {nn|ne Z}
c. R-{2nmine z} d. (—oo, )
The domain of the function

. 1 .
. ‘f(x)= logz[j—logl/2 (1"’;1/—4)—1) is

20.

\l 22,

1 .
. If f(x) = maximum {x3, x2, a}‘v’xe [0, o), then
.o —l—,osxslﬁ}‘
: 64 4 -
.
: x°,0<x<1 1
a f=y, = b.f(x)=7x2,—<xsl
A ", X, x>1 4
x3,x>1
EIJ,OSxS—;—_-
' , 1 ’i,OSxS-l—
c f)=13x*,=<x<1 4 flx)= 64 8
8. : 3
3 x,x>1/8
x,x>1
L -
If the period of M,ne N, is 67, then n is equal to
tan(x/n) o
a 3 b2
c. 6 d. 1

23.

“ 24.

W\ as.

a. (0, 1) b. (0, 1]
c. [1, =) d. (1, )

The range of f(x) =sin~' (V¥ X +x+1)is

~(04] »(05]
RAES | R

The number of real solutions of the equation
logy s [x] =2 |x] is '

a. 1 , b. 2
c. 0 ' d. None of these
' |
The period of the function sin’ % +|cos’ %‘ is -
‘a. 2« b. 107w
c. 87 d. 5m

If f(x) = ¥x™ , n € N, is an even function, then m is

H . NXA, ’ . - . even jnte: b. odd integer |
e(a?eglln%eéi k@s o@ 15'995@!?4@&'4@@1 TOWGI', 'Cz| I Kéﬁihoad, Ra ilv is not possible
& ® n%h%éﬂ-zszszsz& 0835508812, %07"613968 ‘ Fohied oy
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026.-

$27.

28.
Y

29.

30.

Q31. The domain of the function f(x) = \sz ~[x]?, where .
- [x] = the greatest integer less than or équal to x, is
‘a. R b. [0, + o)
€ (=0, 0] d. None of these
32. The range of the function f(x) = |x.—=1] + |x -2,
—-1<x<3,is
ca. 1, 3] b. [1, 5]
¢ [3, 5] d. None of these _
33. .Which of the following functioris is inverse to itself ?
a. f(x)= 1—_—{ “b. f(x) = 5"
. 1+x
: ¢. f(x) =27 d. None of these
\'734. A function F(x) satlsﬁes the functional equation x*F(x)
' . tF1l-x)=2x- x* for all real x. F(x) must be .
Cax? b 1-x?
€ 1+x? d x2+x+1 :
2 . TX —
35. 16/0=1" 05> PR g qis
’ x]x|, [x}>1
a. an even function b an odd function
c. aperiodic function =~ d None of these
" N36. Function f: (e, —1) — (0, ¢°] defined by flix) =* **2 %"
N a. many-one and onto h. many-one and into '
¢. one-one and onto d one-one and into
37

fE+y)+f(x-y)=

If f is periodic, g is polynomial function and fg(x)) is _.

periodic and g(2) = 3, g(4) = 7 then g(6) is
a 13 : h 15

c. 11 d None of these
The period of function 2% + sin 7 x + 3%/2 + cos 27x
(where {x} denotes the fractional part of x) is
a2 b. 1

c. 3 d. None of these

The equation ||x — 2| + a| = 4 can have four distinct real
solutions for x if 2 belongs to the interval
-2 (—e0,—4) b. (= oo, 0]

c. [4, =) d. None of these h

X . -X

Given the function f(x) = ara

(where a > 2). Then
b. f(x).f(»)
d. None of these

a. 2/(0). f(7)
ic))
JO) '
If log3(x2 6x + 11) < 1, then exhaustive range of values
ofxis
a. (=0, 2) U (4, o)
b. (2,4) '
c. (oo, HU(1, 3)u(4 00)
" d. None of these

) Iff(x)— —, g(x)——andh(x) x2

+ BOARD, NDA, FOUNDATI

b h(g(x))=

¢ fog(x)= xz, x#0, h(g(x)) = (g(x))’, x =0
d. None of these

— x;tOfog(x) =x?

J8 If [x] and {x} represent the integral and fractional parts of
v 2000 6 1. 29
> tively, then the value of
x, respectively, then the value o 2 2000
a. x - b [x]
s e {x} d. x+2001

40.

41.
v

\43

044

A

45.

&
N

. If f(x) is a polynomial satisfying f(x)f(1/x).= f(x) .

+f(1/x) and f(3) =28, then f(4) is equal to
a. 63 b. 65 S
¢ 17 d. None of these :
The values of b and ¢ for which the: 1dent1ty S+ 1)
—f(x) = 8x + 3 is satisfied, where f(x) = bx* + cx + d, are
a. b=2c=1 ‘b.b=4,c=-1
e b=-1,c=4 d. b=-1,¢=1 /
Letf: R —> R, g: R— R be two given functions such that
Jfis injective and g is surjective, then which of the followmg

is injective? v

b. /.8
d None of these

a. g f
£,8

' 4 f:N'—-)Nwﬁeref(x)=x—(—1) then f is
a. one-one and into

b many-one and into
¢. one-one and onto
d many—one and onto

If g(x) = x* + x — 2 and - gof(x) 2x? —5x+2, then
which is not a possible f(x)? _

a 2x-3 h 2x+2

¢ x-3 d None of these

If f R — R is an invertible function such that f{ (x) and

f~Y(x) are symmetric about the hne y=-—x, then
a. f{(x) is odd
b. f(x) and f-'(x) may not be symmetric about the line
y=x ' -
¢. f(x) may ﬂo\ge odd
d. None of thes
Letf: N — Ndefinedby f(x)=x*+x+1,xe N, thenfls
- a. One-one onto
b Many-one onto

¢. One-one but not onto
d. None of these

Letf: X—y f(x)=sinx+ cos x + 2+/2 is invertible. Then
which X — Y is not possible?

(w5 ' .
a, f,—”}—nﬁ, 321

4" 4

h_3nn] 2, 3v2]

4

T

fog%ff ceﬂé(()%‘)) 6&h Floor, Hariom Towefl “@I"rifﬂf‘aﬂr Road, Ranchi- 1
Ph.: 0651- 2562523 9835508812, 8507613968
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\/\49

\}51

\>52

55.

50.

¥

S (2Qf75 . herﬁu}u

\’\47 If f(x) = ax’ + bx® + cx— 5, a, b, ¢ are real constants and |

f(=7)=1, then the range of f(7) + 17 cos x is

a. [-34,0] h [0,34]
c. [-34,34] d None of these
: 48. Iff(x) = M

function, then

a. fis one-one

b f'is not one-one and non- constant

¢. fis a constant function

d None of these
Let S be the set of all triangles and R be the set of positive
real numbers. Then the function £ S — R*, flA) = area of A,
where Ae Sis '

a. injective but not surjective

‘b. surjective but not injective

c. injective as well as surjective

d neither injective nor surjective
The graph of (y — x) against (y + x) is shown

(y-x)

(y+x)

C

Fig. 1.91

W}nch one of the following shows the graph of y against

/A
NI

]1saodd
P.

Ifg:[-2, 2]—)Rwheref(x) x +tanx+[

function, then the value of parametric P where [.] denotes
the greatest integer function is

a —5<P<5 h P<5

c. P>5 d None of these

Iff(2x+8 2x ~ g)-—xy,thenf(m,n)+f(n,m)=0

a. only when m=n b. only whenm#n
c. onlywhenm=—n d forallmandn

If £+ y)=f()+ f(y)—xy— 1V x,y e Randf(1)=1, then

the number of solutions of f(n)=n,ne Nis - -

a0 b1
c. 2 d. more than 2
o
. The range of the function f(x)= ——m
A (—o0,00) b. [0,1) ’ s
e (-1,0] d (1, 1)

Iff:R->Ris a functlon satisfyin ]l%the property f(2x+ 3) +

a ?

, where [.] denotes the greatest integer

V2

56.

<

S

57.

59.

Functions 1.43

Letf:R— [o,%) defined by f(x) = tan™ | (% + x + a), then.

the set of values of a for which fis onto is

a. [0,00) b [2,1]
c. [i ,'oo) ) d None of these
. . 1
The domain of the function f{x) =
\[{sm x}+{sin(z + x)}

where {-} denotes the fractional part, is
a [0,7] b 2n+1)n/2,neZ
c. (0O,m d None of these

fx)= Tioi? where x is not an integral multiple of 7
St
and [.] denotes the greatest integer function is
a. An odd function b. Even function
¢. Neither odd nor even  d None of these
Letf(x) ([a]>=5[a] +4)x* - —(6{a)? -5{a} +1)x—(tanx)x
'sgn x be an even function for all x € R, then the sum of all

" possible values of ‘@’ is (where [-] and {-} denote greatest

61.

\962.

63.

\} 64.

-\:\65.

integer function and fractional part functions, respectively)

35
a % b. % c. 331 a — 4
Let f: [-10, 10] — R, where f{x) = sin x + [xz/a] be an odd

function. Then the set of values of parameter a is/are
a. (-10,10)~ {0} b (0,10)
c. [100,20) d (100, 0)
The functlon f satisfies the functional equation 3f(x)

x—
a8 y h 4
c. -8 d 11
The period of the function f(x) = [6x + 7] + cos 7x — 6x,
where [.] denotes the greatest integer function, is

+2/(x 59]=10x+30fora11realx¢'1.ThevalueOfﬂ7)iS

a3 b 27
S 2 d None of these
: : a-1 .
If the graph of the function f(x) = ——F— 18
‘gr p i fx) @D
symmetrical about y-axis, then n equals
: 1 1
a 2 h 2 ¢ - d —-
3 3

If f(x)is an even function and satisfies the re%ation X f(x)

\
-2f (l) = g(x) where g(x) is an odd functioh,\ then f(5)
x .

equals - o
, By
a0 b 30 c. s d None of thes@"~
' 75 75
Iff(x +y) =f(x). f(y) for all real x, y and f(0) # 0, thenthe
. .
function g(x) = / )

— 5 is
L+H{f )

Hatams Tower , Girselgitioad, Rarmeh fudstion
“ APh.. 0631- 2562523, 9835508812,%5@?61‘3968
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~_66. Possible values of a such that the equation x* + 2ax +a = \) 74, X f(x+f())=f(x)+y V x,y e Rand f(0)= 1, then 'ﬂflg
1 1 value of f(7) is
a® +x —R - Tg x > — a, has two dlstmct real roots a 1 h 7
are given by . c.6 ’ d 8
a. [0,1] b [-o,0) - \> 75. Letf(x)= /| x| —{x} (Where {.} denotes the fractional part
. [0,9) 4 (2 oo) of x) and X, Y are its domain and range, respectively, then
. > / 4 ’ ) 1
(6. Letg)=f0)- LI +/(1-9)=2V x€ R.theng(@is axe (‘“’ 5] and ¥e [5’ '°°)
\/  symmetrical about - 1 N
: b 00, — = 0,)and Ye | —, o
a. Origin b.Thelinex=% , xe( a]u[ )an [2 ) ,
o 1 -
c. The point (1, 0) ~d. The point (%, O) ” _ ¢ Xe (—oo, —5] w0, ) and Y &.[0, o)
N 68. Domain (D) and range (R) of f{x) = sin”" (cos™ [x]) where d None of these \
[.] denotes the greatest integer function is : o L _ f(x) .
a D=xe[l,2),Re {0y , \> 76. Letfbeaﬁjnctlonsatlsfylng of x then f(xy) = i ) forall
b D=xe [0,1},R=1{-1,0,1} _ ‘ positive real numbers x and y if f(30) = 20, then the value of
c. D=xe[-1,1},R {0 sin 1(%), sin'l(ﬂ:)} \’ ' _f(z.O)IISS b 20
' T 40 d 6
dsze[—l,l]’,Rs{—f,o, E} . 3
' 2772 77. The domain of the functionf{x) = y[Ingyyp) (<* +4x +4) is
L 69. If f(x + 1) + flx — 1) = 2/(x) and £0) = 0, then f(), 2 L3 1]0[L2]
\/_ ne I\_J,is » _ h(—2,—1)u[2,°°)
2o b DK T e emmRuE2-)UR)
c. 0 d None of these .

d. None of these
\} 70. The range of the function f defined by f(x) =[—1—]
- : -sin- {x}

(where [.] and {.} respectively denote the greatest integer'

: x
0 78. Therangeoff(x)=[1+sinx]+[2+sin§]+[3+sm~3—]+

and the fractional part functions)is ' et {n +sin 5], V x e [0, 7], where [.] denotes the greatest
a. I, the set of integers ’ - n J
b. N, the set of natural numbers integer functlon is
¢. W, the set of whole numbers . - M
d {1,2,3,4,...} o a {n +n— 2, n(n+1)} 7 R
71. If[cos™ x]+ [cot™! x] = 0, where [.] denotes the greatest 2 ™ 2 ,
integer function, then the complete set of values of x is o ' n(n+1)
a. (cosl1,1] b (cos i, cotl) { 9 }
¢ (cotl,1] d [0,cot]) , '
72. If f(x) and g(x) are periodic functions with penod 7and 11, c {nz +n—-2 n(n+l) n*+n+ 2} o,
' 2 0 2 72 -

respectlvely Then the penod of F(x) = f(x) gL ) g(x)

_ B LI ERY n*+n+2 :

/ .
' ' 79. The total number of solutions of [x] =x+2{x}, whete [ ]
a. 177 b 22 Q
e 433 d 1155 and {.} denote the greatest integer ﬁmctlon and fractional
) part, respectively, is equal to

73. The period of the function
@ . . . : a2 _ b 4 _
sin® x+sin2(x+£)+cosxcos(x+£) c. 6 . d None of these A
f(x)= ¢ 3 3 .. .
is (where c 13 constant) S ] 080. The domain off(x) -\’2{.}(} —S{X} '|‘1 where { } denotes
. ' the fractional partin[-1,1],1s
a. 1 b, — .

1,1]

c. ”Offlce 606 , GtFF‘lﬂ‘l'déFeteFl‘ﬁﬂom Tower, (Elrcul(é’léz()ad” Ranchi-1,
Ph 0651-2562523, 9835508812 8507613968
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81.

(/

85.

&

88.

. Ifthe pCI'_iOd of
‘ ( )
n

83.

. ‘The period of f{x) = [x] + [2x] + [3x] + [4x] + -

86.

87.

Cal-L]

The range of sin™" [xz +—12-] +cos™! [xz —%], where [.]

denotes the greatest integer function, is

e
f

b.{7r}'

d None of these

ECM""_))? ne Nis 6xthenn=

a3 b2
b6 dl » ’
The domain off(x)—ln (ax® +(a+b)x2+(b+c)x+c)

“‘where a >0, b* — 4ac =0, is (where [- ]represents greatest

mteger ﬁmctxon)

c. LD~ {_EbZ}

b (1,w)~{—%}.

d. None of these

-+ [nx] =

+1
n(n )x where n € N, is (where [-] represents greatest

mteéer function)

an b1
c. 1 d. None of these -
n B
1 1 ' .
If f x+5 + f x—E = f(x) for all x € R, then the
period of f(x) is
al h 2
c.3 d4
Iff: R+¥—>R,f(x) + 3xf(l)=2(x+ 1), then f(99) isequal to
_ x
a. 40 b 30
e d &0

If £ X — Y, where X and Y are sets contammg natural

x+5
numbers, f(x) = T2 then the number of elements in the
X B

domain and range of f{ (x) are respectively
a land1 h 2and1
c. 2and2 d land2

7

Functions 1.45

a. 2forx20,xforx<0
b x forx >0, forx<0
¢. x* forx>0,—x* forx<0
d x*forx>0,xforx<0
89. Ifthe graph of y=f{x) is symmetrical about linesx= 1 and
x = 2, then which of the following is true?

a fix+1)=/x) b. flx+3)=fx)
¢ f(x+2)=Ax) - d. None of these —
. Letfx)=x+2x+1|+2px~1]. Ifx) =k has exactly one real
solution, then the value of £ is
h O

cl d?2

. The domain of fx)= sin™! [2x% 3], where [.] denotes the
greatest integer function, is .

(bR
L

. 2
. The range of f(x) = cos™! (l—%x—] +y2—x%is
. x

a3

\992

a {0, 1+§} b {0,1+7}
c. {1,1+12r-} d {1,1+7}
. x, x is rational
i (Y93. =y th i
L093 1) {l—x, x is irrational enf(fess

axVxeR

x, x is irrational
1—x, x is rational

d None of these

x, x is rational
C .. .
1-x, x is irrational

94. The range of f(x)= |sin x|+ |cos x| ], where [.] denotes the
greatest integer function, is

a. {0} b {0,1}
c. {1} d None of these
. S 2
Ll 95. Iff(x)=log, [xz A e} then the range of f(x) is
x°+1 .
a (0,1) b [0,1]

c. [0,1) d (0,1

If@ﬁ{ge EBP? a&hfl&i@@wsmlbbarlom Tower, Circular Road, Ranchi-1,
Iﬁh 0651-2562523, 9835508812 8507613968
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96. The domain of the function f(x) = ! is
yJ4x—]x* -10x+9|
a (7- 40,7+ 40) b (0,7+ \a0)

¢ (7- \/Z(—), o) d None of these
97. If the function f : [1, «) — [1, ) is defined by
S =267 thenf(x) is
x(x— 1) X
1
a (5) b. %(l+,/1+4lqg2x) -
¥

, \9 98. The number of roots of the equation x sin x = 1,
xe [-2m 0) U (0, 27], is

L
o -

a. 2 b.3 _ v ~
c 4 d. 0
99. The number of solutions of 2 cos x = [sin x|, 0 < x < 4, is
a. 0 b. 2
c. 4 d Infinite
. 1 ’ .
100. Ifaf(x+1)+ bf(— =x,x%-1,a#b, then f(2) is equal \105_
. x+1 vV
to .
0 _2atb _ a 106.
2(a* - b%) a’ —b?
c12+ 2b2 d. None of these
b: . _
\ 101. The number of solutions of tan x — mx =0, m > 1 in 107.
( n n) .
——,—|is
2°2
a. 1 b. 2
~ c.3 d.om
N/ 102. The range of f{x) = [sin x + [cos x + [tan x + [sec x]]]], x €
(0, 4), where [.] denotes the greatest integer function <x, is
a. {0, 1} b. {~1,0,1} ~
g c. {1} d. None of these '
\/ 103., Iff(3x+2)+f(3x + 29) 0V xeR, then the penod of f(x) 108
_ is
a. b. 8 :
c. 10 d. None of these ‘0109'
. /4
Sin x +COoS X, O<x<5
104. Letf(x)= a, x=m/2
_ 5 \\/110
tan” x+cosecx, M/2<x<7
then its odd extension is
2 (4
—1tan X—COSCCX, -7 <x<—5
4
a. -a,. x=—=
: 2
s 111.
—sinx-+Ccosx, ——<x<0

¢ '5(1—,/l+4log2 x) d Not defined >

Office.: 606 , 6th Floor, Hariom TOW@Epe@\H'mLaEn

JEE (MAIN & ADV.), MEDICAL

/4
(—tan2 x+cosecx, —-T<x< Y
' T
b < -a, xX=—-=
2 .
. /4
sin x —cos x, ——<x<0
2 .
2 T
—tan” x+cosecx, -7 <x<—5
c. a, xX=—-—
: 2
. I
SIn X —COs X, ——<x<0
)
2 T
tan” x+cosx, —7r<x<—5
. n .
d. « =a, x=—= 7
2 .
o ‘ r
sin x+cos x, —5<x<0

If fand g are one-one function, then

a. f+ gis one-one b. fg is one-one

¢.-fog is one-one d. None of these
The domain of (x) is (0, 1), then, domain of /(&™) +f(In |x})
is

a. (-1, ¢) b. (1, €)
ce (e -1 d. (-e, 1)
The domain of f(x) = . is
: « yJlcosx]+cosx ,

a. [-2nm, 2nal,ne Z .
b. @nm, 2n+17),ne Z . g

i
y ((4n+1)ﬂ: (4n+3)7r)’ne 7 |

2 72 ‘
a ((4n—1)7z:, (4n+1)7r),ne e
2 2 :
If f(Zt +3y, 2x — 7y) 20x, then f(x, y) equals
. 7x=-3y ‘b, Tx+3y
c. 3x—T7y d. x-ky
LetX={a,,a,, ... ,a¢} and Y= {b;, b,, b3}. The number

of functions f from x to y such that it is onto and there are
exactly three elements x in X such that f{x) = b, is

a. 75 b. 90
“¢. 100 d. 120

. Let £ R > R and g: R — R be two one-one and onto

functions such that they are the mirror images of each
other about the line y = a. If h(x)=/(x)+ g(x), then h(x)qs
a. One-one and onto. .
b. Only one-one and not onto.
¢. Only onto but not one-one.
d Neither one-one nor onto.

2x ’
Ifftx)= (- 1)[ ] 2(9)=|sinx|~|cos x{ and $(x)=/(x) g(¥)

(where [.] denotes the greatest integer function) then the

s SRANGIAY=hd ¢(x) are

Ph: 0651—2562523, 9835508812, 8507613968
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112.

\ 113.

116.

- 117,

118.

119.

Sh

. Letfy(x)=

b 7277

a LT
c. n,n,z dn,E,n:
_ 2 - 2
' 1 1 1
Letf(n)=1+ =+ = +.--+ —, then
2 3 n

F)+f(2)+f(3)+---+ f(n)is equal to
a nf(n)-1 b (n+1)f(n)—-n
¢ (nt 1)f(n)+n. d nf(n)+n

Letf(x)= s and g(x)= e[érlsg"x],xe Rwhere {} and
[ ] denotés the fractional and integral part functions,
respectively. Also A(x) =log(f(x))+ log(g(x)) then for real
x, h(x) is

a. An odd function.

b. An even function.

¢. Neither an odd nor an even function. -

d. Both odd as well as even function.

x,0 S)&;‘ <1
1, x>1
0, otherwise

-~ and fo(x)=f] (—x) forall x

f3(x)=—f(x) forall x

fs(x)=£f(=x) forall x

Which of the following is necessarily true?
a. f, (x)=f(x) forallx b f,(x)=—f(-x) forallx
¢ f=x)=f,)forallx  d f(x)+f,(x)=0forallx

. The number of solutions of the equation [y + [y]] =2 cos x,

wherey = ?1;- [sinx + [sin x + [sin x]]] (where [.] denotes the

greatest integer function) is

a 4 b 2
¢3 d 53 E
The sum of roots of the equation cos™! (cos x) =[x}, [.]
denotes the greatest integer function is
a 2m+3 ' h 7+3
c. 73 d 27-3
The range of
f)= \/ (1—-cos x)\/(l cos x)\/(l cos x)
is
a. [0,1] b [0, 1/2]
c. [0,2] d. None of these
. Let h(x)=|kx + 5], the domain of f{x) is [- 5, 7], the domam

of f(h(x)) is [- 6, 1] and the range of A(x) is the same as the
domain of f(x), then the value of k is

a |l h 2

c.3 d4
Therange of f()=(x+ 1) (x+2) (x+3) (x+ 4) +5 for
xe [-6,6]is .

- Otfige

<

\>123.

Functions 1.47

The exhaustive domain of

f(x)=' \/;]2 — %’ +xt —x+1
is - -
a [0,1] b [1,%0)
€. (—oo,1] dR
The range of f(x) = sec™" (log3 tan x + log,,,, 3) is

[55)55] »[03)
(Fe

The range of the function f(x) =""*P, _5 is

a. {1,2,3} b {1,2,3,4,5,6}

c. {1,2,3,4} “d {1,2,3,4,5}
A real-valued function f(x) satisfies the functional
equation f(x - y) = f(x) f(»)—f(a—x) f(a+y), whereaisa
given constant and (0) = 1.f(2a —x) is equal to .

a. f(x) b —f(x)

¢ fx) d f(@+f(a—x)

120.

121.

d. None of these
122.

Multiple Correct :
Answers Type  SEES

Each question has four choices a, b, ¢, and d, out of which one or
more answers are correct.

1. Let flx) = max {1 +sinx, 1,1 —cosx},x € [0,27] and
g(x)=max {1,|x—1|} x € R, then
a. g(f(0)=1 b g(f(1)= 1
c. ff()=1 d f(g(0))=1+sinl
\'> 2. Which of the following functions are identical?
a, f(x)=Inx*and g(x)=2Inx

b f(x)=log_eand g(x) =
log, x

¢. f(x)=sin (cos™' x) and g(x) cos (sin~! x)
d None of these a
N\.3. Which of the following function/functions have the graph :
symmetrical about the 0r1gm‘7
w} I

‘a. f(x) givenby f(x)+ f(y)= f(

b f(x) given by £ () + £ () = f(x\/I RN o)

¢ flx)givenby fx+)=f)+f() V x,ye R
d None of these :
\4.' If the function f satisfies the relation f(x + y) + f(x - »)
=2f(x) f(») V x,y € Rand f(0)#0, then
a. f(x)is an even function
b. f(x)is an odd function
c. If f(2)=athen f(-2)=a
d If f(4)=bthen f(-4)=
\5 Consider the function y = f(x) satisfying the condmon

f(x+ 1)—r + ——(x;tO),then
X x

\2

V

606 , 6thx£dmrh,eskl ariom Tower, €iore ey RioAd Ranchl 1,
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N

R.

K
WTON CLASSES

. MALIK'S

1.48 Calculus

~ c. range of f(x) is [_%,.E}

c. range of f(¥)is[-2,%9)
d range of f(x)is [2, %)

. Let f(x) + f(») = f(x,/l_ y* + y\/I—xz) (f(x) is not

identically zero). Then

a. f(4x®-3x)+3f(x)=0
b, f(4x*-3x)=3f(x)

c f(2x\/1—x2)+2f(x)=0
4 fx1-x*)=2/()

. Consider the real-valued function satisfying 2f(sin x)
+ f(cos x) = x. Then

a. domain of f(x)is R
b. domain of f(x) is [-1, 1] -’

3
d. range of f(x)is R

' 8. If f(x) satisfies the relation fe+y)=f&x)+1(y) for all x,

v

then, which of the following is/are true?

y € Rand f(1) =5, then

a. f(x)is an odd function 'b. f(x) is an even ﬁmcﬁon '

Sm(m +2)

¢ Y f(r)=5 milc, a. Y, f(r)= 3
r=1

r=l -

2
Let f(x) = xt—4x+3, x<3 and
o x-4, x23
() x=3, x<4
x) = :
g +2x+2, x24 /

a. (f+2)(3.5)=0
c. (fe@)=1

b. f(g(3)) =3
d. (f-gd4=0

10. f()= 2 —2ax+a(a+1),f [a, ) = [a, ). If one of the

1. Which of the following function is/are periodic
\/N. . 1) = {1, x is rational

b. f(0)=4 1

solutions of the equation f=5 ~1(x) is 5049, then the

other may be
a, 5051 b. 5048
c. 5052 d. 5050

0, x is irrational

x—[x]; 2nsx<2n+l

. , where [.] denotes
5; 2n+1<x<2n+2 _."

the greatest integer function, n € Z
2x

e flx)= (—1)[ " ], where [.] denotes the greatest integer
function : -

df)=x—[x+3]+ tan(zg—c}, where [.] denotes t‘}lle

greatest integer function, and a is a rational number

foice.: 60

12.
13.

14.

15.

. . \‘>16.

O
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If £ R* — R is a polynomial function satisfying the
functional equation f( f(x))=6x—/f(x), then f(17) is equal
to

a 17 b —51 .
¢ 34 d -34 o

: _ S-S

Letf:R—)Rbeaﬁmctxondeﬁnedbyf(x+ )= f—(m

V x € R. Then whici: of the following statement(s) is/are
true

‘a. f(2008) =£(2004) - b. £(2006) = (2010)

¢. f(2006) = f (2002) d. £(2006) = £(2018)
Letf(x)= sec”[1+ cos? x] where [.] denotes the greatest
integer function. Then

a. the domain of fis R

b. the domain of fis[1,2]

¢. the domain of fis [1, 2]

d the range of fis {sec™ 1, sec™' 2}
Which of the following pairs of functions is/are identical?

a. f(x)=tan (tan”' x) and g(x) = cot (cot™ x)

b f(x)=sgn (x) and g(x) = sgn (sgn ()

¢. f(x)=cot?x.cos’x and g(x) = cot?x — cos? x

df(x)= "% and g(x)=sec’'x :
fiR—[-1,) and f(x)=In( [lsin2x|+ lcos2x|1) (where_[.]
is the greatest integer function).

a. f(x) hasrange Z '

b. f(x) is periodic with fundamental period 7/4

. f(x)is invertible in [o, Zj—] B

d f(x) is into function

. Which of the following is/are not a function ([.] and {.} ’

denotes the greatest integer and fractional part functions
respectively)? '

a —— ! | b; _xl
tnfi~ &
c. x! {x} In(x~1)

d. ——==
, Ja-x%) _
If the following functions are defined from [-1,11to [ 1],
select those which are not objective
b 2 sin~! (sin x)

T
d »* (sgn(x))

a, sin(sin~! x)

c. (sgn(x)) In (¢

. Iff:R—>Nu {0}, where f(area of triangle joining points

P(5, 0), O(8, 4) and R(x, y) such that the angle PRQ ia~
right) = number of triangle. Then, which of the following is
true ? :
a f(5)=4
c. f(625)=2

h f(7)=0
d f(x)isinto

. Iff(x)is a polynomial of degree n such thatf(0) = 0,f (lf),:

l, L fm= —n——,thenthe‘value of f(n+1)is
2 n+1

6, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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n .
b. —— when n is even
n+2

a. 1 when n is odd

n ) o
c. —-—1 whennisodd d —1 whenniseven
n+

q?\Zl Let f(x)= —x+1 ,andf (x)bedefmedasf () f(f(x))
and forn>2, f”*‘(x) =f(f" (x)) IfA= lim n f* (x) then

a. A is independent of x
b. Ais a linear polynomial in x
c. the line y = A has slope 0
d. the line 4y = A touches the unit circle with centre at
the origin.
-22. The domain of the function

f(x) = Ioge IOglsinxl (x2 —8x+ 23) - ——-3—_'
log, |sinx|
contains which of the following interval / intervals.

a (3', )

c. (175, 5)
"\ 2

SN3 Let fix) = sgn(cot 'x) + tan (g
greatest integer function less than or equal to x. Then
which of the following alternatives is/are true?

a. f(x) is many one but not even function
b. f{x) is periodic function

c. f{x) is bounded function

d Graph of j(x) remams above the x-axis

d. None of these

[x]) where [x] is the

Reasomng Type

Each question has four chonces a, b ¢ and d, out of which only
one is correct. Each question contains STATEMENT 1 and
STATEMENT 2.

' a. if both the statements.are TRUE and STATEMENT 2 is
the correct explanation of STATEMENT 1.

b. if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.

¢ if STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.

d ifSTATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

1. Statement 1: f(x) =log x cannot be expressed as a sum of
odd and even function. '
Statement 2: f(x) = logx is neither odd nor even function.

2. Statement 1: If g(x) = f(x) - L. If f(x) + f(1 —x) =2 v
x € R, then g(x) is symmetrical about the point (172, 0).
Statement 2: If g(a—x)=—g(a+x) V x € R, then g(x)is
symmetrical about the point (a, 0).

3. Consider the function satisfying the relation

U

)

1ff( 2tanx ) (1+cos2x)(sec x+2tanx)
’ 1+tan” x

b (n’, 2) v",’
2 . Y

7o M.
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%smer the function if f(x) = sin(kx) + {x}, where {x}

represents the fractional part function.
Statement 1: f(x) is periodic for k = m7% where misa
rational number..
Statement 2: The sum of two penodxc functions is always
periadic.

L tatement 1: Function f(x) = X +tan'x 1sanon—per10dlc
function.
Statement 2: The sum of two-non-periodic function is
always non-periodic. :

6. Statement1:Ifxe (1, /3 ], then the range of f{x) = tan~'x
is [7/4, /3]. :
Statement 2: If x € [a, b), then the range of f(x) is [f(a)
SO

7. Statement1:f:N—R, f(x)= sin x is a one-one function.
Statement 2: The penod of sinx is 27zand 27 is an irrational
number. -

8. Statement 1: A continuous surjective function f: R = R,
f(x) can never be a periodic function.
Statement 2: For a surjective function f: R =R, f(x) to be
periodic, it should necessarily be. 2 discontinuous
function.

L— 9, Statement 1: The solutlon of equatlon ||x —5x+4|-|2x—

- 3||=pP-3x+1]isxe (—w,l]uB, 4].

Statement 2: If | x+y|=|x|+|y|, thenx.y 20.
Consider f and ‘g be real-valued functions such that
S+ +fx-y)=2f(x).g0) Vx,ye R. -

Statement 1: If f(x) is not identically zero and | f(x)| <

1V xe R, then|g()|<1VyeR.

Statement 2: For any two real numbers x andy, |x+y|<

xl+yl

Statement 1: f(x) = cos(x* - tanx) is a non-periodic

function. - ’

Statement 2: x* — tanxisa non-periodic function.

Statement 1: The period of function f(x) = sin{x} is 1,

where {.} represents fractional part function.

: Statement 2: g(x) = {x} has period 1.

13. Statement 1: If f :'R — R, y = f(x) is periodic. and
continuous function, then y = f(x) cannot be onto.
Statement 2: A continuous periodic function is bounded.

. Consider the functions f(x) =logx a and g(x)=2x+3.
Statement 1: f(g(x)) is a one-one function.
Statement 2: g(x) is a one-one function.
. Consider the functions f: R =R, f(x)=x 3andg:R— R
g(x)=3x+4.
Statement 1: f(g(x)) is an onto an function.
. Statement 2: g(x) is an onto function..
i6. Statement 1: f(x) = sin x and g(x) = cos x are identical
functions.
Statement 2: Both the functions have the same domain
and range.
L_Ol7 Statement 1: The period of f(x) =sin x is 27=> the perlod

mﬂmn
ar Tie pack dR/@nrelas «1s 20 = the period

[]10.

[112.
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\/ b*—4ac>0.-

Statement 2: ax? + bx + ¢ = 0 has real roots if b’ —4ac=0.
19. Statement 1: If f(x) = cos x and g(x) =x’, then f(g(x))
is an even function.

Statement 2: If /1 (g(x)) is an even function, then both f.(x)<

) and g(x) must be even function.
20. Statement 1: The graph of y = sec’x is symmetrical about
Ny
7/ y-axis.
Statement 2: The graph of y = tan x is symmetrical about
ongm

Lihked Comprehension .
Type  EESRE

Based upon each paragraph, three multiple choice questions
have to be answered. Each question has four choices a,b,cand d,

out of which only one s correct. : o 1

For Problems 1-3
Consider the functions

x+1l,  x<1_ x*, -1<x<2

=3 d .
f.(x) {2x+1, l<x<2 and g(x)= { +2, 2<x<3 ¢
1. The domain of the function f(g(x)) is

a [0,42] b[-12]

K [—1,\/5] d. None of these .
2. The range of the function f(g(x)) is

a. [1,5] b [2,3]

c. [1,2]u(3,5] d None of these
- 3. The number of roots of the equation f{(g(x)) =2 is

a1 ' b. 2
c. 4 : d None of these . \>
X For Problems 4-6

7 Gonsider the function 1) satisfying the identity £(x) + f(i‘:—l) g
, : (Gt

-

“=1+x,V xe R—{0,1} and g(x) =2/()—x+ 1.
4. The domain of y =, /g(x is

’ - _wl_ﬁ-u[l 1+\/§:I

2 2

5] +
b -m% (O;I)U[l foo]

[-1-45 ] [-1++5
,0(lu , 1
| 2 2
d None of these
5, The range of y=g(x) is
a. (_OQ’S] b [1:00)
¢ (=0, 1JU[5,0) d. None of these

6. The number of roots of the equation g(x)=11s
a2 b1 c.3 do

C.

18. Statement 1: f(x) = \/ax +bx+c has a range [0, oo} if

JEE (MAIN & ADV ) MEDICAL
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J;‘or Problems 7-9

Let f: N = R be a function satlsfymg the following conditions,

f()=12and f1)+2,f(2)+3, fB)+ -+ +nf(m)=n(r+ 1),

f(n)forn=2.
7. The value of f(1003)= %, where K equals 5
. a 1003 b 2003 c.2005 2006
.1
8. The value of f(999) is < where K equals
a. 99 b. 1000 c. 1998 d. 2000
9. (1), f(2), f(3), f(4), ... represents a series of
a an AP © b aGP
¢. aHP. d An arithmetico-geometric
For Problems 10-12 -

If (f(x))* xf( ) 64x, Vxe Df then

B x73 L L "
I+ x
; 3
d x(1+x) s
p l_x Vo

\10. f()is equalzto

_ /3
a 4x%3 l_+_x.
1-x
- 1/3
203 1-x
1+x

11. The domain of f(x)is

a. [0,%) b R—{1}
¢. (—o0,) d None of these
12. The value of f(9/7)is
a. 8(7/9)* h 4(9/7)\#
c. —8(9/7y"? d None of these
For Problems 13-15
’ x—l,—leSO ) ) .
f)= and g(x) = sin x. Consider the functions
,08x<1

h(x)=f (Ig(x)l) and h,(0) =1 f(€(}-
13. Which of the following is not true about hl(x) ?
a. ITtis periodic function with period 7
b. Rangeis [0, 1]
¢. Domainis R
d. None of these . -
14. Which of the following is not true about A(x) ?
a. Domainis R
b. It periodic function with period 277
c. Rangeis[0,1]
d None of these .
15. For h,(x) and h,(x) are identical function, then which of
the following is not true ?
a. Domain of &,(x) and h,(x), x € [2n7 (2n+ Da,neZ:
b. Range of 2 (x) and ,(x) is[0, 1]
c. Period of ,(x) and h(x)ism
d None of these

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
“Ph.: 0651-2562523, 9835508812, 8507613968
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§PF or Problems 16-18
Ifay=x,a,,;
following questions.

16. Iff(x)—"’\/(a x"), x>0,

d. None of these

17. 1f f(x) =

a.a=Lifn=3k+
"ol-x
bhoa=2"1ifn=3k+
x
¢ a=xifn=3k
d. None of these

a [—<1,3]
¢. [-1,9]

a x2-2x+1
e x4+ 2x+1

a. | point
¢. 3 points -

For Problems 22-24

\ “12x+a
,  Let \/ f@=5 ,
; bx” + 3,
x+ 4
and )= ’
v g(x) {_ 3% -2,

- 22, g(f(x))isnot defined if
a ae (10,00),be (5, )
¢ ac (10,),b€ (0,1)

= f(a,), where n =

0,12, ..,

m=22,me N.Then

a a =x,n=2k+ 1, where kis integer
b. a = f(x)if n=2k, where kis integer
¢. Inverse of a_exists for any value of n and m

1
— then Wthh of the following is not true?

1

2

18. If f: R — Rbe given by f(x) =3 +4xand a, =4 + Bx, then
which of the following is not true?

a A+B+1=22*1 b |4-B|=1
o lim—4=~.1 d None of these
. n—oo .
For Problems 19-21
Let S®O=f®)-2f,(),
Nimin 62 <
Cwhere = {0 G 1D, Ixis)
max {x*, |x[}, |x}>1
L _
min {x°, | x|}, |xP1
and Sx)= 5 bl
max {x°, |x]}, |x|<1
i —3<¢< -3<
and 209)= min {f(f):-3<t<x, 3<x<0}
|max {f(2): 0<t<x, 0<x<3}.

‘19 For - 3<x< 1, the range of g(x) is

b [-1,-15]
d. None of these

20. Forxe (-1,0), f(x)+g(x)is

b x2+2x-1
dx*-2x-1

21. The graph of y = g(x) in its domain is broken at

b. 2 points _
d None of these

x2-1
x<-—1
0<x<4

-2<x<0

b ae (4,10),be (5,)
d ae (4,10),be (1,5)

then answer the

+ BOARD, NDA, EFOUNDATION -

Functions 1.51

24. If a=2 and b = 3, then the range of g(f(x)) is
a. (—2,8] b. (0, 8]
c. [4, 8] d. [-1, 8]
{ For Problems 25-27 '
Let f: R —.R is a function satisfying /(2 -x)= f(2 +x) and
f(20-x)= f(x),V x € R. For this function f, answer the
following.

25. If £(0)=5, then the minimum possibie number of values of
x satisfying f(x) =5, forxe [0, 170], s
a. 21 b. 12°
c. 11 N d. 22
26. The graph of y = f(x) is not symmetrial about
a. symmetrical about x =2
b. symmetrical aboutx =10
¢. symmetrical about x = 8
d None of these -
27. If f(2) # f(6), then the
a. fundamental period of f(x)is1
b. fundamental period of f(x) may be 1
¢. period of f(x) cannot be 1
d. fundamental period of f(x)is 8

\—LFor Problems 28-30 -

o two fincusg DY [x], -2<x<-1
-Consider two functions ) x|+l —1<x<2

and
o) 1[x], -m<x<0
Xx) = .

& sinx, 0<x<

function.

28. The exhaustive domain of g( f(x)) is
a. [0, 2] ' b. [-2, 0]
c. [-2,2] d.[-1,2]
29. The range of g(f(x)) is
a. [sin3, sinl} b. [sin3, 1]Ju {~2,- 1,0}
- e [sinl,1Ju{-2,-1} d.[sinl, 1]
30. The number of integral points in the range of g (f(x)) is
a. 2 b. 4
¢ 3 d 5 _

| Matrix-Match Type | S

’ ;_Solutlons on page 1 79
Each question contains statements given in two columns which.
have to be matched.

Statements a, b, ¢, d in column I have to be matched with
statements p, q, 1, s in column IL If the correct match is a-p,
a-s, b-q, b-r, ¢-p, c-q and d-s, then the correctly bubbled
4 x 4 matrix should be as follows:

p q T s

DO
:® ;..@@'

, where [.] denotes the greatest integer

23. Ifthe domain of g(f(x))is [-1 ; 4], then

a a@fpice.: 606 , ﬁtthoOr Hariom Tower, Circul:

ahchi-1,

¢ a=2,b>10

Phe U85E-3562523, 9835508812, 8507613968
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1. The function f(x) is defined on the interval [0, 1}.

0 Then match the following columns

-~

Column II: Type of function

ca fx)= {(SgIIX)Sg“}h;x;tO, o
\\/ " misanodd integer '

p. odd furction

Column I: Function »Column‘]I: Domain
~ a. f(tanx) p [2nﬂ—§-,2ii7f+zc2—],neZ
- b f(sinx) q | 2nm, 2n7z:+g U 2n7r+—6—,(2n+1)7r_,rv_zve_Z,
¢ f(cosx) r. [2nm, @n+D)r),ne Z
. . - :
- & f(2sinx) s. [nn', nn+z}, neZz
2. 1. ColumnI: Function

‘ b f(x)= ¢ éven ﬁmc;tibn
1 - 0, If)’c,;s‘ratyzokr'xal B R b dd . 5 ~‘ t'.
. c f (x)f 1, it v is irmational ' x ‘,r. n§1 gr 0 nor even furic ion .
- d. f(x) = max{tan x, cot x} .- 8. periodic ) ~
. . — <
3.| Columnl: Functions ‘

o N - in anyoptlonoft
\\/ ' a-f(x) tan (1 a ),g(x)=2tan"‘x; RO llxe‘{—lj,,l_..

"W f(x)=sin" I(sin x) and g(x) = sm(sm x) - gxe[-1, 1]“,“’5

e fo)= log » 25 and g(x) =log,5 " ' r.xe(-1,1) p

- d f(x)=sec” Ix +cosec'x, ‘g(x)=sin"= N s.xe(0,1)

4, Column1I

AfiRS [34’37:) and f(x) = cot™! (2= —"?’2:"),,'Y;hén f(x)is

| b f:R—>Rand f(x)=e" singx wherep, g € R',then f(x)is

c. f: R —[4, 0] and f(x)=4+3x° then f(x)is’ _

“r many—one

d f:X—>Xand f(f(x))=xV x € X, then f(x)is

- "s onto

| 5. Let f:R—>Randg:R—R be functions such that f(g(x)) is a one-one function.

Column I’ Column II
~. a. Then g(x) p. must be one-one
b Then f(x) ¢ may not be one-one

c. If g(x) is onto then f(x)

'r. may be many-one

d. If g(x) is into then f(x)

. s. must be many-one

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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. {.} denotes the fractional part function and [.] denotes ]

Integer Type

ul.

3.

6“4.
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Funcﬁons 1.53

Column1: Functlon

" |, .Column H': Period _ -

d f(x)= sm3xsm3xﬁ T

ﬁSoluhons on; age:

Let f be a real-valued invertible function such that

f(Zx 23) =5x—2, x# 2. Then the value of f ' (13) is

x —
Number of values of x for which i | | X% —x+4| -2 | -—3|
=x*+x-12is
Letf(x)= 3x°—7x+ ¢, where ‘c’ is a variable coefficient and

x> % . Then the value of [c] such that f(x) touches f 1 ()

is (where [ - ] represents greatest integer function)
Number of integral values of x for which

(23E - 4)(;: — 4)(x—10)
x!—(x=1)!

Letf: R* — R be a function which satisfies f{x) - f{v) =flxy)

(%ffl 1606 “6th Floor, Hariom To
+=+1

<0is

6P\ll

u 6. A continuous function #x) on R — R satisfies the relation
)+ f(2x+y)+5xy=f(3x—y)+2¢ +1for Vx,ye R, then
the value of | f(4)] is ¥
SA7. Let a > 2 be a constant. If there are just 18 posmve integers
‘satisfying the inequality (x — a) (x—24a) (x—a ) <0, then
the value of a is

L.‘ 8., Number of mtegers in the domain of function, satlsfymg
. .’

S oy = s

I R—)Rf(x2+x+3)+2f(xz 3x+5)=6x"~10x+17 ¥
x € R, then the value of /(5) is

If f(x) is an odd function and /(1) =3, and f(x+2)= f(x)
+£(2), then the value of f(3) is

Letf: R — R be a continuous onto function satlsfymg fx)

+f(-x)=0,VxeR. ;
If f(-3) =2 and f(5)=4in [~ 5, 5], then the minimum”

number of roots of the equation f(x) = 0 is.
12. Number of integral values of x for which the funct10n~f

Q;ﬁ@l:llca{ xR@—_— ARanehdaided is ! i

Sk

10.

forappy O g i EES Y/ 835508812, 8507613968
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\ 13.

\,‘ 14.

15.

U 16.

17.

6 P'\l&

19.

20.

22.

o

24,

<

25.

V126,
27
\}28.

21.

23.

Suppose that fis an even, periodic function with period 2,
and that f{x) = x for all x in the interval [0, 1]. The value of
[10 f(3.14)] is (where [-] represents the greatest integer
function)

KAix)= ,/4 -x*+ \/xz —1, then the maximum value of

(f@)is
The function f(x)= ——
: X2l

can be written as the sum of an

even function g(x) and an odd function A(x). Then the
value of | g(0)|is
If T'is the period of the function f(x)=[8x + 7] + |tan 27x +
cot 2mx] — 8x (where [-] denotes the greatest integer
function), then the value of 1/T is

" If a, b and c are non-zero rational numbers, then the sum of

bl e} .
la B, 1

c
An even polynomial functlon f(x) satisfies a relation

f(2x) (1 - f[—;;)) +f(16x%y) =f(-2)-f(45) V x,y€ R

—{0} and f(4) =-255, f{0) = 1, then the value of |( f(2)+ 1')/2|
is

If fx) = sin® x + sin® (x + —;5) +cos x cos (x + g)

all the possible values of

5
and g( ) ~ 1 then (goN(x)is

Let E={1,2,3,4} and F= {1, 2}. If Nis number of onto
functions from E to F, then the value of N/2 is '
The function f'is continuous and has the property f( f(x))

=1 —i, then the value of f (%) +f (—Z) is

Number of integral values of x satisfying the inequality

(3)6,\&10—:’ 27
— < [
4 64

A function f from integers to integers is defined as f(x) =

n+3, neodd ~”
. . Suppose k € odd and f(f(f(k))) = 27,
n/2, ne€even

_then the sum of digits of kis

If 6 be the fundamental period of function f(x) = sin®x +
sin99 (x + 2?) +sin” (x + 4?7:) , then complex number z

=|z|(cos 8+ i sin 6) lies in the quadrant number.

Ifx= g satisfy the equation log, (x> — x +2) > log, (—* +

2x + 3), then sum of all possible distinct values of [x] is
(where {-] represnts greatest integer function)

4" —2"*24+ 5+ |b— 1]-3| =|siny}, X, y, b € R, then the
possible value of b is

Iff: N— N, and x, > x; = f{x,) > f(x;), V x},x,€ Nand

SUf()=3n,V ne N, thenf(2)=
Number of integral values of a for which fx)=log (log1 A

+ BOARD, NDA, FOUNDATI

: ‘ 1
\}29. Let/(z)= sin®x — cos?x and g(x) = 1 + 5 tan " x|, then

the number of values of x in interval [-107, 87] satlsfymg
the equation f(x) = sgn(g(x)) is

\l 30. Suppose that f(x) is a function of the form fix)
o+ v v +15x+1
- x
the value of |f(=5)|/4is’

(x#0).If {5)=2,then

Subjective ,
2
x
1. Find the domain and range of the function f(x) = T+ 22
Is the function one-to-one? (IIT-JEE, 1978)
2. Draw the graphof y=|x 2 for-1<x<1

: ' - (IT-JEE,1978)
3. Hf)=2"—6x°—2x"+ 12x8+x* ~ 7% + 6x* +x 3, find
S16). ('T-JEE, 1979)

. Letfbe aone-one function with domain {x, y, z} and range
{1, 2, 3}. It is given that exactly one of the following
statements is true and the remammg two are false f(x)=1,

f(y) #1, f(2) #2 determine £~ (1).
(IT-JEE, 1982)

. Find the natural number a for which Z fla+, k)
k=1

= 16(2" - 1) where the function f satisfies the relation

f (x+y) = f(x) f() for all natural numbers x, y and further

S=2. (UT-JEE, 1992)
6. Let {x} and [x] denote the fractional and integral part of a

real number x, respectively. Solve 4{x} =x + [x].
(IIT-JEE, 1992)
: 2 ;
. . db _ax” +6x—8
. A functionf: R — R is define Yf(x)—"_————a+6x—‘8x2'

Find the interval of values of o for which f is onto. Is thq )
function one-to-one for @ = 3? Justify your answer. '

(IT-JEE, 1996)
Objective
Fill in the blanks .
T 2 2
— — x* | lie in the interval,

1. The values of f(x) =3 sin { T
(IIT-JEE, 1983)

’ 2
: .- x°.
2. The domain of the function f (x) = sin™ (log2 —2—) 1s

given by (OT-JEE, 1984)
LetAbeasetofn dlstmct elements. Then the total number
of distinct functions from 4 to 4 is and out of
these _are onto functions. (IIT-JEE, 1985)

\l3.

N N
4. If f(x)=sin loge[ ) x ], then the domain of f(x) is
d-x

(log; (D §F 0D ke 6] Blideb1@GEpdd@riom T ower—GLra@élitaxanR@ael—Ran Chi®IE-JEE, 1985)
- Ph.: 0651-2562523, 9835508812, 8507613968
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. There are exactly two distinct linear functions,
and which map [ 1, 1]onto [0, 2}.
6. Iffis an even function defined on the interval (-5, 5), then

\> four real values of x satisfying the equation f (x) =
x+1
ar d
f[x + 2) © an
(IT-JEE, 1985)

¢
NV

g (%) =1, then (gof)(x) =

v

True or false

8(3)*"
8. The domain of the functlon Sx)=sin" (1 ~ 3D is
(IIT -JEE, 2011)

1. If f(x)=(a- —x")""" where a > 0 and n is a positive integer,

then f[f(x)]=x. (OT-JEE, 1983)
2
: + 4x + 30
2. The function f(x) = x2 -~ is not onto. -
x° —8x+18
(IT-JEE, 1983)

3. If fi(x) and f+(x) are defined on the domain D, and D,
respectively, then f,(x)+ f, (x) is defined on D, U D,.
(IIT-JEE, 1988)
Multiple choice questions with one correct answer

1. Let R be the set of real numbers. If f : R — R is a function
defined by f(x) =7 then fis

a. Injective but not surjective

b. Surjective but not mJectlve

c. Bijective : -

d. None of these (]]T-JEE 1979)

2. The entire graph of the equation y = ¥+hk—x+9is

strictly above the x-axis if and only if

a k<7 h —-5<k<7
c. k>-5 d. None of these
) (IIT-JEE, 1979)
u 3. Let f(x)=|x—1|. Then
_ a f()=(®) b fx+))=f)+ )

e fUxP=lf&) ~d. None of these
. (IT-JEE, 1983)
4. If x satisfies |x — 1| + [x — 2| + x — 3| 2 6, then
a 0<x<4 h x<-2orx24
c. x<0orx=4 d None of these
(IT-JEE, 1983)

5. If f(x)=cos (log,x), then £ (x)f ()~ % [f (i) +f (xy)]

has the value :
a —1 h 12
c. -2 d None of these
(IIT-JEE, 1983)
6. The dornam of definition of the function

Office.: %o@ﬁﬂﬁﬁhoor Hariom TOW
og (1= B - 0651-2562523, 983550881

If f(x) = sin® x + sin (x + g) + cos x cos(x + g) and

(ITT-JEE, 1996)

Functions [1.55

a. (-3,-2)excluding—2.5 b. [0, 1] excluding 0.5
¢. [-2,1) excluding 0 d None of these
(IT-JEE, 1983)
\7- Which of the following functions is periodic?
a. f(x)=x-[x] where [x] denotes the largest integer less
than or equal to the real number x

b f(x)=sin Lgorx#0, £(0)=
. x
c. f(x)=xcosx ) _
d None of these (IIT-JEE, 1983)
8. If the function f: [1, o) — [1, =) is defined by ()
=22¢-1 then £ (x) is

x(x-1) 1
a. G) - h %(1+,/1+410g2,x)
c. % (l - J1+ 4log, x) d. Not defined

r,

(IIT-JEE, 1992)
U 9. Let f(x)=sinx and g(x) = log,|x|. If the ranges of the
composition function fog and gof are R, and Ry,
respectively, then
a R ={u-15u<l1},R,= {v:—e0<v <0}
b R ={u: ——°<><u<0},R = {y:—oo<v <0}
¢. R={u:—1<u<l},R, = {v:—oo<v<0}
d R ={u —1<u<1},R2— {v:—0<v <0}
(IT-JEE, 1994)
LI 10. Let f()= (x+1) —1,x>— 1. Then the set :

\/\11

fe: fG)=/" @)} is
{ 3+if3 -3 —l'\/g}
a. <0,—1

2 72
b {0,1,—1}
e. {0,-1}
d. empty (T-JEE, 1995)
Let f (x) be defined for all x > 0 and be continuous. Let

f(x)satisfyf(;) = f(x) - f(») forallx,yand f(e)=1.Then

1
a. f(x) is bounded b f(—)—-)Oasx——)O
x
d f(x)=logx
(OT-JEE,1995)
. The domain of definition of the function f(x) givenby t;l}e
equation 2* +2¥=21s )

cxf(x)>lasx—>0

a 0<x<] h 0<x<1
€. —oo<x20 d —e<x<]
(OXT-JEE, 2000)
-1, x<0
13. Letg(x)=1+x—[x]and f(x)=40,x=0 .Thenforallx,
, x>0
f(g(x)) is equal to (where [-] represents greatest integer
function)
ax b 1 _
¢ f(x) d gx) (IT-JEE, 2001)
14. If [:[1, =) ——>I5 o) is given by f(x)=x+ — , then
cuI r Road, Ranchi- 1(“[T _JEE, 2001)

2 é@ﬁ 613968
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(x+\[x2 —4) 5
a — = h .
2 1+ x?

2 o
(x— x —4) ‘
e — d 1+4x> -4 '

. ... log, (x +3) .
15. The domain of definition of f(x)= ———— i

x* +3x+2
a R-{-1,-2} b (2, 00)
¢. R—{~1,-2,-3) d (-3,00)— {~1,-2)
(UT-JEE, 2001)
\l,\ 16. LetE {1,2,3,4} and F= {1,2}. Then the number of onto
. functions from E to F is
a 14 h 16 c 12 a8
(IT-JEE, 2001)
‘ ox ' '
17. Let f(x)= 1 # — 1. Then for what value of « is _
JUGE)=x? '
a. 2 b -2
c. 1 d-1 (IT-JEE, 2001)

\ 18. Suppose f(x)=(x+ 1> forx>—1.If g(x) is the function
,\\,' whose graph is the reflection of the graph of f(x) with
respect to the line y = x, then g(x) equals

a —Jx-Lx20 h—l——z,x>—
. (x +1)
e Jx+1x>-1 d JVx-1,x>0
(IIT-JEE, 2002)

\9 19. Let functionf: R — R be defined by S)=2x+sinx forx

€ R, then fis
a. one-to-one and onto
b. one to one but NOT onto
¢. onto but NOT one-to-one
d neither one-to-one nor onto

(UT-JEE, 2002)
20. If £: [0, 00) — [0, ), and £ (x) = l—f; then fis

h one-one but not onto
d neither one-one nor onto
(IT-JEE, 2003)

a. one-one and onto
¢. onto but not one-one

. The domain of deﬁnition of the function

)= fsin™ (2x) + 16’—

for real-valued x is :
11 11
a|——,— h|-—,=
[ 4 2} [ 2 2]
11 11
e |-=, = d|-—, -
( 2 9) [ 4 4}

(T-JEE, 2003)
2 rx+2

22. The range of the function f'(x) = 3 »X€ER, s
o x T +x+1-

a (1,) b (1,11/7)

+ BOARD, NDA, FOUNDATE})N_

23. If f(x)=sinx+cosx, g(x)=x*—1, then g(f(x)) is mvertlble
in the domain

03]
< [53]

\>24. If the functions f(x) and g(x) are deﬁned on R — R such

d [0,7] (UT-JEE,2004)

-0, x € rational 3,
that f(x) = :
X, X € irrational . W
0, x € irrational .
and g(x) = { ¥ IO then (f- ) () s
X, x € rational

a. one-one and onto
¢. one-one but not onto

h. neither one-one nor onte
d onto but not one-one
(IIT-JEE, 2005)
DZS X and Yaretwosetsandf XY IE{f(c)=y;ccX,
yc Y} and f}(d)=x;dc Y,x X}, then the true statement
is

a f(f(b))=b b f(f(@)=a
¢ f(f@®)=bbcy d f'(f(@))=a,acx
(IIT-JEE, 2005)

Multiple choice questions with one or more-than one correct
answer

2
1. Ify=f(x)=-§i_-l—then

a x=f0)
b f(1)=3
¢. yincreases withx forx <1
d fis arational function of x (IT-JEE, 1984)
uZ. Let g(x) be a function defined on [- 1, 1]. If the area of the
equilateral triangle with two of its vertices at (0, 0) and

(x, g(x)) is \/3/4 then the function gx)is
a g(x)=141-x b g(x)= 41— x*
c. é(x)=—\/1—x2 d g(0)=41+x*

(IIT-JEE, 1989)
3. If f(x) = cos[n?] x + cos [~ ] x, where [x] stands for the
greatest integer function, then

a. f(%) =1 b f(m)=1

()

(IT-JEE, 1991)

¢ f(—m)=0

4. If f(x)=3x-5, thexi )

1
a. is given by 3% s

+35
b is given by xT

c. does not exist because f is not one-one

d does not exist because f is not onto :
(X'T-JEE, 1998)

« 0 "Bftfice.: 606 dé‘tHSFIS'ST'EFFQ{Piom Tower, Circular Road, Ranchi-1,
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05 Ifg(f(x)= |sim;| and f(g(x)) = (sin Vx )?, then P q r s
\/ 3 a p q T S
a. f(x)=sintx, g(x)=/x b p q r s

b f(x)=sinx,g(x)=|x| € p gq T 8

¢ f(x)=x% g(x)=sin Jx » 4 p a9 1 ¢

d f and g cannot be determined (IIT-JEE, 1998) L Let f(x)— -6x+5

2 _5x+6

Match of expressmns/statements in Column I with
expressions/statements in Column II

Match the following type

This question contains statements given in two columns which
have to be matched. Statements 2, b, ¢, d in Column I have to be

matched with statements p, q, r, s in Column II. The answers to ColumnI ’ Column I
these questions have to be appropriately bubbled as illustrated in a. If-1 <x<1,then f(x) satisfies pO<f(<l
the following example If the correct match is a—p, a-s, b If1 <x<2,then f(x) satisfies q f(x)<0
b—q, b-1, c~q and d-s, then the correctly bubbled 4x4 matnx c. If 3<x<5,then f(x) satisfies r. f(x)>0
should be as follows: d Ifx>5, then f(x) satisfies s. f(x)<1

' (IT-JEE, 2007)

‘ ANSWERS AND SOLUTIONS

= y=sin(x*-w2)
Df =R
2. g(x)= Jx —2k,V2k<x<2(k+1), where k €, integer

Subjective Type

1. a x+|y|
Ify20,wehavex+y=2y=y=x

= y=x,x20
x e N
Ify<0 x—y=2y:>y=§ ‘ : X +2,-2<x<0
X ‘ 0<x<2
DT | S
. x—2,2<x<4
f’ x<0 . x—4,4<x<6
= y=43 DJ,ER, _
x, x20 ' :
b. &—er=2 : " L .
= 2_2xe’—1=0 (Multiplying by &) = g is periodic with period =2

y

< w =
1l
ﬂ%
|
N

2x+\/4x +4 2
= &= x?+1
= e=x+x*+1 (as Vx2+1 >x, then y=yx+2

=,x-4
x— x> +1 <0, which is not possible) /
&- X
4

X s
= Y= In(x+Vx +1) : -2 Y

N 4

D=R
/

c. 105+10"=10 o
= 107=10-107 _ : Fig. 1.92

" = y=log,(10-109) : 3. Given f()=x*—2x=(x~1)*-1
Fordomain 10-10">0= 10":<10=>x<} : = g(x)=f(f(x)—-l)+f(5—f(x))
= D=(eo 1) : =flx- 1) 2]+f[6 (x-1)%]

=[(x=1*—2-1} —1+[6 (x- 1)2 11%-1
d"bf‘ﬁcyé ‘606 6th Floor, Hariom Tower, Circutar RoacLlRana ledy
= sinv=x- ﬂ/Ph.. 0651- 2562523, 9835508812, 8507613968 1005
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1.55 Calculus

=2(x—1)* =16 (x~1)*+32
=2[(x—1)*-8(x-1)*+16]
- =2[(x-1)*-4120VxeR

4. Let two linear functions be fix) = ax + b and gx)=cx+d

They map [-1, 1] — [0, 2] and mapping is onto

= f(-1)=0andf(1)=2andg(-1)=2andg(1)=0

= —ag+b=0anda+b=2 4y
and—c+d=2andc+d=0 (V)

= ag=b=landc=-1,d=1

= f(x)=x+landg(x)=-x+1

FBOARD, NDA, FOUNDA'@

N 3 W NGTRS

7. By remainder theorem, P (a)=a, P(b)=b and P(c)=c.

Let the required remainder be R(x), then P(x) = (x — @)
(x—b) (x—c) Q (x)+ R (x) , where R(x) is a polynomial of
degree at most 2. : :
We get R(a)=a, R(b)=b and R(c)=c.

So, the equation R(x) — x = 0 has three roots a, bandc.
But its degree is at most 2, So, R(x) — x must be zero
polynomial (or identity). Hence, R(x) = x. '

- x+ g
h - x+1 h(h 1-x 1
= (x)f —x (Mx))= x+1_1 =2
1-x ; Ly
(-3,0) 0| (3,0
= hh(1/x)=x U
= |h(h(x)) + h(h(1x))| = e+ 1/x]| > 2. -
5 . x2—4x+3,_ x<3 Fig. 1'93.
) J@=q- x—4 x>3 The equation x* + y* = 25 represents a circle with centre o,
: R . 4
0) and radius 5 and the equation -, = — y2represents.a
x2—4x+3, x<3 . ) p 4 ) x o
= =1 x-4 3<x<4 1) parabola with vertex (0, 0). Hence, R N R’ is the set of
4 14 points indicated in the figure = {(x,y): ~3<x<3,0<y<5}.
= xe Thus, the domain R R’ = [-3, 3] and the range RN R’
o x-3, x<4 =10, 5).
x) = 1
& W +2x+2, x4 . Puty=;
x-3, x<3 ' 1) _ 1 1
= 2+f@ f|=| =0+ fl=]|+/D) (D
= gx)= {x-3 3<x<4 @) o x T x
: ' Now putx=1
2 .
‘ X" +2x+2, x24 = 2+ (F)) =3F()
From (1) and (2), we have = f(l)=1lor2 _
But f(1) # 1, otherwise from the given relation 2 + f(x)
(42 —4x+3 fO=f®)+f(D)+fx) orf(x)=l,whichis_notpossibleas
S e x<3 given thatf(2)=S5.
H 1)=2.
S _] x4 » ence, /(1)
= — 3<x<4 1 , (1
g(x) x-3 = From (1), we have f(x) f(—) =f{x)+ f(;)
x—4 x
P2 = JQ)= ]
’ = fQ)=42+1=5
Clearly, f(x)/ g(x) is not defined at x =3, hence the domain = M=4=3n=2
is R~ {3). = fo)=2+1
6. Given f(x) =log,log;log,logs(sinx +a2)_

f(x) is defined only if logslog,logs(sinx +a°) >0,V x € R
) log,logs(sinx +a®)>1,Vxe R

logy(sinx +a*) >4, Vxe R

(sinx +a®)>5% Vxe R

a* > 625 —sinx, Vxe R

a” must be greater than maximum value of 625 — sinx

which is 626 (when sinx = -1

Le 4 el

= fI@)=/5)=26_

10. f)=f(b+Ex-b)
= (x-
=f(2b—x)

=f(a+(@2b—-x—a))
" =f(a—-(2b-x—a))
=f(2a—2b+x)
Hence, f(x) is periodic with period 2a— 2b.

N N

U

_ )
Ofbce.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
- Ph.: 0651-2562523, 9835508812, 8507613968 |
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11. Givenf(xf(y))=x"y?

12.

1/p .
o e {f (x fq(/i))} W
g Y '
L ()= 1 =x= —— . then from (1)
()
. yalp
fo)= ——
{f('l)}”p
1
= —— —
0= Gy
=S f)=1
= fO)=y" | @
. Now, f(x y7P)=x" 7. Put y?P =z, we get
- Sflz)= (uzy’
=  fe)=xf ‘ €)
From (2) and (3) #” =xP=p*=q
fe=D+fx+1) =31 M
Puiting x + 2 for x in relation (1) we getf(-;c+ D+fx+3)=
V3/(:+2) | 0
From (1) and (2), we get ,
FE=D+2f e+ DfG+3)= VB (f+/G+2)
=3 (3 f(x+1))
=3fx+1)
= fo-D)+fG+3)=fx+1) €)
Putting x + 2 for x in relation (3), we get
Se+D)+fx+5)=fx+3) @
Adding (3) and (4) in f(x—1)=—f(x+5)
Now, putx+1forx, f(x)=-—f(x+6) ‘ ®)

13, fla+x)=b+[1+5 =3B f(x)+3b {f ()}

14.

Putx + 6 in place of x in (5), we get f(x + 6) =—f(x +12)

- from (5) again, f(x)=—[—f(x+12)]=f(x+12)

. the period of f(x)is 12. :

—{fer”?
=b+[1+ {b-f(x)}*1"

= fla+x)-b=[1-{{(x)-b}'1"

= ¢la+x)=[1-{x®"" 6))

where ¢ (x) =f(x)— b

= ¢Qa+n)=[1-{pGx+a)})’= ¢(x) from (1)

= fx+2a)-b=f(x)-b

= f(x+2a)=f(x)
. f(x)is periodic with period 2a.
f0oy)= fQ2x+2y,2y-2x)
(Replacing x by 2x + 2y and yby2y-—2x)
= f(2Q2x+2y) +2(2y—2x),
. 2(2y—2x)— 2(2x+ 2y))
F0e,y)= f(8x,~8y)=1(8(-8x),-8(8y))
= f(-64x,-64y)

15.

16,

17.

+ BOARD, NDA, FOUNDATION -

Functions 1.59

f@,0=f22.2,00=£(2"",0)
= g)=gi+12)

Hence, g(x) is periodic and its period is 12.

- X782 [+t 1x+bey+a=0
Y= Gob)x-0) =y —[(b+c)y+1]x+bey

Nowxisreal,=> D=0 :
= [(b+c)y-11-4y(bcy-a)20,Vy€e R,

(as given that f(x) is an onto function)
(b-y-2b+c—2a)y+120,VyeR

(=

4(b+c—2a)~4(b—c)*<0
(b+c—-2a-b+c)b+c-2a+b-c)<0
(c—a)b-a)<0
c<aandb2aorb>candc2aandb<a
c<a<b(asb>c)

ae (b,0).
Letf(x)=a0+a1x+a2x}+---

Loy sey 9l

+ax',a,€1(i=0,1,2,...,n)

Now, f(@)=ap+aataa’+ +aad"=b
f®)=aytap+ap*+ - +ab'=c
fe)= a0+alc+a202+ -+ac'=a

= f@)~f(B)=(a-b)fi(a, b)=b—c, _
where f|(a, b) is an integer

Similarly, (b—c)fi(b,c)=c—a

and (c—a)fi(c,a)=a—b

Multiplying all these, we get f;(a, b) f1(b, ©) fi(c, a) =1

= fila,b)=£(b,0)=fi(c,a)=1

= a-b=b-c,c-a=a-bandc-a=a-b

= a=b=cwhich is a contradiction.

Hence, no such polynomial exists.

(x?,  —2<x<-l

1-x, —l<x<-1/4
Clearly, from graph g(x) = W%+x, —+<x<0

1

f(xq)ﬁ%e,(géﬁéﬁé(tﬁﬁlég F éhom Tower, Circular R‘tméP‘Ranchl 1,
Ph.: 0651-2562523, 9835508812, 8507613968
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1.60 Calculus
18. Givenf(x—fO)=fFON+ () +/(x)-1 ey
Putting x =£(y) =0, then f(0) = f(0) + 0 +£(0)— 1
JO=1 @

Again putting x=f(»)=Ain (1)
Then f(0)=f(A)+A2+f(A)~1

= 1=2f(A)+A* -1 {from (2)}

L 2= A

A)= =l-—

M= — 5
x* -
Hence, f(x)=1 - Y is the unique function.
19. Smcef(x) (2 cosx—-1)(2cos2x—1) (2 cos 2%x—1) ...
: (2cos2"x-1)

(2cosx+1)(2cos x —1)(2cos2x ~1) X
(2c0s22x—1)...(2c0s 2" x—1)
(2cosx+1)

- f0)=

(4cos? x—~1)(2cos 2x —1)(2cos 22 x —1)

_ -(2c0s 2" x—1)
(2cosx+1)

(2c0s2x +1)(2cos2x —1)(2cos 2% x - 1)

_ (2c0s2" x=1)
(2cosx+1)

_ (4cos? 2x ~1)(2c0s2*x ~1)..(2¢0s2" " x 1) '

(2cosx+1)

_ (2c0s2”x +1)(2c0s 2’ x~1).. (2cos2"1 ~1)
(2cosx+1)

Proceeding in similarly way

(2c0s2" ' x+1)(2c0s 2" x—1)
(2cosx+1)

S =

_ (4cos?2"'x—1) (2cos2”x+1)
(2cosx+1) “(2cosx+1)

n+l :
2c¢os 2" nk +1
_ 2" +1

2cos(2nk?— 27k
2"+
2005( 2k )+1
2" +1
2cos( 27k )

2cos
Office.: 6&%

+ BOARD, NDA, FOUNDATI

X

20. f(x)= -a—"—

Objective Type '

1.b. f:N—N,f(n)=2n+3.

2.b.

+va
1-x al

— a =
= J0-n= d*+Ja 4 ++Jad*
= fEtfQ-x=1

_ e
Ja+d

“2[l+1+l+ .+ (n-1) times] + 1

=2n-1

. }YorN-{1,2,

Here, the range of the function is {5, 6 7,.
3,4}

which is a subset of N (co-domain).
Hence, function is into.

Also, it is clear that f(n) is one-one or injective.
Hence, f(n) is injective only.

. f®)=sin (log(x +y1+x? ))
= f(~x)=sin[log(—x+ J1+x? )]

Nas? — )(\/1+x +x)
( i \/1+x +x)

= f(—x)= sin log

—x)=sin 1
= f(=)=sin ogL(x+\/1T)-c—)}

h Floor, Harlom Tower, Circular Road, Ranchi-1,

-~ Ph.: 0651- 2562523, 9835508812, 8507613968
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= f(-x)=sin [— log(x +V1+ #2‘ )]

= f(-x)=-sin [log(x V142 )]

= fE0)=-0)
= f(x)is an odd function.

X +14x+9 _
X +2x+3

= x2+14x+9=x2y+2xy+3y
= Ay-D+2(y-7+(CBy-9)=0
Since x is real,
4y-T-43y-9) - 1)>0

407 +49-14y)—4(3)* +9-12)>0
5 -H<0;
s ylies between —5 and 4.

dc. . y=f=
y=f(x)=coszx+sin2x(1—cos2x)

y= cos® x + sin® x — sin® x cos’ x

=1 —sin® x cos®x

SR

cos®x +sin*x

NI

= y= 1'~%sin22x

%sf(x)sl (- 0<sin®2x< 1)

= f()e[3/4,1] :
5.¢c. f(x) is to be defined when x*~1>0 and 3 + x > 0 and
3+x#1 '

= x*>landx> 3andx;t—2
= x<-lorx>landx>-3andx#-2
. Df—__(_3,—'2)u(_29_1)u(19°°)

: N2
6.b. We have f(x)= |ilog10 3 4" H | 0
From (1), clearly f(x) is defined for those values of x for
)
which log;, [Sx o 1_>_O ,

2
Sx—x 2100
4 .

2
Sx—x >1

4

= x*-5x+4<0
= (x-1)(x-4)<0

H@ﬁfﬁ@eomﬁﬂ@me&htﬁ@om Hariom Tovvlerc Btre R
Ph.: 0651-2562523, 9835508812, g5
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sin” (3 —x)
log (| x|—2)

Let g(x)=sin"' (3-X)

= —-1<3-x<1

The domain of g(x) is [2, 4]
and let A(x) = log(|x]-2)
= [x|-2>0o0r|x|>2

= x<-2o0rx>2

= (_ 0, — 2) v (29°°)

We know that

(fle)x)= % Vxe D,nD,-{xe R:g(X) =.O}

. the domain of f(x) =(2,4]- {3} =(2,3) VW (3, 4}.

8.c f x)= logllog x|, f(x) is defined if log x}>0andx>0,ie,

9.d.

10. b.

1l.a.

12.d.

13. b.

14. b.

ifx>0andx# 1 (-~ Jlogx|>0ifx#1)
= xe(0,1)u(, ).
Herex+3>0andx’+3x+2#0

s x>-3and(x+1)(x+2)#0,ie,x#— -1,-2

The domain = (-3, =) — {~1, -2}.
y=f(x)=\/§Sinx——cosx+2=2sin (x_%)+2 |
L )

Since f(x) is one-one and onto, fis invertible.
' . Yy y-2
F 1 —— =
rom()sm(x 6) 5
1y - 2 T
: =
x=sin_ 6
-1 ' | x—2 T
= = §1 ph—
ST )= sm ( 5 ) 5
2F (n) +1
‘F(n+1)=—(;—)—=>F(n+l)—F(n)=—
Putn=1,2,3, ..., 100 and add, we get ’
1
F(lOl) F(l)=100x§
= F(lOl) 52 [ F(1)=2]
Given function is defined if '°C, -, >3 '°C,
1 3
= >= =4x>33
11-x x-
= x29butx<10 =x=9,10.
For the domain sin (In x) > cos (In x) andx>0
2n7l:+-;£ <Inx<2nrm+ 5T,ne Nu {0}
Putx=0 = f(2)=2f0)- f(1)=2x2-3=1
Putx=1 = f(3)=6-1=5

Putx=2 =
Putx=3 =

S =2f2)- f(3)= 2%x1-5=-3
f(5)=2f@)= f@=2()- =13
2+ 1

~Ranchi-1,
7613968
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Now,2<x?>+2 <o forallxe R

1 1 ‘ = ESsin'l(\/x2+x+1)sﬁ.
= - >0 3 2

2 xz +2 21.¢c.

1 -1 ' y y=x
= —-=XZ <0 =
27 X2 +2 y=x

t 1
= —-<l-— <1

2 x°+2
= Zesint 1o -2 <z =1/64

6 x? +2 2 X

ol vy !
'16.b. The function sec™' x is defined forallx e R—(-1,1) 1781/4
o Fig. 1.95
and the function is defined for allx € R—Z
Vx—[x] - » : (1 - 0<r<k

So the given function is defined for all x € R~ {(-1,1) e 7%
uin|ne Z}}.

Clearly, from the graph f(x)= { x?, EI;- <x<1

17.b. cos™ (M) exists if =1 < 221l <
4 . 4 . x3’ x>1 .
= -6<-[x<2
= 25ki<6 | T "
= Rl<6 22. ¢. The period of cos(sin 7x) is 7 and the period of tan(;)
= —-6<x<6 s,
_ 1
The function log (3~ = 1 — s  Thus 67=LCM (; ,,,,)

defined if 3-x>0andx#2,ie,ifx#2 and x < 3.
Thus, the domain of the given function is
fx|-6<x<6} N {x|x#2,x<3}=[-6,2)U(2,3).

By checking for the different values of n, n = 6.
23. b. Draw the graph of y = logg 5 [x| and y =2|x|

y= 2|x| . .V=2|X| .
18.b. f(x)is defined for log _1 >0 \
| sinx|
>1 and |sin x| # 0. -1 1 ]
- |sinx| i 4 o » \ x
. N : ' y =logos(x)
= |sinx|#0 [ sinx| =1 for all x] 7= logos(=X)
= x#na,ne’ Fig. 1.96 \
Hence, the domain of f(x) =R — {n7r ne Z}. Clearly, from the graph, there are two solutions.
; . Y 1
19. a. f(x) is defined if —log1,2(1+WJ—1 >0 24.b. f(x)= sm3-’25 + c055§
x
' 1 The period of sin® x is 27
= log,, 1+ <-1 . 2
= The period of sin® = is — =4x
N 2 12
= 1+»_V4—>(—) . 3x| .
x 2) = " The period of [sin > is2x
= %>1 - The period of cos’ x is 27
: ' 21
= 0<x<l1 = .Theperiodofcossg is ] —1071:
20. ¢. For the function to get defined 0 < x* + x +1<1, ' (g)
3
> o < Vx?
butx’+x+1 4 = *ax+l <l = The period of |cos® = X issn

Office.: 606 6th Floor, Hariom Tower, Circular Road Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968



25. a.

26.c.

27.a.

28. a.

29. a.

30. d.
31.d.

.32.b.

JEE (MAIN & ADV.), MEDICAL-

Now the period of /(x) =LCMof {27, 107} =107

Given f(x)=Vx" ,ne Nisaneven function where m € 1.
f) =)

7

XM= (___ x)m

m is an even integer

m=2k kel
From the given data g(x) must be linear function
Hence, g(x)=ax+b
Alsog(2)=2a+b=3andgd)=4a+b="7
Solving, we geta=2and b=-1
Hence, g(x)=2x-1 _
Then, g(6)=11. .
The period of sin 77 x and cos 2mx is 2 and 1, respectively
The period of 2 g ]
The period of 32 s 2
Hence, the period of f(x) is LCM of 1 and 2 =2.
k-2|+a=14 :
= x-2|=t4-a _
for 4 real roots, 4 —a>0and -4—-a>
= ae€ (—o,—4)

(I

‘We have f(x +y) + f(x—y)

(@7 +a™ 7+ a7+ a7

1l

[aX@ +a”)+a* (& +a)]

= = N

@+ @) @+ a) =Y WS0)

logy (% —6x+11)< 1

= 0<x’-6x+11<3

= xe[2,4]

L2022k

This is true for all positive values of x and all negative
integer x.

5
¥

[ e

N m——-

Fig. 1.97

Clearly, from the graph, the range is [1,/(- D] =11, 5]
Ifx<1,fx)=—(x-1)-(x-2)=-2x+3.

33.a.

34.b.

35.b.

36. d.

37. c.

38.c.

39.b.

40.b.

& (x)=0forxe (—oo,—1]

- But co-domain is (0, €°].

+ BOARD., NDA, FOUNDATION
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In this interval, f(x) is constant.

If2<x<3,f()=x—1+x-2=2x-3

In this interval, f(x) is increasing.

. max f(x) = the greatest among f(-1) and £(3)=5, min f(x)
=f()=1 '

So, the range =1, 5].

By checking for different function, we find that for

Yt R T
f(X)—Hx,f () =/

PFG)+ F(1-x)=2x-x" (1)
Replacing x by 1 —x, we get

= (1-x*F(l-x)+F@x=2(1-x-01 ' @
Eliminating F (1 —x) from (1) and (2), we get F/(x) =1 X~

: 2 n(-x) | _
)= (—x) sin—=_=", |-x|<1
Dl-xl,  |-xB1
_ —xzsin-ﬂzi, |x|<1
-xlxl,  [x}1
=-f).
f(x)= ex3—3x+2

Let g(x) = -3x+2; ¢ ¥
=32-3=3@x*-1)

- f(x) is increasing function ~ f(x) is one-one

Now, the range of f(x) = (0, e
- f(x) is an into function.

f®)= L em= iz and h(x) = x"
x x

flg)= x*;x#0

h(g(x))= -x1—4 = (g(x))2 ,x#0

2000

frtrt RO 000
Y =y 2000 = 2000 = {x} :

2000

r=1 r=l1

f)=x"+1
= fB3)=3"+1=28
= 3=
. n=3
= f(B=4+1=65.
v ft)—f(x)=8x+3
= (bx+1P+e(x+ 1) +d}—{bx*+ex+dp=8x+3
= b{(x+1)2—x2}+c=8x+3
= bQRx+1)+c=8x+3.
On comparing co-efficient of x and constant term, we get
2b=8andb+c=3 o

i?f@ﬁt%;ﬁ@@bé%@%}loor, Hariom Tower, &ibeukar-Road, Ranchi-1,
~ Ph.: 6151-2562523, 9835508812, 8507613968
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1.64 Calculus

41.d.

42, c.

43. c.

44, a.

45.¢c.

46. c.

T 47.a.

48. c.

If fis injective and g is surjective
= fogis injective
= fofisinjective.

x-1,

X is even L
i which is clearly are one-one and
x+1, :

f= { sodd ’.

onto.
%(gof)(x) =2x*—5x+2 or -;- glf(x)] =2x*-5x+2

& WY+ ()} —2]1=2[26% - 5x+2]
= f)+f()-(4x*-10x+6)=0

- —li\/l+4(£;x2 ~10x+6)

_ —1£J(16x2 —40x+25 _—1+(4x-5)
- 2 T2
Since f(x) and ' (x) are symmetric about the line y = —x.
If (o, B) lies ony = f(x) then (B, ~&) on y=1"" (x)
= (—a,-P)liesony=f(x)
= y=f(x)isodd.
Letx, y € Nsuch that f(x) =f(y)
Thenf(x)=1(»)
= x2+x+1=y2+y+1
= (@-»)+y+1)=0
= x=yorx=(-y-1)gN
. fis one-one.

Also, f(x) does not take all positi\}e integral values. Hence

f is into.

fo= x/is1n(x+ )+2\/_
or, f(x)= \/Ecos(x.——)+2\/§
= r=[V2,3V2 ]andx— [-37” E}o [E 5’—’}

4 4" 4
JFMD+f=7=-10
= f(NH=-17
= f(7)+ 17 cosx =—-17 + 17 cos x which has the range
[-34, 0].
sin[x]r
x2+x+1

Jfx)=

- Let [x] = n € integer

49.b.

= sin{x]z=0

= fx)=0

= f(x) is constant function.

Two triangles may have equal areas
~. f is not one-one.

Since each positive real number can represent area of a
triangle.

2x—3 or-2x+2

.50. c.

5l.c.

3 x>
S|l —=x —tanx +

52.d.

¥ BOARD, NDA, FOUNDATI

Yo o kk>1); y-x=k(y+x)
y+x

= yl+b=x(1+k

= y= L+k x, where 1+k<—1
Y=k )" -k

2
gx)=x>+tanx+ |:x P+1}
2
> g)= (0 a0+ [%{} |
_ 3 ¢ + x2 +1
‘ = g(-x)=-x"—-tanx 7

= g(x)+g(x)=0

because g(x) is a odd function

x~ —tanx

DN

_ 3
+1 '
+ 2 =0
P D +[x +1]
P
2 2 .
2[<_x_+_1>}=0=>0_5x_+1<1
P P

Nowxe [-2,2]

= 0s%<1=>P>5

and

. o+
Let 2x+§=a and 2x—§=ﬁ,thenx=

| y=4(a-p.

53.b.

54.c.

Given, f(Zx + }8:’ 2x — §)=ng

= f(a,ﬂ)=.a2—ﬂ2 ~\

= f(m,n)+f(n,m)=m2.—n24\n2—m2=0for,all-m,n
Givenf(x+y)=f(x)+f(»)—xy—-1Vx,ye R
(=1 i
S@=/A+)=fD)+f(1)-1-1=0
FA=C+D)=/Q)+f(1)-2.1-1=-2

S+ D)=fm)+f()-n-1=f(n)—n<f(n)

Thus, f(1)>f(2)>f(3)>...and f(1)=1.

. f()=landf(n)<1,forn>1

Hence, f(n) = n, n € N has only one solution n=1.
0, x20

_
f(x)”" P elxl e —e

> x <0

e +e

Clearly, f(x) 1s identically zero if x = 0 )

, ef—e”* o 14y

Ifx<0,let y= f{x)= = e ="

y=/1 ) e +e* 1-y
x<0= P <l=0<e¥<1

l+y

0< <1

f’S@fflce 606 , 6th Floor Hariom Towe} Circtlar Road Ranchi-1,

"Ph.: 0651- 2562523, 9835508812, 8507613968



60.d.

= (y+1)(y-1)<0and liy— <0
' -y

= -1 <y<1andy<00ry>1

= -1<y<0 )
Combining (1) and (2), we get— 1<y<0=>Range (-1,0].

55.¢c. f(2x+3)+fQ2x+7)=2 ) .
Replacexby x+2,f(2x+7)+f(2x+11)=2 Q) 61.b.

from (1)—(2) we get f2x+3)—f(2x+11)=0
= fx+3)=f2x+11) ’ ‘
= f@Qx+3)=fQx+4)+3)

= Period of f(x)is 8

56. c. Since co-domain= [O,g) o  62.c

.~. for f'to be onto, the range = [O, g)

This is possible only whenx*+x+a>0 VxeR
~1?-4a<0>a2 i-

1 1
\/{sm x}+ {sin(z + x)} \/@1 x}+{-—sinx}

0, sin x is an integer

57.d. f(x)

Now {sinx} + {—sinx} = o .
1,- sinx is not an integer

For f(x) to get defined {sm x}+ {-sinx} #0
= sinx # integer :
= sinx#+l,0

ni
= x# T,nel

Hence, the domain is R — {% /nel } . 64.a.
_cos(-x) cosx
58.. f(_x)_[ Zx] 1 Zx] 1
e B B e
- /3 2 i3 2 _
(as x is not an integral multiple of 7)
: cosx
= fx)= *[2_1 l__f(X)
/4 2

= f(x) is an odd function.
59.d. f(x) = ox’ — fx—(tanx) sgnx
fE=x)=/() ’
= o’ + Pr—tanx sgnx = ax3-f[3x— (tan x) (sgn x)
=2(-ox’—Px=0V xe R

= o=0and f=0 65.a.

- [al?=5[a]+4=0and 6{a}*>~5{a} +1=0
=3 {x}-DR{x}-1)=0

63.d.

JEE (MAIN & ADV) MEDICAL
S BOARD, NE :

Functions 1.65

Sum of values of 2 = -35—

2
Since f (x) is an odd function, [x—:l =0 forallx e
' a

. [-10,10]

2
= 0<Z <1forallxe [-10,10]= a>100.
a

3f(x)+2f(xx+_519] =10x+30
Forx=7, 3f(T)+2(11)=70+30=100.
Forx=11,3/(11)+2/(7)=140.

S _ fan o -1 o
0 - 220 9-a /D=4

S(x)=[6x+7]+cos mx—6x
=[6x]+7 +cos mx—6x
=7+ cos wx— {6x}
{6x} has the period 1/6 and cos 7 x has the period 2,
then the period of f(x)=LCM of 2 and 1/6 which is 2.

Hence, the period is 2.

a -1
/& x"(a* +1)
f(x) is symmetrical about y-axis
S fO=fc)
ad-1" _ a-l
(@ +1)  (=x)"(a”+1)
a-1 = 1-a

x"(a® +)) 4 (-x)"(1+a") *==)

= the value of n which satisfy this relation is —% .
1) -
fo(x) 2]( ) =g(x) and2f( ) 4x2f(x) =2x2g (.;)
(Replacing x by — )
x

o —320)=gl)+ 24 (—3

| (Eliminating f (i—))

8(x) +2x%g (1]

3x?

= f0)=-

-+ g(x) and x” are odd and even functions, respectively.

So, f(x) is an odd function. But f(x) is given even

= f(x)=0Vx.Hence, f(5)=0. .
_Givenf(x+y)=f(x)f(»)- Putx=y=0,thenf(0)=1.

Puty=—x, then f(0) = f(x) /(=) = f(—x) = —=
f(®)

. Qffice 1606, th Floor, Hariom Tower n6, ar Rbihd, Ranchi-1,
Ph.- D651- 2562523 9835508812 507618088
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1.66 Calculus
1 If [cot ' x] =0 =>x € (cot 1, )
- o) = f=x)  _ f(x) = xe (cotl, 1]
2 1 ,
1+{f(—x)} 1+— : ; : X5 RSUYES
“ v { 7 (x)}2 _ 72.d. The period of f(x) is 7 = The period of 3 1s 73
(x). 1
= /(x) = (x) The period of g(x) is 11 = The period ofg(zc—) is — =35
1+{f (x)} 5) U5
: ) . X\ _ =
66.d. The equation isx?+2ax+ Tlg'—_— —a+ /az +x_1_16_ , Hence, T, = period off(x)g(g) =7 x 55 = 385 and
s . .
= ="t 1 - ,T2=periodofg‘(x)f(3‘3-);11x21=231.
which has the solution if Z+2ax+ —=x ' i
16 - Period of F(x)=LCM {T}, T,}
o 2+Qa-Dx+ 1 _ : ~ =LCM {385,231}
e 16 . ~ =Tx11x3x%5

For real and distinct roots (2a — 1Y2-4 Tlg 20 - =1155.

- inZ in2 .Y +ZL'_
= 2a-1< —2—10r2a—12 12 a< _} or aZ%. 73.d. sin” x+ s (x+ 3)+cosx cos(x - 3)

67.d. f)-1+f(1~- —1=0;s0g(x)+g(l-x =0 .
fE)-1+f(1-x) | glx) +g(l-x) : _ _n? x+(sin‘x N 3cosx) +cosx(cosx _ 3sm>_c)
Replacing x by x + %,wegetg(—liﬂc)ﬁ-g(%—x) =0. 2 2 : 2 2

: o 1 : .2 sinx 3cos’ X cos® x
So, itis symmetrical about (5, 0).‘ | = sm” X+ t s

68.a. When [x] = 0 we have sin'l(cos'IO) = sin”(n/2), not . ssinx S cos? x _

defined. .~ : _ ==t =5/4.

When [x] = -1 we have sin"(cos™'=1) = sin”'(7), not N P o

deﬁned. : 1 \ B . Hence, f{x) = S'* = constant, which is periodic whose
When [x] =1 we have sin- (cos™'1)=sin" (0)= 0. period cannot be determined.

. Henf:e, x e [1,2)and the ran"ge of_‘ function is {0}. 182, fOHfON= 1)+ /0= 1

9., Putingx=1/@H/O=YWO=/B=HD . Putting y =0, we get/G+/(0)) =/ () +0
Putt1ngx—2,f(3)+f(1)—2f(2) 1)=f00) Vxe R .

-  f(3)=2x2f()-f(1)=3f(1),and soon. = ferh=fEVxer .
fm)y=nf(1),forn=1, 2,..,1 Thus, f(x) i; the period with 1 as ope of its period.
for+ D)+ f(r-1)=2f(n) : = fN=f©O)=f)=-=f1)=0)= L.

+1)+(n-1DfQ)=2nf(1 : . .

z §§Z+lg=$+ 1))]}((1)) () 75.¢. f(x)= Jxi=1{x} is defined if | x| = {x}

70.d. - {x}e[0,1) 1
sin {x} € (0,sin 1) asf(x) is defined if sin {x} #0 = X€ (—' o0 — E] U[0,)=>Ye [0,)-

1 1 1 1 ' ' '

= —— €&l = e {1,2,3,...
sin {x} (sinl ) Lin {x}] ¢ I

Notethat 1 < % =>sin1<sin = =0.866= —— >1.155.

3 3 sin 1
" 71, c. Wehave[cos™ 5120V xe [-1,1]

and [cot_1 x]20VxeR
Hence, [cot™ ' x] + [cot ' x}=0

= [cot'x]= [cot' x}=0

iEpfticg= 0606 (Gth!Floor, Hariom Tower, Circular Roagli,gﬁgnchi-l

Ph.: 0651-2562523, 9835508812, 8507613968
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f(x)

y

76.a. o)

S P RAL
y

= j(30)—£Qorj(1) 30 x{30)=30%20=600.

Now, f(40)= -f(—l) _ 600 _15,

40 40
- 77.c. Casel

0<[x|—1<1=1<x[<2,then
_x2+4x+4SI_
= x*+4x+3<0
= -3<x<-1 .
Soxe (-2,-1) ¢y
Casell
|x|—-1>1=>|x|>2,thenx2+4x+421
= P+4x+320
= x>-lorx<-3
So,x € (o0, ~3] U (2, %) %)
" From (1) and (2),x € (—o0,—3] U (-2,-1) U (2,0).

784, foo= 0% )+[sinx]+[sinﬂ+...+[sinf]

n

\

(putting x =1)

Thus, the range of Sy = {M MH} as

, 2 72
x € [0, z].

79.b. ] = x + 2{x}
= [x] = [x] + 3{x}

o gy DI
3
P C it
3

= 0< [x]z—[x]<-3

= [x}e [Lﬂ,o]u[l, L_Fﬁ)
L 2 2

= [x]1=-1,0,1,2
: 2
= {x}= 5,0, 0, %,(respectively)
= x=-1,013
3 3
80.b. We must have
24x)2-3{x} +120= {x} 21 or {x} 1/2.

Thus, wehave 0< {x} <1/2=>x€ [n, n+§],n el

o [tk

Functions 1.67

Z-Ll=0-1> x2+l]=1,0
2 T2

= f(x)= sin‘? )+ cos™! (0) or sin”

= fl)={m}

L(0)+cos™ (=1)

x
82.c. The period of cos(sin nx) is Z andthe period of tan (;)
: _ n

is wn.

Thus, 67=LCM (— nn)
n

’ 6
= 6r= E/'{I=>n= ﬁ-,and67r=2,2 Tn=n=—,A;
n 6 A
Mel '
Fromn= é— =n=6,3,2,1.

. Clearly, for n = 6, we get the period of f(x) to be 6.

83.a. We must have ax’ + (a + b) x>+ (b +oxte> 0

= af(x+1)+bx(x+1)+cx+1)>0
= (x+1)(ax2+bx+c)>0

2
= alx+ 1)(x+2£) >0 as b* = 4ac
a

= x>'—1'and¢——b—
- 2a

84b. flx)=[x] + [26] + [3x] -+ [x] = G-+ 2+ 3x+ --- + )
=—({x} +{2x} + {3x} + - + {nx}) '

Théperiodoff(x)=LCM( ;; ,%)'=1.
85.c. f(x+ ;] + f(x——) 1)
= f(x+1)+f(x)=f(x+§)
= f(x+1)+f(x—%)=0
- f(x+3) -

= f(x+3)=—f(x + ) =f()
. f(x)is periodic with period 3.

86.c. f()+3x f(i)=2(3c+ 1) )

1 ,
Replacing x by — , we get
x

f(-l—) +3l f(}c) =2 [l +1)

or, Hariom Tower ,Ci

E > nCh| 1 . )
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91.d.

We must have -1 < [2x* ~3]< 1

= _—1s2x2—3<2=>1Sx2<%

P

92.c.

-1 %‘*‘ x2
COS
ti

2
(<1 and x#0

lis defined if I

e.: 606 ,'6th

98.c.

R. K. MALIK’S E (MAIN & ADV.), MEDICA
NEWTON CLASSES BOARD NDA, FOUNDATIE)N
1.68 Calculus
From (1) and 2}, wo'h x +1 = 1+x*-2}x<0
IO -7
m (1) and (2), wehave f(x) = — = (x-1)7<0
= f(99)=50 o x=1-1 -
x+5 3 Thus, the domain of f (x) is {1, —1}. Hence, the range is
87.a. Lety= —— = 1+—— = > ,
a Lety=" =1 =71 (1,1+7).
~ 3 63 _ f(x),  f(x)is rational
Also,y—1= w12 = x+2= y_——I A JUe) {1— f(x), f(x)is irrational
5 3 ] 3= X, x is rational
=24+ = =
- ¥ y-1 _ Jue 1-(1- x) x, x is irrational.
= y=2only as x and y are natural numbers. 94.c. y= |s1nx|+|cosx|
2x| -
: (f(x)?, for f(x)20 = y =1+]sin
88.d. = .
.‘ ) {f(x)’ for £(x) <0 = 13)?32
x*)?%, x220,x20 = Y€ [1’1\/‘3] R
= =1Vxe
_|x* x20,x<0. _{x4,x20 S |
= = 2 -
x2,x2<0,x20 X, x<0 95d. f(x) In x te =In x_-l-_lﬁ:.l_ _=1n(1+ 62 1)
x, x<0,x<0 x* +1 x* 41 X+l
89.c. From the given data Now, 1 <x*+1<eco
' SA-0)=f1+x) o M ! e-1
: = 0< <1 = 0< <e-1
and f2-x)=fQ2+x) . @ x*+1 x* +1
In (2) replacing x by 1 + x, we have e—1 14 e-1 <1
S(1-x)=1(+2) = I<lrggse = 0sh{TMan)”
= f(1+0)=f(3+x) [from (1)] Hence, the range is (0, 1].
S f)=f(2+%) .
90.a. Letf(x)=x+2px+1|+2x—1 96.d. f(x)='
- Letf () =xt 2den 1+ 2k 1) Jax—| 22 -10x+9)
x=2x+D=2x-1), x<-l Forf(x) to be defined [ — 10x + 9| < 4x
=fx)= x+2(xv+l)—-2(x—1), —-1<x<1 = x*—10x+9<4xandx’>—10x+9>—4x
: x+2(x+D+2(x-1), x>1 = x*-14x+9<0andx’>—6x+9>0
3x,  x<-1 = xe (7-440, 7+/40) andxe R~ {~3}
= 1< x< :
orfl)=qx+4,  —lsx<l = xe (7-440,-3) U (-3, 7+J_)
5%, x>1 97.b. Giveny=2"¢"D
N7 / = x(x—1)=logy
_ = x*-x-logy=0
\ 4 1+,/1+4log, y
= x=—
3 o 2
2 Graph of y = f{x) is as shown. - ;
4 Cl_earlyy=kcan intersect ) Only x= 1+\]17+410g2y lies'éin the domain.
y = f{x) at exactly one point only if k=3 2
32401 1 28
Fig. 1.99

> /@)= [+ Hlog; 3]

xsinx=1 ®

. 1
= y=sinx= —
x
Root of equation (1) will be given by the point(s) of
. . . 1 .
intersection of the graphs y = sin x and y = — . Graphically,
x

it is clear that we get four roots.

Floor, Hariom Tower, Circular Road, Ranchl 1
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Functions 1.69

n : , i
3 =1 ' For m> 1, the line y = mx lies below y =x in (——2—,0) and
: 1 : above y =xin (0, %) . Thus graphs of y = tan x and
24 X .
S e~ AL 3"’; 4 y=mx, m> 1, meet at three points including .
! Y=5in x :
\2 . T m. :
\ x=0in}| - 25 independent of m.

' Fig. 1.100 '  102.c. Given f(x)= [sinx + [cosx + [tanx+ [secx]]]] ,
' - =[sin+ p], where p =[cosx + [tanx+ [secx]]]
= [sinx] +p,(aspis an ihteger)
= [sinx] + [cosx + [tanx+ [secx_]]]
= [sinx] + [cosx] + [tanx] + [secx] -

1 1 Y
Now, forx € (0, #/4),sinxe | 0, —= |, cOSX € (—, 1),
. wysinee (0. 7 N7

tanx € (0, 1), secx € (1, \/5)

= [sinx] =0, [cosx] =0, [tanx] = 0 and [secx] =1
= Therange of f(x)is 1.

99.c. See the graph of y=2 cos xandy = |sinx|. Their points of
intersection represent the solution of the given equation.

Fig. 1.101 103.d. f(3x+2)+f(3x+29)=0 : )
We find that the graphs intersect at four points. Hence Replacing x by x + 9, we get
the equation has four solutions. _ B  fBOF+)+HBx+9)+29)=0 .
100.2. af(x+1)+ bf( ) (x+1)-1 : 1) = f(3x+29)+f(3x+56)=0 )
' ~ From(1)and(2), we get ,
Replacing x + 1 by —-1—1 we get _ : fBx+2)=f(3x+56)
* . : = fGx+2)=f3(x+18)+2)
~af ( )+bf (x+1D ——+—1—1 - @ = f(x)is periodic with period 54.
MHxa-2)xb= @ - f(x + 1) =a(x+ 1) 104.b. For odd function
b : f&)=+(=)
—-a— ——+b
x+1- ]
' b b sin(-x)+cos(—x) 0<-x<7/2
, Puttingx=1,(a2'—‘b2)f(2)=2a—a—- 5+b=a+5 - o, —x=7/2
;2a+b ' N o tan? (—x) +cosec(—x), W/2<—x<T
101¢. sin x —cos x, —w/2<x<0
y N = ~a, x=-7/2
le— y = mx . ;
——y=x . tan2x+cosecx, —m<x<—T/2
(2 ) e x : 105.c. (a)f(x)=sinx and g(x) = cosx, x € [0, 772]
X,
. Here, both f(x) and g(x) are one-one functions,
but A(x) = f (x) + g(x) = sinx + cosx is many-one
Fig. 1.102 as h(O) = h(7Z/2) =1.
' z ' — . . sin2x .
In (—— 0_) the graph of y=tanx lies below the line y =x © (b h(x)=f(x) gx)=sinx cosx = is many-one, as

“which is the tangent at x = 0 and in it lies above h(0)=h(m2)=0.

e lle(2)ff|ce 606 , 6th o&) Hariom Tower(c)eracfulldap fbageRanchi-1,
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1.70 Calculus

106.c. f(x)isdefineatorxe (0, 1)

= f(e")+f(In]x]) is defined for,
0<e*<land0<Inxj<1
—o<xy<Qand1<|x|<e
x€ (—eo,0)andx € (—e,—1)U(1,€)
xe (—e,-1)

0,. cosx <0

2cosx, cosx>0

U

107.d. |cosx|+ cosx = {

For f(x) to defined cosx>0

=x€ ((4'1;1)” R (4n ;Dn)n € Z (1stand 4th duadrant).

108.b. Let2x+3y=mand2x—Ty=n
: -n Tm+3n
= y= andx=
20

= f(m,n)=Tm+3n

= fl,y)=Tx+3y

Image b, is assigned to any three of the six pre- unages in
6C, ways.

Rest two 1mages can be assigned to remaining three pre-
images in 2° — 2 ways (as function is onto)

Hence number of functions are °C; x (2° —2) =20 x 6 =120
y =f(x) and y = g(x) are mirror image of each other about
liney=a '

109.d.

110.d.

Fig. 1.103

= forsomex=b,g(b)—a=a-f(b)

= flb)+g(h)=2a

= h(b)=f(b) + g(b) = 2a (constant)

Hence A(x) is constant function. Thus it is neither one-
one nor onto. '

Clearly F+m)=f(), gbc+ m) = g(x) and ¢ (;w%)

= {CDSE) D g} = 6 ().
112.b. Inthe sum, f(1)+£(2)+f(3)+ --- +f(n), 1 occurs n times,

111.c.

1
— occurs (n— 1) times, % occurs (n— 2) times and so on

f(1)+f(2)+f(3)+ ~+f(n)
ﬂ—n 1+(n-1). +(n . Laar L
3 n
) ( 11 1) (1 2.3
1+ —4+ 4t = ||+ =+=+ +
2 3 4

3 n 2

n—1
n

1 1
—_—fF- 1—--—

=nf(n)-
O

4

+ ‘BOARD, NDA, FOUNDATION_

= nf ()~ [n=f ()]
=+ Df)-n,

113.a. h(x)=log (f(x). g(x))=log MUY = gy 4[] = sgnx
_ 7 e*, x>0 » '
S h()=eMsgnx=140, x=0
' —e™*, x<0
e”, x<0 :
= h(=x)=40, x=0 = h(x)+h(-x)=0forallx.
—e*, x>0
114.b.
y y
1 1.
X —_ X
) 1 (o}
y=h) y = falx)
y t
. ¥ .
=17 - N lo} 1 X
1
¥
© y=1h(x) y = falx)
Fig. 1.104

154, [y+[y]]=2cosx
= [l+Di=2cosx ¢

[x+n]=[x}+nifne I)

= 2[y]=2cosx= [y]=cosx )
Also y= %[sin x+[sin x +[sin x]]]

= %(3[sin x])

=[sinx] ()]
From (1) and (2)

[[sin x]] =cos x
= [sinx}=cosx

y
2
. y=cosx
—> X
302 2p
_1 i —O

Fig. 1.105

The number of solutions is 0.

b i
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116.a. cos™' (cosx) = fx]

Fig. 1.106

The solutions are clearly 0, 1, 2, 3 and 3 = 27— x or
x=2m-3. ’

117.c. Givenf(x)= \/(1 —cos x)\ﬂl — 008 x)y(1 = 005 x)y/..0
' 1 T 1 '

= f)=(Q10- cosx)E Q- c<r)s'x)Z a —cosx)g...oo

l+l+l+...w
= f(x)= (1-cosx)? 438

|NI._‘

) -
.=? f(x)=(1--cosx)l~2
.= f{(x)=1-cosx
= Therange of f(x) is [0, 2).
118b. —5<|kx+5|<7 ‘
= —-12<kx<2where-6<x<1

= —6S§ x<1where—6<x<1

s k=2, [~ the range of A(x) = the domain of f (x)]
119.a. Letg(x)=(x+1)(x+2)(x+3)(x+4)
"~ The rough graph of g(x) is given as

VAN b
Fig. 1.107

o g@) =D +2) (e +3) (x+4)

=+ D) (x+4)x+2)(x+3)
=02+ 5x +4) (F + 5x + 6)
=t(t+2)=(+1)>-1,

where t = x* + 5x v

Now g,..=— 1, for which x* + 5x = — 1 has real roots in

(-6, 6] |

Also g(6) =7 x 8 x 9 x 10 = 5040

Hence, the range of g(x) is [ 1, 5040] forx € [ -6, 6].

Then, the range of (x) is [4, 5045].

120.d. f(x) = Vx'? —x° +x* —x+1

Wemusihave'xl -2 +xt=x+120 1)

e il
s S h.- 0651-25

121.a.

| fx)= sec’! [log3 tanx +

122.a.

123.b.

| Multiple Correct o L
- Answers Type [f%

1.a,b,

wt BOARD NDA_EQUNDATION

Functions 1.71

Further, x2—2° +x* —x+1 = (1 -x) +x*(1 - x*) +x"is
also satisfied by x € (0, 1).

Hence, the domain is R.

fx)= sec™! (log; tan x + log,, , 3).

log, tan x]
Now for log;tanx to get defined, tanx € (0, «)

.= log;tanx e (~oo,c0) orlogytanxe€ R

Alsox+ l <-2orx+ -1— >
X x -

<=2 or

= log;tanx+
log, tanx

22
log; tanx -

log, tan x +

| } < seq‘l(—Z) or

= sec' | logjtanx+
o log, tan x

sec”! |log, tanx+ — | 2sec! 2
_ log, tan x .

= f)< 2?” orf(x) 2 13‘-

= f(x)e [g, g) U (g 2771

(7—-x)!
(10—2x)!
We musthave 7—x>0,x>3and 7—-x2x-3
= x<7,x23andx<5
= 3<x<5
= x=3,4,5

Now,f@)= % =1L7h)= 2 =3.79)= 3 =2.

Hence, R,={1,2,3}. ,

We have f(x—y)=f(x)f(y)-fla-x)f(aty)

Putting x =a and y =a —x, we get
fla=@E-a)=f(a)fx—a)-f(0)f(x)

Putting x=0,y =0, we get
FO=£0)FO)-fa)f(@

= fO=(O)-(f@)

= 1=(1-(f@)’

= f(@=0

= fRa-x)=-fx)

We have f(x)="""P, ;=

DR

d.
f(0)=max{1+sn0, 1, 1 —cos0} =1

' BiElogr. Hariom Tower) SirtitaibRbad, Ranchi-1,
62523, 9835508812, 8507613968
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1.72 Calculus

f(1)=max{1+sinl, 1,1-cosl}=1+sinl
g(f(0)=g(1)=max{1,[1 -1} =1
f(g(0)=f(1)=1+sinl
g(f(1))=g(1 +sinl)=max {1, |l +sinl -1} =1
2.b,c. : '
(a) For f(x)=log x*, x*>0=xe R— {0}
Forg(x)=2logx,x>0
Hence ,f(x) and g(x) are not 1dent1ca1

(b)fx)=log, e= —— =g)
_ 0g, X
~ Hence, the functions are identical.
(c) £ (x) = sin (cos ™! x) =sin (% —sin”! x) = cos (sin'1 x)
=g(x)

Hence, the functions are identical.
3.a,b,c.

@)+ ()= f[”y )

Replaceyby—x =) +/(=0)=f©0) )
Putx=y=0=1(0) +/(0)=f (0) =(0) =0
= f@)+H)=0 -

Hence, f(x) is an odd function.

f@+ @)= f (1= #31-22)

Replace yby—x=f(x)+f(=x)=f (0) (2)
~ Putx=y=0=/(0)+f(0)=f(0)

(from (1))

= f0)=0=f)+/(x)=0 (from (2))
Hence, f(x) is an odd function.
S+ =f@+) | |
Replace y by —x = f(0) =f(x) +£(-x) ©)
- Putx=y=0=£(0+0)=f(0)+f(0)=f(0)=0=f(x) +/-
x)=0 (from (3))
Hence, f(x) is an odd function.
- 4,a,c, '
fet+p)+fx-y)=2f(x)-f0) ‘ ey
Putx=0=f()+/(-»)=2f0)f(¥) @
Putx=y=0=£(0)+/(0)=2/(0)/(0)
= f(0)=1(asf(0)=0)
= =) (from (2))

Hence, the function is even. Then f(-2) =f(2) = a.
~ 5.b,d.
f (x+ 1) 2+ Lz
X x

T N2
= f(x+l)=x2+i2=(x+l) -2
X b X

= fo)=y"-2 |
Now y= x+—1— >20r<—2
X

Hence, the domain of the function is (—e0,~2]U[2, o)
Also for these values of y, > 2 4 = y* - 2> 2.
Hence, the range of the function is [2, o).

6.a,d.

+ BOARD, NDA, FOUNDATI%)N"

Givenf(x)+/(y)= (x\/1—y2 1= Q)

Replace y by x = 2f(x) = f(2x~ 12 ‘)
¥O)=)+2)
- S+ 7{oel )

= f(x\/r-4x2(1—x2) +2x\/17—x2 1—x2)
= f(‘x\/(sz ~1)? +2x(17x2»))

= _f(x[2x2—1|+2x—2x3)

= f(2x —-x+2x— 2x3) or f(x—2x3+2x—2x3)
= f(x)orf(3x— 4x%)

= fx)=00r3f(x)=f(3x—4x")

7.b,c.

Consider 3f(x) =f(3x— 4x%)
Replace x by —x, we get
3f(=x)=f(4x>—3x) 4 )
Also from (1), f(x) + f(-x)=f(0)
Putx=y=0in(1), we havef(0)=0 = f(x) +f(=x)=0, thus
f(x) is an odd function.
Now from (2) -3f (x) =/ (4x> = 3x),
= f@’-3x)+3f(x)=0

Given 2f (sinx) + f(cos x) =x : 0!

Replace x by % -X

= 2f(cosx)+f(sinx)= % -X @

. Eliminating f(cosx) from (1) and (2), we get

8.a,c.

= 3f(sinx)=3x— %

= f(sinx).=x— %
= f()=sin"x- %
£(x) has the domain {1, 1]

Also, sin™ € Tz = sin"'x z e’[ 2 n]
so, sin” ' x - = - -, =1
’ 272 6 373

FR)=f/1+1)=2f(1)=10
FBR)=fR+1)=f(2)+f(1)=10+5=15
Then, f(n)="5n

= 2 f(H= 52

Replace yby—x, =>f @=f (x) +f(=x)

Sm(m +1) .

' Also putx=y=0=£(0)=7(0)+f(0)=1(0)=0

= f(x)+f(~x) =0, hence, the function is odd.

Office.: 606 , 6th Floor, Hariom Tower', Ci’rCuIar Road, Ranchi-1,
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9.a,b,c.

(f+2)3.5)=/(3.5)+g(3.5)=(-0. 5)+0.5= 0
fEBN=f@=3
(RQ)=1)gD=CDxD=1

(f-9)4)=1(4)-g(#)=0-26 =26

~ 10.b,d. :
fO)=x>—2ax+a(a+1)
S)=(- ay+a,xe [a o)
Let y=(x—- a)? +aclear1y y>a
= (x-a)i=y-a
= x=a+ \y—a

f‘l(x)=a+ Jx —-a |
Now  fM)=f"'()

= (x—ayf+a=a+x—-a |

(x- a) —\/;—_a-
= (x a)*=(x—a)
= x=aor(x—ay =1
= x=aora+]1

If a=5049, then a + 1 =5050
Ifa+1=5049, then a=5048.
11.a,b,c,d.

1, x is rational
fx)= L
0, x1is irrational
1, x+k is rational .
= fth)= .
: 0, x+k is irrational
where k is any rational number

' 1, x is rational
= x+k)y=14. :
s ) {0, x is irrational
= fx+th)=f() ,
= f(x)is periodic f\mctlon but 1ts fundamental period
cannot be determined 7
x—[x], 2n<x<2n+l
f@)= :
) 1/72, 2n+1£x<2n+2
Draw the graph from which it can be verified that period is 2.

e
Fig. 1.108

<X>®fﬁ>L : 606 , 6th Floor Hariom Tower EII‘

T ofkn)= Bas e

Hence, the period is 7.
f(x)=x—-[x+3] +tan(-7£2{) ={x}-3 +tan(£2x—)

{x} is periodic with period 1, tan (—5{) x is periodic with

period 2.
Now, the LCM of 1 and 2 is 2. Hence, the period off(x) is2..
12.b,c.
£ (x) must be a linear function, let f ®=ax+b
= flax+b)=6x-ax—b
= a(ax+b)+b=6x—ax—Db
= a*=6-aandab+b=-b
= a=20r-3=b=0 ‘
= f(x)=2xor-3x=f(17)=340r-51
13.a,b,c,d.’

f(x,+])—f(x) -3 v
= fEf G+ D=3+ 1) =) =5
oy 3 (x+1)=5
RARRIETT
Replacing x By (x—1), we get 1
_3)-s
Se=D= 5T ?
f(x) =5 -5
f(x+l) 5 f(x) -3
Usmg(l) f(x+2) f( +1) -3 f() =5 -3
. 7(x)-3
_2f(x) -5 3
IO
(x —1) - 3(%)6));15]—5
) IR ACE) I WA S
Using (2), f (x —2) = fx-1) -1 - M_l
| f-1
_2H=5
N CET

Using (3) and (4), we have f(x +2)=f (x - -2)

= f(x+4)=f(x)=f(x)is periodic with period 4.
14.a,d.

f)=sec [l +cos’x]

f() is defined if [1 +cos’x]<—lor[l +cos?x]21

= [cos 2x] < -2 (not possible) or [cos 2x]=0

= cos’20=>xe R
<c sx< =1<1+cos™x<2

pad Ranchi- 1‘
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1.74 Calculus
= sec '[1+cos® x]=sec'1, sec™'2 ‘ 2 x>0
Hence, the range is {sec'1, sec'2}. -, 7 -’3 '
15.a,b,c. fx)=x"sgn(x)=<—x", .x<_0
f(x)=tan(tan""x) =x for all x and g(x) = cot(cot Iy=xfor 0, x=0
all.x ‘which d int
Hence, this pair is identical functions. which 15 many-one and tnto.
J () = sgn(x) and g(x) = sgn(sgn(x)) have domain R o Sc’ ZLPRQ=ml2 d ts P, Q R lie on the circle with
f(x) has range {--1, 0, 1} and g(x) = sgn(sgn(x)) has range nce Q=n/2and poin >
1,0, 1} - PQ as diameter.
e T Also PQ=5
’ gﬁ;ﬁg) g(x) for any x, then this pair is identical Now, the maximum area of the triangle is A, =
g)= cot’x —.c052x = cos2x(cosec2x -D= cos’x cot’x = fx) % ) [ % ) =625 ’ Rr2 . :
f)= &Pk has the domain [1, e), whereas - _ .
gx)= sec”'x has the domain (—eo, ~1] U [1,00). For area = 5, we N o
Hence, this pair is not identical functions. have four symme- - £
16.b, d. ' trical positions of
The period of 'f () = |sin2x] + |cos2x]| is m/4 ) _ point R(shown as
= [f(x)]is also periodic with period 7/4. R, Ry, Ry, Ry)
Alsol<f()<2 : \ - . Forarea=6.25 we ’ 4
.= [/@]=1/()isamany-one andinto function. ~ have exactly two ~ Fig. 1109
17.a,b,d. . . points. g
: ' For area = 7, no such points exxst
f(x) = ——— is defined if [1- |x[} > O and 1 — [x] # 1 20.a,b .
- In[l-{x] : (x +1)f(x) —x is apolynomial degree n + 1

= '[1~|x}]22:> 1 —Jx| 22 = |x| <1 which is not ‘ = (x-_i-l)f(x)—x=k(x)[x—1] x=2]...[x—n] @
possible. o 20 D= =K DY
Also, 1=Kc1)(=2)... (-n— 1)) (Puttingx=—1 in ()}

1
fx)= X Here x! is defined only when x is natural
{x} : = 1= )

pumber, but {x} becomes zero for these values of x. = @+f(r+D-(n+1)= (_1)",’r1
Hence, f'(x) is not defined in this case. &
f(x)==x! {x} is defined for x being a natural number. Hence, = f(r+1=1,
f(x) is a function whose domain x € :N.
. 21.a,¢,d.
_ In(x-1) ‘

f() = —=2__L  Here In(x — 1) is defined only when
N

C x—1>0=x>1.Also 1 —x*>0 for denominator, i.e.,

. _ RO
@ =f(%x +1) = %Gx +1)+1 =»(z) x ++1

‘ . . 1
—1 <x<1.Hence, f(x) is not defined for any value of x. : ' : M
18.b, ¢, d. Iz 3142
> € _ X S f(x) 1
- fx)= sin(sin™ x) =x V x € [-1, 1] which is one-one and , £e)= f )} 4 {f () }
| onto. » : 3 {73V 3
2 5 ‘ = =4l =] x+=+1p+1.
fl)= Zsin(sinx) = =x ’ 4{\4 4
z ¢’ 3 2
2 2 A é +2 +1
The range of the function forx € [-1, 1]is |:—— , —] 4 4
T
which is a subset of [-1, 1]. - 3Y? 3 n=l raNn=2 3
Hence, the function is one-one but not onto, hence not S = Z) x+ 4 Z Foeet 4 +1
bijective.
_ x, x>0 , _ . 1 _(}_)
0= (sgn(0) In () = (sgn()) x = %, x<0. | _ (i) S
4 3
0, x=0 : 1- 7

This function ha_s th.e range [0, 1] which is a sujbset of[-1,1]. -
Here, S GRS 0B I M aPTom Tower *CIEUEREad, Ranchi-1,
- Ph.: 0651-2562523, 9835508812, 8507613968
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22.a,b,c.
79 is defined if gy (7~ 8x-+ 23)— ———— >0
) log, |sinx|
S oy (_8£] 20
8
x*—8x+23 . .
X T«

This is true if |sin x| # 0, 1 and

xZ -8x+23

Now, <] =>x*-8x+15<0

= xe (3, 5)-'{7:, 35}
: 2
Domain= (3, ) U (7:, é) v (3_7z’ 5) .
: 2 27
23.a,b,c,d. : ’
- fix) = sgn(cot 'x) +tan (g[x])

sgn(cot'x) is defined when cot 'x is defined, which is for
Vxe R

(2n + l)

T ).
tan (—2— [x]] is defined when E[x] * m.wherene Z
2 |

=[x]#2n+1 = xe¢[2n+1,2n+2)
-Hence domain of f{x) is U [2n, 2n+ lj

‘neZ

Also cot x> 0,V xe R,

Then f{x) =’i +tan (%[x]) =1
=fix)=1,xe D, -

. 0.1)
—o0 e—o © S
X

T3 3 0q 1 23
Graph of f{x) = sgn{cot — 1x) + tan % ¥
Fig. 1.110

From graph f{x) is periodic with period 2.

Reasoning Type EEEEEE ,
1b. A function which can be expressed as a sum of odd and
even function need not to be odd or even.
Butf(x) = log €* is not defined for x < 0, hence statement 2

is true but not correct explanation of statement 1.
2a. f(X)—1+f(1-x)—1=0;s0g(x)+g(1-x)=0

Replacing x by x + %,we getg(%+5c) +g(%—-x] =0.

So it is symmetrical about (%, 0).

3d ( 2tan x )_(l+’cos2x)(sec2x+2tanx)
1+tan® x ' 2
2

- Qiffize= CECSB oo

10. a.

11.b.

12.b.

) , Hariom Tower
-1 2P 08512562523, 98355088
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Functions 1.75

= f(y)=1+ywherey=sin2x,now sin2xe [—1,1]

= f&)el0,2]

Hence, statement 1 is false but statement 2 is true.

. sin(kx) has period % and period of {x} is 1

Now LCM of % and 1 exists only if k is a rational multiple

of 7 (as LCM of rational and irrational number does not
exist). Hence, statement 1 is true.

But statement 2 is false as sum of two periodic function is
not necessarily periodic. Consider f (x) = sinx + {x}.

. -Obviously, f (x) = x* + tan™ 'x is non-periodic, but sum of

two non-periodic function is not always non-periodic, as

f(x) =x and g(x) = — [x], where [.] represents the greatest

integer function.

fx) +gx)=x-[x}= {J.C} is a periodic function ({.}

represents the fractional part function).

. fx)= tan"'x is an increasing function, then the range of

function is [tan™'1, tan™' /3 ] = [w/4, /3].

Hence, statement 1 is true. But statement 2 is not true in
general. For non-monotonic function, statement 2 is false.
For any integer k, we have f (k) = f(2n7 + k) wheren e Z,
but 2n7 + k is not integer, hence f (x) is one-one.

. Consider f (x) = tanx, which is surjective, periodic but

discontinuous.

. |2 = Sx+ 4= 2x 3| = ~3x+1]

= 12— 5x+4]—[2x—3||=|(* — Sx+4) + (2x~3))
(= 5x+4)(2x—3)<0 '

=
= (—1)2x-3)x-4)<0
=

3
X€ (—oo, 11U [5’ 4}

- 1 + 1 - I+

1 32 4
Fig. 1.111
Hence, statement 1 is true. )
Statement 2 is true as it is the property of modulus

function but is not a correct explanation of statement 1.

Letmax |f(x)] =M where 0 <M< 1 (since fis not identically

zeroand|f(x)|<1Vxe R)

Now, f(x +¥)+f(x=)=2f(x) . )

= 200 g0)=1fG+n /-y

= AN S G+ SM+M

= lgis 1forye R.

Obviously, both the statements are true but statement 2 is
not a correct explanation of statement 1, as function f (x) =
cos(2x + 3) which is periodic though g(x) = 2x + 3 isnon-

periodic.

Obviously, both the statements are true but statement 2is
not a correct explanation of statement 1, as for fx)

= cos(sinx) the period is 7, where sinx has period 27

:l'% f}emrgfd (]f((ﬁ(éﬂ)’) R‘ﬁf-ﬁ&ﬁ?’ﬁf'ﬁme as that of

, 8507613968
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1.76 Calculus
13.a. It is a fundamental concept. 2 2
14. b. Both the statements are true, but statement 2.is not a . g= ’ s

: x+2, 2<x< 3"

correct explanation of statement 1 as f (g(x)) is one-one
when g(x) is one-one and f (x) is many-one, -

15. b. Both the statements are true, but statement 2 is not a = f&x)= {
correct explanation of statement 1, as for f(g(x)) is onto it

is necessary that f(x) is onto, but there is no restriction on .

g+,  g<l
2g(x)+1, l<g(x)<2

x2+1, xzsl, ~1<x<2

g
16. d. Statement 1 is false, though f(x) = sin x and g(x) = cos x £ x+2+]1, x+2<1, 2<x<3
= = x))=
have same domain and range cos x = sin x does not hold 252 +1, 1< 2< 2, —1<x<2,
forallxe R.
However, the statement 2 is true. 2x+2)+1, 1<x+252,25x<3
17.a. .
18. d. Ifb”—4ax> 0 then ax® + bx + ¢ = 0 has real distinct roots = flgb)= X+, -1=x<1
o pB. ' ' 2% +1, 1<x<2
_ N . 2, » :
Ifa>0,then forf(x)= Vax” +bx +¢ to get defined, ax” + 1. c. Hence, the domain of £ (x) is [-1, V2 1

bx + ¢ 2 0, then the range of /(x) is [0, <) (as b*—4ac >0 , :
geoff(x)is v)( ) 2.¢c. For-1<x<1,wehavex’e [0,1]=x*>+1¢€[1,2]

Yy ' . ) :
" For1<x<+2,wehavex’e (1,2]=2x*+1e (3,5]
o ' Hence, the range is [1,2] LU (3, 5].
\ / 3.b. Forf(g(x)) 2=>x2+1 2and 22 +1=2=>x==%10rx=
0' a\_/p .
Fig. 1.112 \F

' 2 = x=11 only. Hence, 2 roots
If a <0, then for f(x) to get defined, ax” + bx + ¢ 2 0, then -

. " 0, b B4 0 For Problems 46
- >
the range of f(x) is 2 .(as ac>0) 4.b, 5.6 . |
-1
Sol. £(x)+ f(x—) =1+x )
a/ N8 o * ,
’ ‘ x-1
/ \ x -1 i x-1 X -1
In (1) replace xby —— , we have f(—) + f
- x 3 X X— 1
. ‘ . —~
Flg. 1.113 ' x—1
. ) =1+ —
‘Hence, statement 1 is false, but statement 2 is true. X i
19 .c. fog(x) can be even also when one of them is even and ' x—1 1) x—1.
otheris odd. : = f + f -~ X @
20. a. Obviously, the graph of y = tan x is symmetrical about | vl
origin, as it is an odd function. _ ) Now from (1) (2)’ we have f(x) — f(__) =x—-—
Also derivative of an odd function is an even function, I-x x
and sec” x is derivative of tan x, hence both the statements &)
are true, and statement 2 is a correct explanation of 1 1 x—1
statement 1. o , _ In (3) replace x by I—— we have f ) f -
Linked Comprehension 3% 1 _1_1__1
_ —X
Type - l-x 1
For Problems 1-3 . : 1-x
l.c, 2.¢,3.b | or f( 1 )_ f(x—_ ._1) _ —x @)
x+1,  x<I 1-x x 1-x
Sol. -
° 1= 2x+1, 1<x<2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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' x—1 @)1
Now from (1) + (3) + (4), wehave 2f (x) = 1 +x+x— — = fn)= fz( ) =0
. _ n n
SR d. F(1003)= b = ——
-x | 7. f ( )= 3(1003) ~ 2006
3_ 2 ' .
x —x" -1 _
= fx)= 2e]) ' 8.c. £(999)= 1 1.
s_ay Y 2(999) 1998
x —x - __
=55y o 9.c. f(1).f(2)f(3),...areinHP.
» X =x'-1 | ' 1111 aeimHP
4.b. = glx )-‘ —x+1 2’4’6’8 .
x(x-1) - .
2 For Proble_ms 10-11 _
=2 (_xl)l 10. 3, 1Lb, 12.c
x(x |
a ' 2 (1-x ' )
. 5 1-x) _
x*-x-1 Sol. (f(x)) f( ) 64x
= 1+
- Now for y = [g(x), we must have o 20 or v x 1
' : 1-x -y
(x I—Jg)(x_lh/g) Putting T =), 0rx= 1, weget
2 2 5 :

—_—0 —————

:xef(x ll)f] (0_1) ES RIS ‘( 7

' : 1-x 1- '
el - - ). f(——)} (——) 0
5.c. y—g(x)=x2(xx1)1 '=>(y—1)x2+(1—y)x+'1=0 (2) { 1+x 1 |
Nowxisreal,=>D20= (1’ —y)P—4(y- 1)>0 . _ From (1) /(2),wege';
= (-Dr-520 . o (1-x ,
= ye (oo, 1JU[S, ) B fG) 4 ) (e
6 go)=1= i —1.=>—x—1=——x,whichhas no ' A\ 64(1_—_1] |
. & x(x-1) ’ (x) 1+x lf‘x
solutions.. :
For Problems 7-9 | . _ R {f(x)} e (l ]
7d, 8.c,9.c . -X
- Sel. ' ' : ', . 7
Here, _7 4,23 ( )
SO+ 2@ + 3G+ nf () =t D S, for = &= T
n=2 -0 x= fOIT)=—40M*2)
Replacing n by n+ 1, we get
FQ+2@+3f@B)+--++ 1) f(n+1) For Problems 13-15
=(r+t)@+2)f(r+l) @ 13.4, 14.c, 15.c
From(2)-(1), weget = | ~Sol.  lgk)=Isinxl,xe R
(n+1)f(n+1D)=(n+1) {(n+2)f(n+ D)-nf(n)} : sinx|-L, —1<sinxl<0 e
=SS fqg(x)l)={ L A0 o
= nf(n)=@+2)f(n+1)-f(ntl) (Isinx[)*, 0<(lsinx|)<1
= =@+ ' sinx—1, —l1<sinx<0
Puttingn=2,3,4,...,weget : flgtx)= { 5 ] 7
2A@)=3R)=4@)=...=nf() . in” x, OSS“”_‘SI
From()./() 127 Q)+ Y+ ol ()= A+ D) nxnt, Guilm<r<om
Q)+ (n=1).nf () =n(n+1)f () i X nelZ
- Qifte@:606 , 6th Floor, Hariom Tower, Circul FRoad R,
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1-sinx, (n+)r<x<2nm

= If(g(X))l={ 2

. ,RE
sin?x, 2nr<x<(2n+Drm

13.d. Clearly h,(x) = (|g(x)]) = sin’x has period 7, range [0, 1]

and domain R. -
14. c. hy(x)=|f(g(x)) has domainR. -
y ’ .
¥ =g
2

Fig. 1.114
Also from the graph, it is periodic with period 27w and has
range [0, 2]. _
15. ¢. Forh(x)=hyx)= sin®x, xe [2n7Lj (2n+1)7],n € Zand has
-range [0, 1] for the common domain.
Also, the period is 27 (from the graph).-
For Problems 16-18
16.d, 17.d,18.c
Sol. Givena,,=f(a,)
Now a; =f(ag) =/f(¥)
= a,=f@)=f(fla)=rfof ®
=a,= fofofof ... f(x)
n times
16.d. a,=f(x)=(@@-x""
= a=f(f)=la-{a—x""}""=x
= a=fFUEN=/E)
Obviously, the inverse does not exist when m is even and
n is odd.
17.d.

. VNowiff(x)=l—_1—x::fof(x)= 11 =£__1

—1

1
= fofof ()= 15— =x
1-x

= a,= fofof ... of (x) = ——1— ifn=3k+1
n times —-x

71 en=3k42
X

=xifn=3k

yEAAL=1"4

+ BOARD, NDA, FOUNDATION:

18.c. Sincea,=g(x)=3+4x
o a,=g{g)} —g(3+40)=3+4(3+4)=(#-1)+4x
ay=g {2} =g(15+4%)=3+4(15+4x)=63 +4x=(4
—1)+4% ‘ :
Similarly, we get a, = (4" — 1) + 4"
= A=4"-landB=4"

n

n

- A+B+1=2""1|4-B/=1and lim
. n—oo

= lim (1—i) =1
noe\ 47

For Problems 19-21
19.a, 20.b,21.a
Sol.19.2  fi(»)= » and f(x) = x|
= f0)=f ) =20 =2}

Graph of f(x)

Fig. 1.115

4

f(x), —3,Sx<—1'
-1, -1£x<0
0, 0<x<2
f(x), 2<x<3

g =

7x2'+2x, “3<x<-1
-1, —1<£x<0
0, 0<x<2
x2-2x, 2<x<3
The range of g(x) for [-3, -1} is -1, 3].
20.b. Forxe (-1,0),f(x)+g0)=x"+2x-1.

~21.a. Obviously, the graph is broken at x = 0.

For Problems22-24

22.a, 23.d,24.c

Sol. 22.a.
2(f(x)) is not defined if .
(i)—2+a>8and(ii)b+3>8
a>10and b>5

23.4d. -
xe[-1,2]
= —-1<x<2
= 2<2x<4
= -2+a<2xta<s4d+a
— _2+g<-2and4+a<4ie,a=0

Office.: 606 , 6th Floor, Hariom Tower ‘& &aiiar Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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24.c.
Ifa=2,b=3
0 2x + 2 x2-1
x) =
3x+3 @ x<-—1
The range of f(x) is [0, o<).
For Problems 25-27
25.¢c, 26.c,27.c .
Sol. f2—x)=f(2+x) 4]
Replace x by 2 —x, = f(x) =1 (4 x) )
Also given f(20—x)=f(x) 3)

From (1) and (2), /(4 -x)=/(20-x)
Replace x by 4 —x, = f(x) =f(x + 16)
Hence, the period of /(x) is 16.
25.¢c. Givenf(0)=5.
26.¢. f(2—x)=f(2+x)
= y=f{(x) is symmetrical aboutx=2
Also f(20 -x) =f(x)
= f(20—-(10+x))=£(10+x)
= f(10~x)=£(10+x)
= y=/(x) is symmetrical about x =10
27.¢c. Iflisaperiod, thenf(x)=f(x+1), V x€ R

=/2)=fB3)=f(®)=5)=/(6)
which contradicts the given hypotheses that f(2)  f(6)

*. 1 cannot be period of f(x).
For Problems 28-30
" 28.¢, 29.¢,30.b
s go= {0
sin f(x), 0<Sf(x)sm
<, —7w<[x]<0, -2<x<-1
[x|+], —w<x]|+1<0, ~l<x<2
B sin[x], OHS[x]Sﬂ, -2<x<~1
sin(x|+1), 0 x| +1s 7, —1<x<2
[x], -2<x<-1
_{sih(|x|+1),.—1<x32 |

Hence, the domain is [-2, 2].
Alsofor-2<x<—1,[x]=-2,-1

and for—1<x<2,|x|+ 1€ {1,3]

= sin(|x|+1)e [sin3,1]

Hence, the range is {~2,-1} W [sin 3, 1]
Alsoforye {sin3,1],{y]=0,1

Hence, the number of integral points in the range is 4.

Matrix-Match Type

1. a—s; b->r; ¢c—p; dé—)q.
f(tan x) is defined if 0 <tanx <1

T _
= x¢€ [nﬁ, nn+z},ne I

f(sinx) if definedif 0 <sinx <1

= Offleee. 26081 6th Floor, Hariom Tower, Circula
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Functions 1.79
f(cos x) is defined if 0 S cos x < 1
: T .. X
= x€ [Znn: —5, 2n7r+5:|,n§ I ‘
f(2sinx) is defined if 0 <2sinx < 1 =0<sinx<1/2
= [2nﬂ:, 2n7r.+-765]u|:2nn‘ +£67£’ (2_n+1)7r},n el
2. a—p; bogq; c—>q,s; doPp,r
(@', x>0
[eo]
_ {l, x>0 |
-1, x<0’

Hence, f(x) is an odd function.

a f(x)= {(Sgﬂx)‘g""}"‘

h = +X 41
f(x) 12
= f(—¥)= 4 ;£+1= xe” ;£+l
e*-1 2 -1 2
_xe-xtx x
e —1 2
=x+ S P |
-1 2 e -1
=f(x)
7 _fo, Ifxis rational
“ ) 1, If x is irrational

If — x is rational

09
= fEx)= {1

If —x is irrational

10, If x is rational )
1, If x is irrational
d f(x) max {tan x, cotx}

From the graph of function it can be verified that f{x)
is neither odd nor even

Hence, f(x) is an odd function.
Also f(x+ 7)=max {tan(x + ), cdt(x +m}
=max{tanx, cotx}
Hence; f(x) is periodic with period 7.
3. aors; b->p,grns; c—>s. d—p.

a tan” 2x e(—z E)
1-x%, 272

71771'

Iio d Ranchi-1,

= 2tan” xeg

Ph.: 0651- 2562523, 9835508812, 8507613968
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= tan'”lxe(—%,g) = tan"'xe(-1, 1).

b f(x)=sin"!(sin x) and g(x) =sin(sin"' x)
fx)is deﬁned if sin x € [ — 1, 1] which is true for all
xe R
But g(x) is defined foronly x € [- 1, 1]
Hence, f(x) and g(x) are identical ifxe [- 1, 1].
- ¢ f(x)=log > 25 and g(x) =log, 5
Sf(x)is defined for Vxe R- {0, 1} and g(x) is defmed for
(0,0)—{1}.
Hence, f1 (x) and g(x) are identical if x e o, Hu, o0, |
d f(x)=sec”'x+ cosec Iy, g(x)=sin"'x + cos “lx
" f(x) has domain R— (-1, 1) and g(x) has domain [- 1, 1]
Hence, both the functions are identical only if x=—1, 1.
4, a—>rs; bors; ¢c>p,q; d—p,s.
a  f(x=cot! (2x—x*-2)
=cot! (-1-(x—-1)?).
-1-(x-1)2<-1
= f(0)= f(2). Hence f(x) is many-one. °

= cott (2x—-x%-2)e [—3:?, 71:]

Hence, f(x) is onto.
Also f(3)= f(-1), hence function is many-one.

-1-(x-1)*=-5.
h .
y
E n 2r
of = \3/ &
---------- 2.__.\2 2
Fig. 1.116
Clearly, from the graph that f(x) is many-one and onto.
C. . y
/y=4+32
(0, 4) ¢ ’
X
Fig. 1.117
d LetX={x,x,...,x }
Let f(x))=x,

= fUf&)=1&) = x

JEE (MAIN & ADV.). MED L
+ BOARD, NDA, FOUNDATION -

5. a—>p; b>q,r; c—op; dogq,r
Since f(g(x)) is a one-one function
= f(g0x) # f(g(xy) whenever g(x,) = g(x2) B
= (g(x)) # (g(x,)) whenever x; #x,
= g(x) is one-one.

If. f(x) is not one-one, then fx) = y is satisfied by
X=X, X,

= f(x))= f(xy)=yalsoif g(x) is onto, then
let g(x;) = x; and g(x)) = x,
= flgl)=f(g(x)

= [ (g(x)) cannot be one-one.

" 6. a—>q; boq; c—os; d-p.

a. f(x+m/2)=cos (lsin (x+ 7/2)| - |cos (x+ 7/2)])
= cos (|cos x| — |-sin x])
= cos (Jcos x} — |sin x])
= cos ([sin x| — |cos xI)
=fx)

b f(x+ #/2)=cos [tan (x + 7/2) + cot (x+ l 2)1. _

cos [tan (x + 7/2) — cot (x + 7/2)]

= cos [-cotx—tan x] . cos [-cotx +tan x]
= cos (tan x + cot x) . cos (tan x —cot x) -
=f)

¢. The period of sin™! (sin x) is 27. The period of €***is 7.

Thus, the period of f(x)=LCM (2x, m) =27
d The given function is f (x) = sin® x sin 3x

= (@)= (3smx;sm 3x)sin 3y

= f(x)= —z-(cos2x.—cos4x)—%(1—c_056x) »

= The period of f(x)is 7.
7. a—>s; b>r; e—os; d—>p.
o f(x) ecos4 x+x—[x}cos? xx
cos’mx and cos*zrx has period 1
x—[x]= {x} has period 1
Then the period of f(x)is 1.
b f(x)=cos 27m{2x} +sin 27 {2x}
The period {2x} is 1/2, then the period of f(x)is 1/2.
c. Clearly, tan 7[x] = 0 V x e R and the period of
sin 37{x} is equal to 1.
d f(x)=3x—[3x+al-b=3x+a-[3x+a]l-(at+h)
" ={3x+a}—(a+b)
" Thus, the period of f(x)is 1.
8. a—>r; bos; c>q; d—p.
a. f(x)=log, (5+4x—x2)
=log,(9-(x~— 2)9)

T@Tﬁ@é“”%ﬁ%?a“%fﬁ"Floor Hariom Tower, Circular Road, Ranchi- 1
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Now—c0<9—(x— 2)2 <9 Since f(x) is a polynomial of degree 5, f(x) cannot
But for f(x) to get defined, 0<9—(x—2)*<9 have even number of real roots. .
= —eo<log,(9—-(x—2)))<log,9 ' = £ (x) has all the five roots real and one root is
= —eo<log,(9-(x-2))<2 nggatlve. -
Hence, the range is (- o=, 2]. s. (S xlh=1. :
b f(x)=log, (x*~4x—5) _ = |5-|x||=7 U
=log((x—2)*-9) ) Draw the graph of y=7""and y =5 — | x|l
~ For f(x) to get defined, 0 < (x—2)*~ 9 <oo - Eons oo ® s

= lim logx <log (x—2)*-9< lim log x-
x—0 ¢ X—y00

y=15-Ixl

= —co< fx)<o0
Hence, the range is R. _
¢ f(x)=log, (x**—4x+5)
=log,((x— 27 +1)

(x—2)2+1€[1,) . ‘ - ly=7-M
» : Fig. 1.120
= log, (@®—4x+5)€ [0, ). o A .
d (x)=log, (4x~5-x?) , From the graph, the number of roots is 4.
= log,(~ 5~ (*—4x)) Bl Integer Type
=log,(-1-(-20) |
- Now;— 1 —(x—2)*<Oforallx : 1.(3) Wehave f(_Zx_—3) =5x—2 = f(5x-2)= 2x—3
Hence, the function is not defined.- . - * —? ’ x=2
9. a—>¢q. b—os. ¢c—op. dos. Let 5x~2=13,thenx=3
| N : . ’ 23)-3 _
=tanx=—- Hence /' (13)= ——— =3
By - .xz . | . £ <l 3-2
From the graph, it is clear that it will have two real roots - ; :
ai 14 . 2.(1) ||x2—x+4| —2| —3'l=x2+x—12
05l \/ / . N U
4 X = 1/X2 / - ) ) 2 -3| =+ -12
05,/ N / x "‘ x+2| -3 tx-l
~—__1/ , L
= 2 x 3m2 271 ' ) 2 . _1l= _19
0“1’1 7 —7 ‘ =>lx x1|>x2+x 12
15 / [ = 2x=11
. / ' [ = x=112 ' |
. 3.(5) fix) and f~ l(x) can only intersect on the line y = x and
Fig. 1.118 , :
_ therefore y = x must be tangent at the common point of
¢ See the graphs of y=2***and y = |sin x|. Two curves tangency
meet at four points forx € [0, 27]. ' 5 3 -Tx+c=x C
y - , = 3P —8x+c=0 ..
= poosx ' This equation must have equal roots
2 .................................................. y—- = 64_120—_-0
Al DBy e : . ISlan 12 3
12 S R S A N 4.(5) x!—(x—l)!¢0 = xc I“_{l}
. N, )
o 2 ™ 32 2z swn'x 5 4 astan” x < T
Fig. 1.119 ' 2

So, the equation 2°¢* = |sin x | has four solutions.

(x—4)(x-10) <0

r. EEFiGES| BP0 nabHidaos, fdc&rdmm Tower',(x.cg?égdll r Road, Ranchifi,
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5.4) Putx=1landy=1, 1 1 ) |
fz(l)—f(l)—6=0 . x= —;;x+; =1 (rejected) , -
= f(H=3orf(1)=-2 _ ~ Hencex=1or-1
& aoWe Now puty =1 3 19.(7) Obviouslyfis alinear polynormal :
) 1 2x +1 Let flx)=ax+bhence f(2 +x+3) + 2 (P —3x +5)=62"—
o F)- D= fo)+2 (; ] £ )+2( ) e fe s B fee 9=
=\4= =1 22x +1) = [a(x2+x+3)+b]+2[a(x2 3x+5)+b]=6x"— 10x+17
+(l)93 ‘=> JOUD)-1]=——= = a+2a=6 0))
wput $x2495 4 = a—6a=-10 L
P = f()= 2(2x +1) (comparing coeff. of x? and coeff. of x on both sjdes)
%}1 M -1] _ ‘ S a=2
2 2 : Again, 3a+ b+ 10a + 2b =17 (Comparing constant term)
3 Forf(1)=3,f(x)= ztl. o M = 6-g+b+2o+2b=17 (Comparing
2(2x +1 ) : : s f)=2x-3
" and forx=-2,f(x)= —(—%——)- [VA) = f(5)=17
_ * © 10.09) Givenfx+2)=fx)+A2)
.= fA)=4 | Putx=-1,wehavef{)=f-D+/2)
64T Let2x+v=3x—v = 2y=x = y=2 = f(1)=—f(1)*+£2) (as fx) is an 0dd function)
@ yRey = Y ar = f@=21)=6
) L x : Nowputx=1,
..Puty—E We have f(3)=f(1)+f2)=3+6=9
N os2 s 11.3) f()+f-2)=0
= f(x)+f(—) + = f( )+2x +1 = f(x)is an odd function.
2 2 Since points (-3, 2) and (5, 4) lie on the curve, therefore
' x? (3,—2)and (-5, —4) will also lie on the curve.
= )=1-— v For minimum number of roots, graph of continuous
2
= fl4)=-7 : function f(x) is as follows:
: Y,
7.(5) Asa>2,hence T (5,4)
a>2a>a>2 ' v A ] 3.2 1 o
- now (x—a) (x—2a)(x- <0 ,
= the solution set is as shown ' g AR X
[ ' < ) ) 2 4 ' . ) / . :: ( . _2)
0 a . 2a a (~5.-4)
. Fig. 1.121 . : o Fig. 1.122
between (0, a) there are (a — 1) positive integers and From the above graph of f(x), it is clear that equation f{x)
between (2a, a2) there are a* — 2a — 1 integer = () has at least three real roots.

. -2a-1+a-1=18 = d*-a-20=0
(@a-5(@+4)=0 , 12.(3) f(x)=_,/sinx+cosx +\f7x—x2—6
noa=5 Q
ﬁs1n(x+ ) +(x-6)1-x)

8.2) f(x)+ f(l) x4t
- T Ax X :
Now f{x) is defined ifsin x + Zl>0and(x-6)(1—x)20
. 1 1 1
replacingx = —; fI — |+ f(x)=— +x 4
ro x ¥ ' T

: 1 = 0<x+—<mor 2n<x+—<37w and 1<x<6

= — +x=x" 4= 4 4

* x = —ESx$3—n or Zl:-SxS£7E andleS6.'

1 5 1 4 4 4
~GRir V7 4 ' 3n| [7%

x 4 _ = xe [l,——]u[—,G]

1 (.1 1 4 4
= QR > x+; ' o Integralvaluesofxarex 1,2and 6

1 . : e 13.(8) Since fis periodic with period 2 and f(x) = x V xe [0 1]
= (x——)(;H-——l) =0 } ' also S(x)iseven

* x = symmetry about y-axis

Office.: 606, 6th Floor, Hariom T owergddisau] arskoad, Ranchi-1,
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? - 18.(7) Wehave f(2x)—f(2x) f[zix) +f(16x%y) = £(-2) - f(4xy)
/ 9\+4-’q’ ¢ | . 1 '
ool 1 y ::351144 X Replacing y by g,weget

Fig. 1.123

f(3.149)=4-3.14=0.86
14.(6) Let x* = 4 cos’0+ sin’0 .
then (4 —x?)=3sin%0 and (x**-1)=3 cos’6 _

f(x)=\/§|5in9l+\/§|cose|
V3 and

i
Hence range of f(x) is I:«,/_ 3,6 :I

Hence maximum value of (f1 ®)is6

[+ 1)
[ 'x+1‘ +l—_x}
[ +1 1-2°

150) g)=

o Ry

[ 1 L1 ]
_x2~x+1 1+x+x°

[ 22 +1) }

_»(x2 +1)2 -x?

N | =

_ x? +1

e+l

4_

! L g0)=1
x® +1

16.(4) f(x) =[8x+7]+|tan 2mx + cot 27x| —
=[8x]—8x—7 + |tan 27mx + cot 27x|
=— {8} + | tan 27x + cot 27mx | +7

Period of {8x} is 1/8
Also, |tan 27mx + cot 27mx]|

sin27mx | cos27mx| l 1 |

+ =|2cosec4mx]
cos2mx  sin2mx | | sin 27x cos 27rx|
~ Now period of 2 cosec 47mx is 172, then period of |2cosec

47x|is 1/4
" 1 1 N |
*. Periodis L.C.M. of —and — whichis —
8 4 4

17.(0) Letx= lel + 121 + lel
a b ¢
If  exactly one —ve, thenx =1
Exactly two —ve, then x =—1

All three — ve, then x=-3

22.(7) (—

re9-sea (L) vre-rea- /(5]

f<2x>+f(i) =f(2x)’f(i] [Asf@)iseven]
. 2x 2x
Sf2x) =1+(2x)" ‘
= f)=1xx" :
Now f(4)=1+4"=-255  (Given) :
Taking negative sign, we get 256=4" = n=4
Hence f{(x) =1 —x* which is an even function.
= f(=-15

.2 o 2 b4 ] /4
19.(1) f(x)=sin"x+ sin x+§ + cOs x cOS x+5—

=sin’x+ i—(sinx+ 3 cosx)2 +%§osx(co§x—ﬁsinx)

= —5-(sin2 x + cos? x) ==
4
(gof ) x=glf(x)]=g(5/4)=1
20.(7) From E to F we can define, in all 2 %2 x2x2=16{unctions
(2 options for each elements of E) out of which 2 are into,
when all the elements of E eithermap to 1 orto2
. Number of onto function =16 -2 = 14
21.(1) Given f{(fx))=—x+1
replacing x — f(x)
S =)+ 1
f-x) =) +1
SO +f1-x) =1

N

‘3 6x+10-x7 27
1)
D g
= 6x+10-x*>3
X —6x-7<0
L EHDE-7<0
= 0,1,2,3,4,5,6
23.(6) = ke odd

fE)=k+3

fywy=
If kt3 isodd=27= k—;3 +3 = k=45 not possible

k+3 is even

k+3 '
ﬁlﬂ(f?f*ﬁecéznﬁ% 6th Floor, Hariom Tovver”dff(&?ér l& “Ranchi-1,
en the required sum lfjih 0651- 2562523 98355088119 8507613968 :
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Zeﬁlfz')ingﬂf (f(105)))=£(f(108)) =f(54) =27
" k=105

24.(3) Clearly fundamental period i 1s , then z lies i in the third

quadrant
25.(1) log, (x* x+2)>loga( 2 +2x+3)

142 299
Putx= =1 > log, [ 22
Ty Og"(Sl) %[81)

81 <-81
= log, (@ —x+2)>log, (-x*+2x+3)
ngesO<x2 x+2<-22+2x+3

CF-x+2>0 and 20 -3x-1<0

= 3_\/— <x<——'—3+\/—
4 4 :
26.4) Q¥ —4-2°+4)+1+|b—1|-3|=|siny|

= (2°-2)+1+|b—1]-3|=]siny]
= (25 -2)+1+||p-1|-3|=|siny|
LHS>1andRHS<1
=2,b-1/-3=0
= (b 1)=+3
= b=4,-2

27.3) fBn)=f(f(fm)=3/(n), VneN
- Put n=1,/3)=3f(1)
I A= l,thenf(f(l)) =f()= 1,butf(f(n))=3n
= f(f(1)) =3 giving 1 =3 which is absurd.
o )=l
A 3=fUa)>f)>1
-So AhH=2
SO =f(f1)=3
28.(3) log;; logy(sinx+a)>0
= 0<log;(sinx+a)<1
1<(sinx+a)<7 VxeR['@ should be less than the
minimum value of 7 — sin x and ‘a’ must be greater than
" - maximum value of 1 —sin x]
= l-sinx<ag<7-sinx ¥ xe R
2<a<6 .

29.(9) g(x)=— tanf1 [x}+1 =-sgn (g(x)) =1

= sin®x — cos?x = 1

= sin?x = 1 + cos™x which is possible if sin x=1 and cos x =0

. /s
= sinx=1,x=2nx+ 5

hence — 107t<2n7:+ E<87r:—2<n<1§
2 4 4
= -5<n<3
Hen

+ BOARD, NDA, FOUNDATION

a® + b + ot +dx* +15x +1
' x

307 fx)=

ax! +bx° +cx’ +dx+l-{-15
x

—_

= .

odd function

Now f(x) +f(=x)=30
(-5)=30-£(5)=28

Archives

Subjective

1. Since f(x) is defined and real for all real values of -
x, therefore domain of fis R.
2

Also, 5 20, forallxe R

1+x

5 .
2'<1( ¥ <1+ x° )forallxeR

and

1+x
. 2
0<

——5 <1 = 0</@<I
X N ’

= Therange off¥ [0, 1).
Also, since f(1)= f(~=1)=1/2
s fisnot orie-to-one.

2. y=|x|”2,—15x51

A N-x, x<0
«f;, x20
= p?=—xif-1<x<0andy’=xif0<x<1 "
. [Here y should be always taken +ve, as by definition,
yisa+tve square root]
Clearly, y° = — x represents upper half of left-hand

parabola (upper half as y is +ve) and y = x represents
upper half of right-hand parabola.

Therefore the resulting graph is shown as

y
y=Vx y=x

X — X
O
%
. Fig. 1.124
3. f(x) X —oxT+12x8 45 T3+ 6x +x—3

Then f(6) 69 6x68-2x6"+12x6°+6* - Tx6
+6><62+6 3

c ber of v, of
oifice *RUE °"5th Floor | Hariom Tower, Circular Road, Ranchl 1,

Ph.: 0651- 2562523 9835508812 8507613968
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L E—2X6+2X6+6—TXE+E
: +6-3
=_6+6+6-3
4, Casel f(x)#2istrue, f(y)=2and f(z)#1 are false,
- then f(x)=1or3, f(»)=1o0r3and
f@=1 '
= f isnot one-one
Casell f(x)#2is false, f(y)=2istrue, f(z)#1is
: : false, then f(x)=2, f()=2, f(9)=1
= not possible

Caselll f)#2is false, f(y)=2is false, f(z):ﬁlls
_ true, then f{x) =2, f(y)=1or3, f(z)=20r3

= f(0)=2,1@)=3,/0)=1
5. Giventhat f(x+y)=f(x) /() V x,y€ Nand f(1)= 2
L f@=fA+D)= ) f(D)=2
= fB)=fQ+1)=fQ)f()=2x2=2}
Similarly f(4)=24 e, f)=2"
> f(a +k)= Zf(a)f(k)

k=1 . . k=1
'.'= @Y fa
- k=1

= f@Lf )+ f(@)+--+ f(m)]
= f@)2+2% - +27]

-so {5

From Ef a +k)'=16(2" —1),f(a)=8=23 = a=3.

6. Given that 4{x} =x+[x]
where [x] = greatest integer <x and {x} = fractional part of
x
We know that x = [x] + {x}, foranyx € R

. Letusput y =:

T = a>—% and (a-2) (- 14)(a+8) <0

+ BOARD, NDA, FOUNDATION

Functions 1.85

5 %{x}=0
= {x}=0 .~x=0+0=0

[Using equation (1)]

I’ [x]= 1, then

% {x}=1 _ [Using equation (1)]
= {x}=283 '
= x=142/3=5/3
Thus, x=0,5/3

ox® +6x—8

o+ 6x—8x>

= (a+6x—8xY)y=ox’+6x-8

= (o+8)x*+6 (1-y)x—(B+ay)=0

Since x isreal,

36.(1-y)2+4 (@ +8y) 8+ y) 20

= 9(1-y)*+(a+8y) (8+ )20 .

= y2(9+8a)+y(46+ o) +(9+80)20 1) -
For(l)toholdforeachye R, 9+8a>0and(46+a ) —4-
(9+80)* <0

S oa>- % and [46 + 0% —2 (9 + 80)] [46+ &7 +2

. (9+8a)]<0 |
= a>—%and(a2 160:+28) (0 + 16a+64)<0 -

[ (a+8)220]

= a>—'-Z- and2< <14

= 2<a<14
. av? + 6x—38

or 822 willbeonto if2< <14
a + 6x —8x : )

Thus, f (x) =

3x2 +6x — 8 -
When =3, f(x) =———>— in this case f(x)=0

3+ 6x — 8x

. Given equation becomes. implies 3x” +6x—8=0 S
A =R I 6+ 36196 _ 6132 _—6+2V33 -
= 3{x}=2fx] . = Xx= 6 = 6 = 6 :

3 : : = —(3x+33)
= [x]= 5 {x} , M ' : 3( \[—)

’ 1 1

Now 0< {x}<1 Thas, f[g(—3 ; J§§)]= f[§ (_3_5)}0.
= 0< 2 {x} <= Therefore, f is.not one-to-one. .

2 2

: Objective

= 0<[x]<Z [Using equation (1)] Fill in the blanks

1. For the given function to be deﬁned-—z- ~x 20
ﬁ]u:g 606 , 6th Floor, Harlom Tower, Circplar Read, Ranchl 1
" Ph.: 0651- 2562523 9835508812 8507613968




R. ? JEE (MAIN & ADV.), MEDICAL
N W}$'0|I\X|/|(13A|\_I,A-\é1§<|§ss FBOARD, NDA, FOUNDATI N -

1.86 Calculus
Dy=[-n'+, 7/4] . Alsoforx e (-2;1),sinx € (— 1, sin 1) as shown in graph.
'5. According to the given data, there can be two possible
Now forx € [ 7/4, /4], ? / 16 - x* € [0, ”/ 4] andsine linear functions, one is increasing and other is decreasing. .
function increases on [0, /4] Clearly, from the diagram, the funct10ns are f(x)=x+1or
(_— - f)=-xtl : _
sin 0 < sin ——x <sm7r/ = : : L
: 6. Giventhat f(x)=f (__x:-;] and f is an even function
_ v x . ,
=;-> O<3sm,’——x 3 ‘ : S . f@=fCD=f -x+1 |
2 » b Tl=x+2 ‘
. : —x +1- 2
. : = — -3x+1=0
f(x)e[ ] , - = T TR T
3+45
. . x2 = X= .
2. For f(x)to be deﬁned, we must have -1 < log, > <1 2 : _
- Nt S [x+1
o | Also f(-2)= f( . )
= 2'<X <ol s1<a?<4 \x+2
. 2 X + 1 2 .
= xe[-2,-1]U[1,2). =—x=>x"+3x+1=0
3. Set A4 has »n distinct elements. - x+ 2
Then to define a function from 4 to 4, we need to =3+ 5
-associate each element of set 4 to any one of the n Ok N .
elements of set 4. So, the total number of functions from S ’

- - —3+4/5
set 4 to set 4 is equal to the number of ways of domg n _|ob " ..~ Four values of x are - 4 \/g 4 3 \/g s 3 \/—
where each job can be done in n ways. The total number -2 2 2
of suchwaysisnxnxnx...Xnn-times. = - : ' y_a : : —3-45.
Hence, the total number of functions from 4 to 4 n” . . . 2 ’
Now for an onto function from 4 to 4, we need to associate . '

. ! ; . U
each element of 4 to one and only one element of 4. So, 7. f(x)=sin?x + sin? (x + —) +cos x cos (x + 3)
the total number of onto functions from set A to A'is equal ' 3,
to the number of ways of arranging n elements in the NP W 2
range (set A4) keeping n elements fixed in domain =sin’x + 1 (s1px+ 3cos x)
_(setd).n elements.can be arranged in n ! ways. ' . ' 1
“Heénce, the total number of onto functions from 4 to 4 is n! 4 N\ 3 cosx (cos x—+/3 sin x) :
' : S 4 —x? :
. 4. The given function is, f (x)=sin ln[ - J _3 (sm X +cos x) =2
{1 1-x 4 4 -
Sine function is deﬁned for all real numbers. : “(gof)x=glf)]=g(5/ 4)'='1
But logarithmic function is defined only for positive 8. Fordomain
values. - ' 2
. . 2 1< 8. 3x <1
. 4- = —x-- =
Then * > 0 132D
1-x
: x x—2
-3

= "l1sT sl

3;:_3:-2
a1 = For [z 150
Fig. 1.125 | -
- i : x X — —1
1-x>0als04—x>>0 I il it | Y
E . - - . 31— __1)
¥<land—-2<x<2 (

xe (=2,1) :
Domam of fis(—2,1).

Office.: 606, 6th Floor; Hariom Tower Clrcular Road, Ranchl 1,
- Ph 0651- 2562523 9835508812 8507613968
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3).’ _31—2
Forﬁ,_—zﬂzo

F2-DE +D)

= @E¥ion

= X€ (—oo,l)u[2, o0)
So,x € (—,0] U[2,)

True or false '
1. f()=(a-x")"" a>0,nis+ve integer

= 7(r@)=s]la-=)"]

n 1/n
= (a—a+x ) =x
Statement is true.

X +4x +30  (x+2)" +26°
x2 —8x +18 (x —4)2 +2 Y.

2. f(x)=

For y = 0, there is no pre-image x € R
fis not onto.
Statement is True.
3. We know that the sum of any two functions is deﬁned only
on the points where both f; and f, are defined, that 1s
f1 + f, is defined on D; N D,.
“The given statement is false.

Multiple choice questions with one correct answer

1.d. f(x)= lesmany-oneasf(l)—f(—l) 1.

Also fis into, as the range of function is [0, e) which is

subset of R (co-domain). ‘
fis neither m_]ectlve nor suxjectlve

- ' 2 '

- . For entire graph to be above x-axis, we should have

2
9—(5) >0
2
= KP-2%-35<0=(k-T)(k+5)<0
o= -5<k<T )
3.d. fx)=px—1]
= fGP)= |x2—1|and(f(x))—lx P=x*-2x+1
= fE2(®)Y -
Hence, option a is not true.

e+ =f@)+f(y) = k+y=1]= |x 1j+p-1l which is
absurd Putx=2,y=3 and verify. .

6.c. y=

Functions 1.87

Consider f(|x [)=1/(x)]
Putx=—5, thenf(| - 5[)=/(5) =4 and | f(-5)|=|-5~ 1| =6.
¢ is not correct.
4.c. Letlx—1j+px—2|+[x-3|<6
= Je-D)+E-2)+ -3 <g-1l+-2+R-31<6
= [Bx—6]<6
= pk-2<2
= -2<x-2<2
= 0<x<4 (
" Hence, for pr— 1|+ x—2|+|x—3|26,x<0orx24.
5.d. f(x)=cos (logx) '

= fOfO)- %[f G) v f (xy)]

= cos (log x) cos (log y) - = [cos (log x log y)]

+ cos (log x + log ¥)]

5 . 1 .
= cos (log x) cos (log y)— 7 [2cos (log x) cos (log y)].
=0 '
+ ’
101%’10(1 ~x)
y=f@)+g®)
" Then, the domam of given functlon isDy M D,.
1

Now, for the domam of f(x)= 1, glO a —x) ,

we know it is defined only when 1 —x>0and 1 —x#1

= x<landx#0. D=(-c0, 1)~ {0}

For the domain of g (x) = /X + 2

x+ 2 20=>x2-2

=F-2,)

common domainis[-2,1)— {0}

7.a. f(x)= {x} is periodic with period 1

f(x) =sin l for x# 0, £(0) =0 is non-periodic as

gx)= —1- is non-periodic

Also f (x) = x cos x is non-periodic as g (x = xis
non-periodic.
8.b. y=2C"D=ox?—x— log, y="0;

= x =%(1 + 1 +4log,y )

Since x € [1, =), we choose x =

> (l + 1 +4log, x )

(1414 2 l-ogzy)

t'\)lv-‘

o )=

HencG)fft| e 5 606 6th Floor Harlom Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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1.88 Calculus

9. d. We have fog (x) = f(g (x)) = sin (log. [x])
logel x| has range R, for which sin(log | x|) € [~ 1, 1]
: ={u:-1<u<1}

AlSO gOf (*)=g (f(x)) = log, |sin x|
s 0<|sinx[<1
= —eo<log,[sinx| <0
= R,={v: —oo<v<0}
Since f (x) (x+1)*~ 1 is continuous function, solution of
fe) =71 x) hes onthe liney=x

= fO="®=x "

= (x+1)P-1=x

= X+x=0

= x=0or—1

= The required setis {0,—1}.

10.c.

11.d. f(x)is continuous forallx>0and f (i] =f(x)=f( y)
: Yy

Alsof(e)=1
= Clearly, f(x) =log, x satisfies all these properties.
f(x) =log, x, which is an unbounded function.

Itis giventhat2"+2”=2 Vx,yeR

= =2-2F

= y= log2(2 -2%)

=> Function is defined only when 2 — 2> 0 or 25 <2
orx<l

12.d.

-Lx<0

“13.b. g)=1+ {x},f(x') =

0, x =0 where {x} represents the

1Lx>0
fractional part function.

=1, 1+{x} <0

= f(g@®))=40, 1+{x} =0

1, 1+{x} >0

= f(g(X)) L1+{x}>0(-0<{x}<1)
= f(g@)=1V xeR
14. a. f:[l,oo_)-—)[Z,oo)

 f@=xri=y
- X

= xz—yx+l=_0

2
<4
= Xx=. 24 -

~Butgiven f:[1,00) —[2, )

_yHNy 4
2
- f_"(x) =L sz_4 ‘

2

logz (x + 3)
15.d. For domain of fx)= —*3——5
+3x +

16.a.

17.d.

18.d.

19.a.

20.b.

2l.a. For f(x)=,[sin”"

+ BOARD, NDA, FOUNDATI N'_

x*+3x+2#0andx+3>0 :
= x#-1,-2andx>-3 i |
Dy=(-3,0) - {~1,-2}. .
From E to F we can define, in all, 2 x 2 X 2 x 2= 16 functions
(2 options for each elements of E) out of which 2 are into,
when all the elements of E map to either 1 or 2
No. of onto function=16-2=14.

f=25

f(f(x));x:@ . |

ox
x+1

sy X#—1

oa’x

(@+1)x+1
= (@+t)x?+(1-a?)x=0 Q)
= q+1=0and1-a*=0

[Astrue Vx#—1

=1

- Eq. (1) is an identity]
= oa=-1. ' -
Giventhat f(x)=(x+1)%, x>—1
Now if g(x) is the reflection of £ (x) in the line y=x, then
g (x) is an inverse function of y =f(x).
Giveny=(x+1)*(x>~1andy=0)

= x=i»\/;—l ' ~

= g@="T®=Vx -1,x20
Given that, f(x) =2x+sinx,xe R
= f'(x)=2+cosx
but-1<cosx<1
= 1<2+cosx<3
- f'®)>0,yv xeR
= f(x) is strictly increasing and hence one-one.
Alsoasx —> o, f(x) > 0and x — — oo, f(x) > — 00’
Range of f(x) =R =co- domam of f(x)
= f(x)isonto
Thus, f (x) is one-one and onto.

Given that f: [0, <) — [0, ), f () = Y +1

1+x-x 1 >0
; = - P N x
1z (+2f 7

fis an increasing function = f'is one-one
Also D=0, ).

5 f’(x):

x Y
And fi let —=y=>x=—
or range let y ’ -

wx20=>0<y<1 -~ Rf= [0, 1) ,# co-domain
[fis not onto
Hence, D, # R,=> fis not onto

(2x) +% to be defined and real

Office.: 606 6th Floor, Hariom Towét"“ é‘w@ulza?r Road, Ranchl 1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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22.c.

23.b.

24, a.

' fRSRfR) ={

_g:R—)R,g(x)={

25.d.

= sin!2x>— % (1)
But we know that — 77/2 < sin”! 2x < /2 )
Combining (1) and (2), — 71/6 <sin™ 2x < 70/2

= sin(—7/6)<2x <sin ( 7/2)

= -12<2x<1
=

-1/4<x<1/2
11
D, = —
4 [4.2]
2 (x* + x +1) +1
Wehavef(x)=x2+x+2=( S )
x° +x +1 x° +x+1
el

(x+3) +3
x+=| +=
T T2) T4

We can see here that as x — oo, f (x) — 1 which is the
minimum value of /(x). '

Also f(x) is max when (x + %) +% is minimum which is

so when x=-1/2.

1
—1+—_73

R;=(1,7/3]
f(x)—smx+cosx g =x*-1
= g(f(x)= (smx+cosx)—1~sin2x
/4

Clearly, g (f(x)) s invertible in— g_s <2

G sin 0 is invertible when— /2 <0 < 1/ 2)

7[ T

= -ZT<x<Z

47T 4
We are given that”
0, x € rational
x, x € irrational

0, xe irrational
X, x € rational"
(f—-2):R —5 R such that

-2 (-]

Since f— g : R — R for any x there is only one value of
(f (x) — g(x)) whether x is rational or irrational. Moreover,
asx € R,f(x)— g (x) also belongs to R. Therefore, ( f—g) is
one-one and onto. '

Given that X and X are two sets andf: X > Y. {f(c)=y;
ccX,ycY}and {f d=x;dcY,xc X}.

—x if x € rational

x if x € 1rrational

The plctonal representation of given information is as
- show

Functions 1.89

: f(a)
Fig. 1.126 : ‘
Sincef'd.=x
= fx)=d
Nowifacx=f(a)cf(x)=d
= fT[fa=a

f7 (f(@))=a, a cx is the correct option.
Multiple ‘choice question with more than one answer

x+2

1. a,d leenthat f x)=y= l'
v I x 42 e
a.Letf(x)=;—_—1-=y=>'x+2=xyfy

+
s 2t2

= =x=10)

ais correct.
‘b f(1)#3 .. bisnotcorrect.

x-1-x-2 -3
¢ fi{x)= =
' (=17 (x x=1)
= f(x)is decreasing Vx#1
;. cisnot (;orrect

TdfM=

. d. is the correct answer
4 Thus we get that a, and d are correct answer.
© 2. b.c. As(0,0)and (x, g (x)) are two vertices of an equilateral
triangle; therefore, length of the side of Ais

= (=00 + (s(x) -0 =yf#* +(g(x)) L
T et

<0forVxe R—{1}

+2 .
= is aratlonal functionof x

The area of equilateral A=

N

= g(x)"‘=1—x2

= gl)==%1-x
- b, care the correct answers as a is not a function
(- image of x is not unique).
3. a,c. f(x)=cos [#*] x + cos[-7%] x
We know 9 < 7° < 10 and ~10 <—7* <9

Offlce 606 , 6th Floor, Hariom Towee, Cilleedai- R]Ga@ Ranchi-1,
Ph 0651- 2562523 9835508812, 8507613968
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4.b.

= yt5=3x=>x= 3

= f(x)=cos 9x+ cos (-10x)
= . f(x)=cos 9x + cos 10x’

a. f(g—) = cos%r +cos5w =—1 (true)

b f(7)=cos 97+ cos 10z=—1+ 1 =0 (false). |
¢. f(-m) = cos (-97) + cos(-107) = cos 97 + cos 107

=-1+1=0(true)

d f (— =c059—+coss—7r =cos(27c+—)+0 (false)
4 4 2 4

Thus, a and e. are correct options.
f{x)=3x-5(given)
Lety=f(x)=3x-5

y+5 -

x+5

= o=

. Iff(x)=sin xandg(x)=\/; ’

Now, fog=/(g ()= F&x) =sin®Jx-

~and gof (x) = g(f (x))=g (sin’x) = v/sin® x —|smx|

again if f(x)=sinx, g (x)=| x|

- fog(x)=f(<§'(x))=f(lxI)=SlnlxI?&(Sin\/;)2

, Wh'enf(x)=_xz,g(x)‘=sin Jx

fog (6)=FTg ()] =f(sinx )= (sin/x )’

and o)) = g [ (9] = g () = sin ¥ =sin x|

#|sinx| -
- ais the correct option.

R Wehavekf()

‘ +'BOARD”NDA FOUNDATI

Match the following type

(x —5) (x —1)
(x -2)(x-3)

X% —6x +5.
x? —5x+_6

a—P,T,S. o) )
(-ve)(-ve) =+ve ~f(x)>0
(x+1)
(x-2) (x-3) ‘
—(+ve)
ERIEm
= fM)-1<0=f(x)<1

. 0<f(x)<l
‘b q,s.

If-1<x<1,then f(x)=

-=x-1
x* =5x +6

Alsof(x)-1=

for-1<x<1,f(x)-1= =-ve

(—ve) (+ve) _
(~ve) (~ve)
. f(x)<Oandsof(x)<1

€—>q,S. .
If3<x<S5then

(o) (+ve)
Sx)= (+ve) -(+ve)
. f(x)<0 andsof(x)< 1.
d —p,1,S.
Forx>5 f(x_)>0

ifl<x<2thenf(x)=

=—Ve

~(x+1)

Also f(X) - 1= m<0f0r.¥>5 .

= f@<1,.0<f0<1

Office.: 606 ,, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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2.2 Calculus

CONCEPT OF LIMITS

Suppose f(x) i_s areal-valued function and ¢ is a real number. The

‘expression lim f(x) = L means that f(x) can be as close to L as
x—¢ .

desired by making x sufficiently close to c. In-such a case, we say
that the limit of f, as x approaches c, is L. Note that this statement

is true even if f(c) # L. Indeed, the function f(x)need notevenbe - ‘

defined at c. Two examples help illustrate this.

Consider £ (x) = Zx
- - ' x“+1

defined at 2, and it equals its limiting value 0.4. -

As x approaches 2, f (x) approaches 0.4 and hence we have
lim f(x) = 0.4. In the case where f(c) = lim £ (), 1 issaid to be
x—2 o . x—c

continuous at x = c. But it is not always the case.

5 ,ifx#2
x° +1

0 if x=2

“Consider g(x) =

This limit of g(x) as x approaches 2 is 0.4 (just as inf (x)), but

J1(1_)II; 8(x) # g (2): g is not continuous at x = 2. Or, consider the case
where fx)is und¢ﬁned atx=c. -

-1
f&= 7=

in this case as x approaches 1, f(x) is undefined

(0/0) at x = 1 but the limit equals 2.

Thus, f(x) can be made arbitrarily close to the limit of 2 just by
making x sufficiently close to 1.
Formal Definition of Limit-

- Karl Weierstrass formally defined limit as follows:
Let f be a function defined on an open interval containing ¢
(except possibly at ¢) and let L be a real number (Fig. 2.1).

y A

> X

(o] c

.the neighbourhood of 'a

JEE (MAIN & ADV.), MEDICAL
BOARD, NDA, FOUNDATIQ

T D ’ ’

lim f(x) = L means that for each real £> 0 there exists a real
xX—=C

&> 0 such that forall x with 0 < [x— | < §, we have | f(x) - L| <& or,
symbolically,

Ve >0,36>0, Vx O<px—c<d = If ®)-Li<e)

Compared to the informal discussion above, the fact that £ can
‘be any arbitrarily small positive number corresponds to being
able to bring f(x) as close to L as desired. The 6 marks some
“sufficiently close” distance for values of x from ¢ such that /' (x)
stays within a distance less than £ from the limit L. ¢
- The formal (g, §) definition of limit is called the delta epsilon.
Caution: It should be noted that this definition provides a way to
recognize a limit without providing a way to calculate it. One often

" needs to find limit using informal methods especially when f (x) is

discontinuous at ¢, for example, when f is a ratio with a
denominator that becomes 0 at ¢. One can check that the result
actually meets the Weierstrass definition in such cases.

Neighbourhood (NBD) of a Point

Let 'a’ be a real number and let & be a positive real number. Then
the set of all real numbers lying between a — §and a™+ 6 is called
'of radius ‘6” and is denoted by N (a).

Thus,N5(a)=(a—5_, a+8)={xe R|la-6<x<a+8}

- Theset(a— §, a) is called the left NBD of 'a' and the set (@, a + )

is known as the right NBD of 'a’
Left- and Right-Hand Limits

Let f(x) be a function with domain Dandlet'a' bea point such
that every NBD of 'a’ contains infinitely many points of D. A real

-

number £ is called left limit of f (x) at x = a iff for every £> 0 there .

existsa 6> Osuchthata -~ S<x<a=|f(x)—{| <€

In such a case, we write lim f(x)= 2.
x—=a

Thus, hm_ S (x)=4¢,iff(x) tends to £ as x tends to 'a’ from the

left-hand side.
Similarly, a real number £’ is a right limit of f (x) atx=a 1ﬂ' for

every £> 0, there exists §> O such thata <x<a+8=>|f (x)—- 2|

<eandwewrite Lim f(x)=¢".
x—=a -

In other words, £’ is a right limit of f (x) at x = @ iff /(x) tends to

£’ as x tends to 'a’ from the right-hand side.

Existence of Limit

It follows from the discussions made in the prévious two sections

that lim f(x) exists if 11m f (x) and hm ! f(x) exists and both are
x—a
equal.

Thus, im f(x) exists <. lim f(x)= lim f(x).
x—a” . - x—a~ x—a*

Lo - . -1 "
For the functions such as f(x) = cos™ x, lim cos " x does not
x—=

-exist as function is not defined towards right-hand side. However,

lim cos™ x exists, and is equal to 0.

x—=1

Office.: ﬁQﬁl, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651- 2562523 9835508812 8507613968

N.



JEE (MAIN & ADV.), MEDICAL -

Indeterminate Forms

If hm f x)= hm g(x) 0,then lim ——= J&) takes the form — 5 wh1ch

x—a g(x
seems to be undeﬁned or meaningless. In fact, in many cases this

_limit exists and has a finite value. The determination of limit in

such a case is traditionally referred to as the evaluation of the

indeterminate form %, though literally speaking nothing is

. . . . 0 .
indeterminate involved here. Sometimes 6 is referred to as

undetermined form or illusory form.

Consider lim f (x; . Let it take 9 form.

x—a g(x

+ BOARD, NDA, EQUNDATION

Limits 2.3
Thus, lim &= can take any real value or simply hm &)
x—a g(x) a g(x)

cannot be determined by preliminary methods.
Thus, this form is called indeterminate form.

Other Indeterminate Forms

o Yoo O
D e, Yy 0

0.

3 0 0
i) OXoo= =—
(@ 7o 0
(@) y=0°=>logy=1log(0%)=>0xlog(0)=0xoo
(i) y=0c0 =5 logy =log(s") = 0 x log(ee) =0 X >

W) y=1"=logy= log(1™) = o x log(1) =% 0
(Vi) oo, — oo, is also an indeterminate form as the oo; and 00,
does not necessarily approach to the same infinity.

\

‘, hm f (x) and f (a) both ex1st and

x—)a

arocqual

hm f (x) and f (a) both exist but

are unequal e

Thus, fQ l(:ft—xgmemggé

Bd-dﬂ%s,a}ylta&mo'ﬁowea Ecrraoular Road Ranchl 1,

Ph.: 0651-2562523, 9835508812, 8507613968




- 'S JEE (MAIN & ADV ) MEDICAL
”"FNQ‘WKTbh/I c':Al\_IKéJ's(Eé” + BOARD, NDA, FOUNDATION

J{ Calculus '

1661 PR Evaluate the left- and right-hand limits of the

|x—4] v
) , x#4 _ : '
function f(x) =49 x—4 atx=4. 1. Iff()= x x#0 show that lim f(x) does
. 0, x=4 _ x>0
2, x=0
Sol. L.H.L. of f(x)atx=4 _ ' not exist.
= lim f(x) Ux
x4

. -1 .
2. Show that lim ——— does not eéxist.
= lim £(4) 0 ¢ 41

_ |[4-h—-4] lim|—h| 3.. Evaluate hr% 5
k=0 d—h—4  ho0 -} 0 7x=5] x|

3x+| x| ¢

timn h i ) x, x<0
R Tl , 4. Iff(x)=11, x=0,thenfind lim f(x) if exists.

RH.L. off(x)ratx 4 | x2, >0
- xl—>u?+ AN : ' . Consider the following graph of the function y = f(x).
= lim f(4+h) » N\ Which of the following is/are correct?
h—0 ' LO y
_ 14 +h—-4| 3
-0 4+h—-4 _ .
' 2 .
—hmm—lim-h--lim1=l T ' : /
=0 h R0 h 4y W
R el (PR Evaluate the left- and the nght—hand limits of the \ , x
.0 1 2 3 4
1+x%,if0< x<1 .

- function defined by f (x) = {

2 —x, if x >1 ‘ a. lin} f(x) does not exist
: . " .
atx=1. Also, show that 11m f () does not exist. b lim f.(x) does not exist
) § xo2 . :
Sol. LH.L.off(x)atx=1 e lim £(x) =3 d. Tim f(x) exists
='lim f(x)= lim f(1—A) , xo3 x—1.99 _
x> h—0 B . ) .
= lim (1+(1-n))= lim 2-2h+1)=2 ALGEBRA OF LIMITS
b — _ : _ ‘ .
- RH.L.off(x) atx=1 o , ‘Let lim f(x)=£and lim g (x) = m. If £ and m exist, then
. | x—a x-—-a -
- = lin =lim f(1+h ' ' . B . . : -
: xl—l;ll:}'f(x) h—>0f( ) 1. Jlcl_{)ri(fig)(x)=chl_f)ltlzf(x):t llilzg(x)=fim
=i _ =1 )= L . . _
TR R-aEpl= i da-h=1 2. lim (fg) (9= lim £ lim g (9)=tm
Clearly, lim f(x)# limf(x) ' , _ 5 tim £(x)
. x-51 2l : 3. lim (_) y=22¢ = — providedm#0
So, lim £ (x) does not exist.© xd\ g limg(x) m
x—-17 . . ‘ i ‘ x—=a
— ; cos x,if x>0 . 4. lmk f(x)=k. li_r)n f(x), where k is constant
Example 2.3 IRVC§I6ES A . Find the value of xoa *a ,
- : x+k,if x<0 ‘ - - .
. | .- . . 5. lim | (9] = |lim /(x)| =|¢]
constant k, given that 11_I>I(1) [ (x) exists. _
* _ e
-~ Sol. lim £(x) exists . 6 limg( f(x))g(")— lim f(x)‘—"' =
= lm /)= lim f(x) 7. m fog(a)= f( tim g(x)) = £ (m), only iffis contimuous at
=>)1riil(1)x+ké lim cosx - ' ge)=7
In particular,

=0+k= cosO
=k=1 ' a lim log £(x)=log (lim f(x) —logf
Offlce 606 6th Floor, Hariom Tower, Clrcular Road’ Ranchi- 1
Ph 0651- 2562523 9835508812 8507613968
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. fim
b lime/® = e‘—"'fw =é
x—a )
. : . 1
8. If lim f(x)=+ oo or—oo, then lim ——=0.
¥ x—a f(x)

9. Iff (x)<g () for every x in the NBD of a, then
lim f(x)< lim g(x).
x—a x—a

1. If lim f(x)g(x) exists, then we can have the following cases:
x—C

_liin f(x)g(x) gxists. v_

b lim f(x) exists and lim g(x) does not exist.
x—c . o xe : S

exists= 1. Also lim f(x)=0exists but lim g (x)does
x=—0 x—0 s
notexist. ’
" ¢. Both limf(x) and lim g(x) do not exist.
X—>C xX—-C
1if x <0

Let fbe definedas f(x)= 1 . . Let
3 : 2ifx>0

) - {21f x <0
x) = -
BT liex >0

lim £(x) x g(x) exists, while lim f(x)and lim g (x)

. Then, flx) g (x) =2, and. S0

do not exist-. _
2. If lim [ f(x) +g(x)] exists then we can have the following
X
cases: '
a. If lim f(x) exists, then lim g(x) must exist.
x—= . x—C
Proof: Thisistrueasg=(f +g)—-f- -
Therefore, by the limit theorem, lim g (x)= lim (f
. X x—¢
() +g(¥))— lim f(x) which exists. '
i x—0 .
b. Both lim f(x)and lim g(x) do not exist.
x—=1 x—c¢ :
- Consider lim[x] and lim{x}, where [-] and {-}
x—1 x—1

represent greatest integer and fractional part func-
tions, respectively. Here both the limits do not-exist

a. Both lim f(x) and lim g(x) exist. Obviously, then '
x> x-¢ .

Consider f(x)=x; g(x)= ——1— ,now lim f(x)- g(x)
‘ sin x x—0 .

Limits\g.a/
Sol. Asx— 0" =f(x)—>f(07)=2"
= lim g(/@)=g2)=-3
Alsoasx— 0" =f(x) > f(0")= 1*
= lim, g(/()=g(1)=-3

Hence, ﬁ_I}(I) g(f (%)) exists and is equal to — 3
X . .
lim g (f())=— '
= xl_-%g f (x)) 3

Sandwich Theorem for Evaluating Limits

y = h{x}
: y=9(x)
V : v ~ y=fx)
S X-a x—a x-lﬁ
Fig. 2.2

If f()<g0) <h(x) ¥ xe (o B {ayand
lim f(x) =L= )1‘1_12 h(x) then }clg‘lz g(x)=L,whereae (& f)

| In the sandwich theorem, we assume that f(x) < g(x) < h(x) for

all x near a, “except possibly at a”. This means that it is not

required that when x = a, We have the inequality for the
functions. That i, it is not required that f (a) < h(a). The reason
is that we are dealing with limits as x approaches a. So, we
have x that is moving closer and closer to a. As long as f(x) £
g(x) < h(x) is true for all these x, we can be sure the limit, i.e., the
point where the function values. are heading must behave as
the sandwich theorem indicates. In particular, unless we are
given extra information about the functions and their values at
a, the sandwich theorem does not allow us to make
conclusions about functions values at a. So, none of the
following claims can be guaranteed by the assumptions in the
sandwich theorem: : '

1. f(a)= g(a)="h(a) [Well, not even f(@ < g(a)<h(a)l
2. gla)= Im f(x)= lim j(x)=L '

/ but lim([x]+ {x})= imx =1 exists. 3. lim g(x)=g(a) ' B
. x=1 x—) x—a ! - -

Example24 [§RESiks L0 g \/ e . x+7sinx -

' - : 2—x, x<0 [Be 0 PR Evaluate ll_l)rolo iy Using sandwich -

LO \ x+3, x<l1 theorem. . D "’

. 0
]2 C
gl)=qx =2x-2, 1£x<2 Sol. We know that—1<sinx<1 for all x. i J
x—5, x=2 :

nd LHL. and RH.L. of g(f(x)) at x = 0 and

X

2 0651-2562523, 9835508

=>-7<Tsinx<7

.Of‘f;?egmee. hﬁcﬁ%%ﬁth Floor, Hariom Tower g)? g%t;%géﬁ{@d ;Rap.gbgéi,
A 1GBked
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-7 +7si +7
ad XTI, 2 for all x that are large. _ mntl)
-2x+13 2x+13 2x+13 2(14n%)
[Why did we switch the inequality signs?]
7 Also, P,> 12+ 224 32+---+'n2
. ox=17 1-— 1-0 1 _ n+n° n+n° n+n . n+n
Now, lm B T ImM 535072 : |
x—ee —2X+] R L B + _ n(n +1)
x : YA
L 7 : Z(n +n )
' x+7 . 1+0 . 1 : .
d im — = | X = =—= +1 n(n+1
and e ox+13 }1_‘330 37240 2 Thus, - iT) <P, —(—2)
IDeluIPAY  If[.] denotes the greatest integer function, then : n(n+1) n(n + 1)
' [x]+[2x)+-+[nx] = lim oy S lim B, < lim —%~
find the value of lim 3 . n—eo 2(n +n ) e n—eo 2(1 +n )
’ n—yoco -n . .
Sol. nx—1<[nx]<nx.Puttingrn=1,2,3,. ,nandaddlngthem ' 1(1 +_1) '1(1 +_1)
xZn—n<Z[nx] <xZn : L Bim , <limP, < h_r)l;la—_TL—
GIn 1 _Zm]_ Zn : O ST 2(— + 1) iy APy 2.(7 + 1)
nz n o . nz . _ n . \nt
Now, lim {x%—l} =x.lim &2— lim —l- =%
T myeo n n n—es pt  noeep 2
g - 2Zn . Xn x
lim{x.—=x lim—=—
n—yoo n n—ee p 2
Z[nx] _x
 Asthe two limits are equal by equatlon (1), hm > E
n
oy . Evaluate the following limits using sandwich theorem
PR gl Suppose that f is a function that 22 <f (%) S x(x® -
' + 1) forallx : hat are near to 1 but R equal to 1. 1. lLim m where [.] represents greatest integer function.
(/D (/\ Show that this fact contains enough information x00 X
for us to find lim f'(x). Also find this limit. ._.log,x
x-31 : ‘ 2. lim"——
XYoo X

© Sol. We see that lim2x* =2(1)?=2
x=1

and lim (2 +1) =1 (124 1)=2 | USE OF EXPANSIONS IN EVALUATING LIMITS
‘Some Important Expansions '

Sometimes, following expansions are useful in evaluating limits.
Students are advised to learn these expansions.

This is enough for us to find 11m f ).
: Indeed it follows from the Sandw1ch Theorem that

dim f(x) =2. . : _
ol , 1 2 OB A S Lex<l)
\ 1. 1+x)=x— — +—=—+— (-1<x<
- ¢ 1 og(I+x)=x=—rdp=pt o (
n ,
Example2.8 JABIIES llm1 +2 7+t 7. . 2 304 0
n—oo . P C
+nt 2+n n+n 2 log(l-x)=-x—- - -2 2 (—1<x<1)
' ‘ 2 3 4 5 .
1 2 n . - , :
Sol. P, = >+ >t t 3 :
1+a 2+n n+n 2 B8 5
- . 3. €—1+x+;+?+—47'-“
Now, P,< g + 2 oot — A
" 14n® 14n? 1 +n? '
2 .3 4
' . x X
! . . . =1+ = T ...
=L 2434m) R TR
1+n '

Office.: 606 ; 6th Floor, Hariom Tower, Circular Road, Ranchi-i,
Ph.: 0651-2562523, 9835508812, 8507613968
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3
_ S(x—f—+~
o3t
= lim

2

5. &= 1+x(1og,_,a)+ (logea) +-

N
~

6

: x° x x
7. coslx=1—'—+ —-6—

21 41

: 3
x 2
8. tanx= x+—3—+—x5+

15
E‘(ampleZ Ul Evaluate lim sin ¥ —x .
x—0 x3 .
so. pSRIx (8 fom
x50 x ' 0
A
ERICTI
= lim v
x—0 . _x3 :

5sinx—=7sin2x+3sin3x

2

\ample2 10 Evaluate hm
-0 x"sinx

: . 551nx—7sm2x+3sin3x B \W
Sol. ‘lim 5 : g
x>0 x°smx

-]—7(2x—g{)i+
3!

Limits 2.7

Evaluate the following limits using the expansion formula of
functions. ' '

1. lim

'sinx+loé(l—x)

2. lim >
x—0 x
. .
. e —-1—-x
3. lim 3
x>0 . x

x—0 : . 2( ’ x3 N )
x| x—=4
‘ 3!

5% 56x° 8l1x°

BT T
='lirr(1) 3!. 3.2 3!
x—=0
xs(l_x_+...].
‘ 3!
—5+56—
_ 5+56-81
3!

(1 +x)1/xfe+%ex

IDE YA Evaluate lim )

x—0 x
1 [ @ X )
o 2 x
x 2 3

1 a1+
Sol. (1+x)1/"—e" w0

EVALUATION OF ALGEBRAIC LIMITS

Dlrect Substitution Method
Consider the following hmlts (1) 11m f ) (11) hm ‘Pi ;

Iff(a) and ‘PE ; exist and are fixed real numbers and

W(a)#0 then we say that 121‘11 fG&)=f (d)and

i 20 _ 2@
xoa W(x)  ¥(a)

In other words, if the direct substitution of the point to which
the variable tends to, we obtain a fixed real number, then the
number obtained is the limit of the function. In fact; if the point to
which the variable tends to is a point in the domain of the
function, then the value of the function at that point is its limit.

Following examples will illustrate the above method:

1. 1i3 (G2 +4x+5)=3(1)> +4(1)+5=12
x— ) .

X -4_4-4 0
2. llm =— = . °
x—2 x+3 5

2+3

Oﬁﬁle:e2 606=e6th Floor Hariom Tower, Clrcular Road, Ranchi-1,
' Ph.: 0651- 2562523, 9835508812, 8507613968
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Factorization Méthod

Consider hm fx)
x—a g(x)

If by substituting x = a, J() reduces to the form %, then

gx) o
(x — @) is a factor of both £ (x) and g(x). So, we first factorize f (x)
and g(x) and then cancel out the common factor to evaluate the
limit. ' ‘

: . X2 —5x+6
IRV PRV Evaluate lim ————
- . ox=2 x‘ -4
4 x*—5x+6

Sol. When x = 2, the expression T4—

. . 0 . ’ .
indeterminate form - 0 . Here, (x—2) is a common factor in

numerator and denominator. Factorizing the numerator
and denommator we have
_5x+6 . (@=2) (:-3)
x-2 (x+2) (X—'2)

lim 3
x—->2 x“—-4

— lim x3 2—3__1
x—>2x+2 2+2 4

B¢l PABRE Evaluate hm( 2 5 +——1—)

-\ 1—x x—1

+L) (00— oo form)

2

" Sol. We have lim(
_ x—1

N\ 1-x

i 2 L)
x>\ ]—x 1-x

When x = 1, the expression

3 ———1— assumes the
1-x 1-x ‘

form oo — o0, 30 we need some simplification to express it in

. theformg'.
. B
Then,
: S 2—-(1+ S
P S U ( ?C)=1im1 x e 11
x—1 1—x2 1-x x-1 1—-x2 x-—)l]_xz, x-=tl+x 2

+x} 1 1
\/ IBCHIIPREY Evaluate lim X +x oge T 0B X
\/Q . x>l ( x“ -1

Sol. lim
x=1 (x —1)

. =hm(x—1)(1oge;¢+x+1) (gf-‘m) R
w1 (xHD(E-D) 0

+x1 1
x* +xlog, x—log, x— l(gfrm)

‘log, x+x+1

= InOffice:

assumes the

+'BOARD NDA FOUNDATI

_log 1+1+1 0+2 ~1

1+1 2
—sin 2x
Emmplez 15 Evaluate hm _
% 1+ cos 4x
Sol. liml_—sm——zi ' (9 form)
sEl+cosdx  \0 ‘
4

. L )
tim (sin x—cos x) (9 form)

2
x_,% 2cos” 2x

. 2
lim (sinx - cos x) (0 )
x_,_ 2(cos x—sin x)

1 1

lim —————— =~
x_,% 2(cosx+sinx)” 4

Rationalizatioh Method

This is particularly used when either the numerator or the
denominator or both involved expressions consist of squares
roots and on substituting the value of x the rational expression -

takes th'e form % —

oo

Following examples 1llustrate the procedure.

Baluat tiy Y225 V2 VZ” =2
\/2+x -2

X

Sol. When x = 0, the expression takes the form

0 _ . ..
6 Ratlonallzlng the numerator, we have -

Jz—a-f

x—)O

,} («/m —\/5)(\/2+x'+«/§)
T x({2rx+2)
: Yim 2+x-2
x—>0x(\/2_§+\/—)
| L i
x=0 2+x+J— PN

Ja+2x —\/3;

INCLHN I PAWR Evaluate lim ————F+F
fim S——

. a+2x - \/3r ( 0)
lim form —
- xa Ja+x- 2\/— 0,/

6_06 6th Floor, Hariom Tower Circular Road‘ Ranchi-1,

Ph.: 0651- 2562523, 9835508812, 8507613968
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i (,/a+ 2x — \/g)( a+2x + 3x)
:xgr:z (\/3a_+x - 2\/;) (,/3a +x + 2«/;)

(,/3_a +x +.,2«/§)
(x/a+2x,+ \/—3;)

i (a+2x 3X) (\’3a + X +2‘/;)
x—a (3[1 +x— 4x) \(\v/a +2x +\/—3;)

~ lim 1/'3a +x + 2\/_
x—a 3(./a+2x + x/3—x)

,/3a+a+2\/_ 1‘ 4J— 2
(\/a+2a+x/3_a) 3 2\/5 3\[5

o)

Evaluation of Algebraic Limit Usmg Some
Standard Limits

Recall the binomial expansion for any rational power

ri(.n—l) 2 _l_n(n-—l)(n—Z)x3
2! 3!

1+ x)" =1+nx +

where |[x|]<1 =~

When x is infinitely small (approaching to zero) such that we
can ignore higher powers of x, then we have (1 +x)"=1+nx
(approximately). ‘

Following theorem will be used to evaluate some algebraic
limits:

: -

a ) —
=nan1

Theorem Ifne Q,then fim =

x—a x a

n_n
Proof: We have lim-x 4

.x—=>a X—a

{1+_n—}—1 ‘
=a"lim~—22 — [whenx—0,(1+x)"—1+nx]
h—0 “h :

LA

Limits\}g/

Evaluate lim fi—l—ozi
: i =2 x°-32
. 10 _ 510
Sol. lim xlos' 1928 _ tim : 2150 = lim — =2
-2 x’ =32  x2 x> =2 x2 x -2
' x=2
IlInx10_210 . o )
_ a2 x—2 =10X2 —64 o
»-22  5x2 :
-2 x—-2

(x+2)° —(a+2°"*

| el PBUE Evaluate lim -
x—=a

(x +'2)5/3 —(a +2)5/3

xX—a

. x-a .
(42" (a+2)"
(x+2)-(a+2)
5n _j5i3 ‘

- lim2—"2" " wherex+2=yanda+2=b.
y—b. y—b .

= lim
xX—a

3 -l 2
3 3

2"
Example 2.20 i3 lim =
x2 x—2

value of n.

5 o
=-(at+2
3w

= 80 and ne N,xthen.ﬁnd the

n n

Sql. We have lim X

SLxo2 X—

=80

— =80
=2t =5x2%"1
- =n=5

m Evaluate lim \/7x+7) 3\/7x 3)
' _ -2 3(x+6)— 2J(3x 5)

Jx+7) -3{(2x-3) (g form)

0

Sol We have L = lim
-2 3f(x+6) —23(3x-5)

Let x—2 = ¢ such that when x —2,t—>0.

1 1 .
9 form)
0

t+92 32t +1)2
Then Lo 0( )2 =31+’

(t+8)3 ~2(3t +1)?

1 i

(1 + é)i —Qr+1)?

=0 , 1 1
(1+;)3 Ge+1)>

(o)

‘aQﬁ'ff:e 606 , 6th Floor Hariom Tower, Circular Road, Ranchl 1,
| Ph.: 0651- 2562523 9835508812 8507613968
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S VAN ] S e YR

328 3 ISR e i 5

20 t1 ‘3t)l 2_1__1 23 B
3w N

Evaluation of Algebraic Limits at Infinity

We know that lim ~ =0and lim —!2- =0.
x>+ X Xtoe x
' 2
; +
| el CPNIM Evaluate lim axz_bxi_c_ .
- : L oxoedy tex+ f

_ . .
Sol. Here the expression assumes the form — . We notice that

oo

the highest power of x in both the numerator and
denominator is 2. So we divide each term in both the
numerator and denominator by x.

. ax’+bx+c 2 a+0+0
.. lim————— = lim = =

c

x2 a

”.x—>°°dx2+ex+f Sl BN +L d+0+0 d
. 2

X

. 2 _1_.Jr2_
Example 2.23 B3ZINEICET 3% —1-N2x -1 .
x—yo0

. 4x+3
Sol. Dividing each term in the numerator and denominator by
- x,weget ’ S
S B o2l
lim ‘
x—e 4x+3 :
_ iy B 22 32
e 443/x 4

\/‘O Example 2.24 JOZIIES hj)n“\/; (\/ x+c—x )
Sol. Thegiven expfessidn is in the form co— oo, Sowe first write

i)

it in the rational form =—— .
- 8(x)

We have lim Jx (\/;?c _ J;)
X—>c0

Ve (Mrre—x) (fare+5)

T T (e )
Jx(x+c—x) N

lim.

————"=lim
L Y SR O

o)

lim [Dividing N" and D" by vx ]
X—roo

It

1+<+1
X

- Oifice: 606 , 6th Floor, Hariom Tower,

" Sol. We have lim

¥ 41— .5\/x4 +1

! 3 1
14— — 3 [1+—
— i 7x2 .x3 _1_1_0
X300 4 1+L _s 1+L 1-0 . v
x4_ x 5

| BT PRLR Evaluate lim (\/ 25x% —3x + Sx) .
X—y—oo '

Sol.

We have lim ( 25x? —3x +5x) (o0 —oo form)
: x——o0
= lim_(,/25y2 +3y—5y),whé_rey=—x
Yoo c .
N 2 2
+3y-~-25
= lim By Aty

y== 2592 43y +5y

. 3y
= lim ——————
y—’”\[25y2+3y +5y
3 3 3
= lim = =—
—>o0 +

ATIO N"_

PSS

Evaluate the following limits:.

L) x -1

2x2'-l-x‘—3j

1

) x->1
100
Y x* 100

2. lim%-
x—1 x—1

3. lim [ a’x® +ax+1 - a2x2‘+11|
X—>oo

' lirﬁ J3x—a—-x+a

xX—a

x—=a -

s g (12-22+32-42+5+-n terms)
. 1m - :
nyee n* .

6. hm ! _1
. 1 —_—— .
r—=0| h38+h 2k ,

Circular Road, Ranchi-1,

Ph.: 0651-2562523, 9835508812, 8507613968
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Limits 2.11
EVALUATION OF TRIGONOMETRIC LIMITS sin™ x
: o : W) lim =1
. sin@ . . =0 x
@) lim—— =1 (where @is in radians) P
00 @ - 0
Proof: Consider a circle ofradius 7. Let O ) lim tan _ |
be the centre of the circle such ' x>0 X
that Z4OB = 6, where 8 i L
m:asuied in radians ;deirfs vah:: A Evaluate the following limits
is very small. Suppose the » ) i,
tangent at 4 meets OB produced a. lim sin3x b. lim sinax lim M .
at P. From Fig. 2.3 ,we have Fig.23 x=0 X x—0 sin bx x-1 logx
Area of A OAB < Area of sector OAB < Area of A OAP Sol.
= L 04x0Bsino< 2 (OA) 9< 04 x AP a. We have im sin3x
L -0 X

=>—}2sin0<~r20<—;3tan0
2 2 2 :

.~ [InAOAP,AP=0Atan 6]
" =sinf<H<tan ‘

0 .
=l<——< 1 [ -~ 0 issmall .~.sin 6> 0]
sin8@  cos@ '
=1 >_sm o >cosf
=1> llmﬁ > lim cos @ or, hm cos @<lim il <1
-0 680 -0
=1< 11mM < 1
-0
. sin8 A
= lim—— =1 (by sandwich theorem)
.60 @ .
@ lim 229 -
-0 0
We have
lim tan @ PN 1imsm@ 1 = lim mB im 1 |
60 8 650 O cos@ 60 @ 6-0cosf
=(D))=1
0 (60—
iy 1m0
65a O-a
in (60— i h—a).
We have lim —— (0-a) = lim sin(a+h—a)
9o O-—a h—0 (a+h—a)
= lim sin h -1
-0 h
tan (60—
@v) fim 220-4) )
’ 6—a 0-—-a

—cos 2
1]yl Evaluate lim I——COZS—X.
x—0

— lim[ 3803 2 3 pim S03E 3y =3
x>0 3x x>0 3x

[ i S0 3x _ 1}
-0 3x

b. We have
sin ax)
ax
1im5i““x—1im( %5 _al)_a
xo0sin bx  x—0 (sin bx) b(l) b
bx :
c. GivenL= limﬂ(ﬂ
x>} log x

Letlog x = ¢ then

R L
: S0 f

o 4 2
| ¢y M Evaluate lim — sin ! ( x2 ) .
; =0 X 1+x

) =2tan'x, for—-1<x<1

Sol. We know that sin™! ( 2x >

1+x

= ﬁmlsin—l( 2x2) = lim

x—0 x 1+x x—0 X

: -1
2tan  x -

X

1-cos2 0
Sol. We have lim—L(;S—)—c (— form)
x>0 X 0

t —
xample 2.30 Evaluate lim —————— an x —sinx

Offlce_ 606 , 6th Floor Hariom Tcular Rdad, Ranchi- 1,

Ph.: 0651- 2562523, 9835508812, 8507613968
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Sol. We have lim ﬂx_—ss_mx_ (9 form)
x—0 X 0

= lim
x—0 3

sin x —sinxcosx
X" COsSx

x—0 2

X CO8SXx X X

2sin” =
_ { lInsmx} lim lim 1
x=0 x x—0 x 2 x-0CO0S X
(—) x4 _

. X
. | sm— g
={1imﬂ}l fim| —2 | {jim—L
x>0 x |2 |x>0 X x50 COS X
2
1., 1 1
=X =)y x-==
2() 1 2

1B &L IPAIY Evaluate lim ms—z)x.

x—)— (7[ 2x

Sol. We have, lim I+£S_2_x (9 form)

x——)g (71' - 2x)2 0

1+COS2(£+h)
- - A 2
- =lim

1+cos(7 +2h)
= lim ————=
h—0 4k _

1—cos2h
im——————
=0 4k

E'ampleZ kP8 Evaluate Hm 2x 4 (ix)
S X—eo

\/O
Sol. We have lim 2° tan (2%)

X300

N

. .

tan(—x) 0

= lim 212 (— form
(i) o
2.X.'

X—>00
2 limtan—y -a—(where yi i) ]
2y50 y 2 2"

_ . |sinx(1-cosx)| . . fsinx1-cosx
= lim{————=lim
- x—0

FBOARD, NDA, FOUNDATT%N |

- 2 _ ’
Example 2.33 Evaluate lim ¥ Zx72

x—2 Jc2 —2x—sin(x— 2)

2 .
Sol. lim 5 il 2 (9 form)
-2 x° —2x—sin(x-2) \0 '
(x—=2)(x+1)
x=2 x(xj-2)—sin(x—.2)
m D
x=2 _ sin(x—2)
T .
x=2 - -
=2+1_4
21 .

- ax+l 7
Example234 Evaluate lim x| tan 1 2= -2
x—deo x+4 4

- +
Sol. We have lim x(tan~1 x+1 n)

X0 x+4 4
+ = lim x(tan_l x_+1_tan_1 .1) »
x> x+4
. x+i -1 ;
3 -1{ x+ _
= lim xtan 37| = lim Stan~!
= I+— x—3e0 2x+5
. x+4
—— -3
— 1 2x+5 —3x
_—11_1)1010. -3 . 2x+5
2x+5
af -3 _
tan
— i 2x+5 lim —3x
" xoe =3 x>\ 2x+5
2x+5
= 3\ 3
=1X lim —35- = lx—(EJ =— .5
=2+ .
x v
. .. sinB .
B ElTdpREY Using (1911%—6—— = 1, prove that the area of circle
—

of radius R is R

~2zin

Office.: 606 6th Floor, Hariom Tower, Circular B&&d. Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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Consider the regular polygon of » sides inscribed in a
circle of radius R (Fig. 2.4).
Area of polygon = n X (area of AOA4,)

=nX %‘OA, 04, sin(£4,04,)
=Zp? sm(27r)
2 . \n,
NO\;V circleis a regular polygon of infinite sides,

n—yoco

Then the area of c1rcle = lim — 3 R2 sm(zn)
n

. (27:)
sin| ==
lim —"2

o 27

=7R?

Evaluate the following limits

. 0

L i SRX
x—0 X

1—cos mx
im———
x—0 1 —cosnx

«/5 cos x—1

'3, lim
cotx —1

x—n/4
© .. cot 2x—cosec 2x ,
4, im————  °© !
x—0 x
. tan2x—-x
5, im———
x—0 3x — sinx

(s} (s

NEY) (\/gcosh —sin h) -

, m( he(z) Lo

2 -

+sinx
. x—*Ox +siny
R

x=y

h—0

where (x, y) - (0, 0) along the curve

+ BOARD, NDA, EFOUNDATION -

Limits 2.13

EVALUATION OF EXPONENTIAL AND
LOGARITHMIC LIMITS

In order to evaluate these types of limits, we use the following
standard results: ‘

-1
1. lim 2 =log.a
x—0 x

'a"
Proof: lim
x—0

X

24 2
(l+x(loga)+x (loga) +_._J*1
1 2!
= lim
x—0 ’ x
2
= lim .lo_gg + x_(lgg_a)_ ERP
x—=0 1! 2! .
“=log.a
. et -1 o _
2. lim = 1 (replace a by e in the above proof)
. x-0 X
3. lim 208D
x—0 X
Proof:
2 . 3
. x —_— ——— e
lim log(1 +x) 2 3
x—0 X x—0 X

. 2
= lim|{1-Z+X1— | =1
x—0 2 3
fhet i (P Q Evalvate lim —— 2 -1
Xxam .
P =0 1+x -1
x_
' i ———2 1 (9 form)
. x50 Jl+x —1 0

7 Sol. We have lim
;')_X_l (\/1+x+1)
= lim

=0 fl+x-1 (\/IEH)

x

= tim 2L lim (Vi+x+1)

x>0 x x-0

=(log2)2=log4

x—l
-1
Example 2.37 @SR hrn .
-1 sinzx
. x—1 -
-1 t]
Sol. We have lim a. (— form)
x-1 SInfx 0
A a4 -

hTower &s@udl&rh RB&dS"RanChI 1,

Ph.: 0651- 2562523 9835508812 8507613968
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. . 10" -2" =5" +1
IRV N PREN Evaluate lim ———
x—0 xtanx

O X __AX _gX ' ’
v Sol. We have limﬁ)—gil (9- form)
x—0 xtanx 0 -

L5525 +1
=lim
x—0 x tanx
X_ X_
o 2D @D
x>0 xtan x
. 5-12"-1 x
= lim _
x=0 X x tanx

L5 -1 2°-1, X -
= lim lim lim
x=»0 x x50 x x-0tanx

= (log 5) (log 2) (1)=(log 5) (log 2)

32): _23x
ExampleZ k) Evaluate lim

x—0 X

2x _23x 0 .
Sol. We have lim (6 form)

x>0 X

=lim -
x—0 X X .
2x _ 3x _1
= lim [3 1.2]—lim (2 1.3]
-0l 2x . -0\ 3x
’ 9
=2log3-3log2=1log9-log8=log (g) :

EVample pR:IIN Evaluate lim x—-2__

x-2 log, (x=1)

Sol. limﬂ— (9- fonn)
x-2log,(x—-1) \0 .

. x—2
=lim ————
2 log, (1+(x~2))
= }llm(l) oo (117 (Substituting x — 2 = k) Evaluate the following limits: *
=10—g> aOga( + ) . , 1. }1{)2 [x(allx 1)] a>1
| : ' - . logx-loga 2. lim x2 —x
ExaSmple 2.41 QS%INES P_IE ~ s 8 1—cos x
Sol. Letx—a=h,thenifx —a,h —970 ' s tim sin (ex—2 -1
= lim logx—loga 0 form T oxo2 log(x-1)
— N\ 0 " —cosx
o _ 4. —_—
- lim log(a+h)—loga ilir(l) =
h—0 h x —x
5. lim e+e -2
. 2
Office.: 606 6th Floor, Hariom Teweldérrebhﬁ%ad Rarchi=1;

log(5 —1‘ 5—
Example 2.42 POZINEE lirr(l) og(5+x)—log x).
x>

Sol.

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATIQN:

log(l + ﬁ)

e\ 1
_h—>0 h a
—a
a

x
We have lim log (5+x) — iog (5-x) (9 forr_n) i
) x—0 P 0
x Cox
Z|r —logss|1-=
eafs (1 3} mels(-5)
=lim
x—0 - X i :
. x _ x
{l'og 5+ log(1+ g)} —{10g'5+10g(1—§)}
=lim - —
x—0 X
log(l-'i—f—) - ibg(l—zc-)
. 5 5
= lim
x—0 X

1og(1—f)
] . 5/ 1
=lim = + lim

_1,1.2
=05  x/5 =0 —x/5 (-5) 5 55

Example243 Let P,= @™ —1,V n=2,3 - andlet P,

 Sol. Clearly,ifP,—0=>P., —0

P
=qg* - 1whereae R then evaluate lim —
Cox-0 X

Now,asx —>0=P, >0=P,, P, Py, P -0

n

= lim h lim i P" LA
1 —‘_ e —
x-0 x x—)OP P X
o5
B Y |
Now, llm———hm———=1na

20 By 0 By
= Required limit=(Ina)”

Ph.: 0651- 2562523 9835508812, 8507613968
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log(x—a)
x—a Jog(e” —e”)
tanx _  sinx

. a
7. lim ————,a>0
x>0 tanx —sinx

(1-3" —4" +127)
(2cosx+7)y-3

_(729) - (243)° (81) +9% +3° -1 Lo

x-—)O x

LIMITS OF THE FORM lim (f(x))g( )

X—>a
Form: 0°, oo®
Let - L = lim (f(x))g(X)
x—a
= log, L= loge[lim (f@) ) ]
x—a :

 tim(log, (/)]

= lim g(x)log, [/ ()]
x—=a . .
lim g(x)log, f(x)
$ L = eX—NI
Example 2.44 }gﬂ 2 equals to
a.0 b. 1 c.e d. o
Sol. lim x"*
x—30
log lim P
—_— e X=poo
lim log x¥*
— e.X—)‘”
lim 28 X
=g x
(- x increases faster than logex when x — o)
0
. =e
. =1
Form: 1-°°

1 X
1. lim(l1+x)x =eor lim (1+—1-) =e
x—0 XYoo X

1
Proof: lim (1 + x);
x—0

L) )G,

. 1
=lim{ 1+—x+ —=x" + x
x—0 x . 2! 3!
1(1-x) 1(1- x)l 2x)

- iFficos

Limits 2.15

(1+1+ LML )
21 3t )

2. L= llmf(x)g(x) if hmf(x) =1and hmg(x) =00

Then L = hm f (x)g(’)

7_(—)_—1(1' (x)-xg(x)

= P$(1+(f(x)-1))
L\ m(s (x)-1)xg(x)

J(x s

x—a

lim| (1+(f(x)~1))

tim(/(x)-1)xg(x)
—— et—)ﬂ

Example 2.45 BREIEE h_gxo(l + x)°°s°° x
X

cosec x

‘Sol. lim (1+x)

x—-0

X
1 |si
=lim [(1 +x)x ls "~
x—0

_.1' —

[ -
[hm (1+x)x T gt
x—0 ) n

E\ample2 I Evaluate lm(l)(cosx) o

. ot x
Sol. }clino (qos x)*

) cosx—1
\ . 1 tanx
= lim| (1+(cosx—1)Jeosx—1 | .
x—0}
cosx—1

: 1 lim
. . x—0 tanx
= [hm (1+(cosx —1))cosx-1
x>0 :
cosx—1

lim———cosx
= ex—vo -sinx

cosx—1

lim—>—cosxsinx
= ex—>0 sin” x

cosx—1 .
lim- 7 —cosxsinx

x-301—cos” x

=€
sinxcosx
llm—l——— 0
= e ? +cosxr___e =1

R YLl Evaluate lim (EE)(
S x—0 X

sinx ).
x—sinx

sin x 1
Sol Since hm——-—l and Hm =Hm———<.
50 x x>0 x—sinx  x o( x _1)
sin x
IR S
1-1

. ) ( sinx ) § sinx_\(_sinx
R sin x \x-sinx o, (x—sinx).
= lim| — =e

oor] Hariom Tower, Clrcular Roaq;'ﬁgr_l_dﬁiigl

Ph.: 0651 2562523, 9835508812, 8507613968
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el PRl Evaluate lim [ﬁ——-—~—
. x—0 3

Sol.

o e (a, b,c>0).

X ]2/x
>
x—0
im a*+b" +c* " 2
x50 3 ‘x
hm a* +b* +c* -3
— e3 10 X

2. [a’—l B -1 c’—l]

~=lim| —+ +—

30 x x x
=ée

ot WP ks T -1
=1¢lim +lim +im
_ e3 =0 x x=0 X 10 Xx

x X, X 2/x
We have lim (%)

=e

= @) {natinb+inc - 23 In (abe) ntabey’”® _ (ab 6)2'/3

xample pR:11 The population of a country increases by 2%

Y0

Sol.

every year. If it increases £ times in.a century,
then prove that [k] =7, where [ - ] represents the
greatest integer function.
If the initial number of inhabitant of a'given country is 4,
then after a year the total population will amount to 4

[1+ ——1—) A.
- 50

: 2
After two years, the population will amount to (1 + 516) A.

LA,
100

100
After 100 years, it will reach the total of (1 + 751—()-) A,ie.,
1) 2 '
it will have increased [(1 +%J ] times.

n
Taking into account that lim (1+ ) = e, we can
n—yee n

50
approximately consider that (1 + 5—0) =e.

Hence after 100 years the population of the country will
have increased ¢ = 7.39 times.
Hence [£]=[7.39]=7. .

1.

. X
. lim (1 +2)
x—eo X-

c+dx
lim|1+ where a, b, c, and d are positive.
X—>o0 a +ox

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATI

TION -

4. lim (2x* —9x+8)°®"
x—7/2

| R ]

>
5, lim{sinz( 7 )} o
x—0 2—-px .

L'HOPITAL'S RULE FOR EVALUATING LIMITS

i L6

A

x5d g(x)
where /7 (x) =

df )

Example2.50 [REIHNE3] be a twice-differentiable function»

x—a g’(x)
and g'(x) =

Rule : If lim M takes % or

x=a g(x)

(=]
— form, then,

oo

dg(x)

and f”’(0) =2, then evaluate

2f ()~ 3f (ZX) +f(4x)

x—>0

x 4

-0
Sol. The given limit has o form.,

Using L” Hopital’s rule, we have

Limit = lim

21 (x)=6f'(2x)+4f'(4x)

x—0

(9 form_)
2x 0

_2f7(x)-12 f"(2x) F16£7(4%)

x—-)O

_ 67O _,

Example 2.51

2.

2

(using L’Hopital’s rule)

If the graph of the function y = f(x) has a unique
tangent at the point (a,.0) through which the
- graph passes, then evaluate

lim

x—a

log, {1+6/(x)}
3f()

Sol. From the question, /()= 0 and f(x) is differentiable atx=a.

"~ limit= lim

1

1+61(x)

x6.17(x)

1

x—a

3f'(x)

| eI PR Evaluate ’li_% logmzx(tan2 2x).
X

W

Sol L= lim

x—0

loa(tan 2x)
Iog(tan x)

(o)

Using L’ Hopital’s rule,

We have L =

( 1
tan” 2x

=2X =
1+6f(a)

2 tan 2xsec’ 2x) X2

lim
x—0

1
5 ,2tanx-sec2x

tan” x

Ph.: 0651-2562523, 9835508812, 8507613968

Office.; 606, oth Floor, Hariom Tower, Circular Road, Ranchi-1,
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) sin2xcos2x . \sin2xcos2x
=lim = lim
x>0 ( 1 ) © x—0 ( 1 )
sinxcosx ’ sin2x
=lim 1 =1
x—0 oS 2x

Y k] Evaluate lim x™(logx)",m,ne N.
g : x—0*
(logx)”

- ( form)
x (=]

Sol. hm X" (logx)'= 11m

= lim — (using L” Hopital’s rule)
x50+  —mx ™
n—1 o0
=0+ —mx ™ Lol
n(n—1)(logx)"2 1 _
= lim - (using L” Hopital’s rule)

x—0+ (_m)2 £

n(n—-1(logx)" >

2—m

= lim

x—0+

o)

1

. IR DI B
1311 | [ Fvaluate lim grl_xstﬁl__x .
. 3 x—0 N

X

sin™ x— tan™ x
P

i a+32) -2

x0 3.2 \J1— %% (1+x%)

Sol. lim
x—0

(using L’ Hopital’s rule)

i L (=A) 1
0 3x2fx 1+x2) (1+x 2y 41—
(Rationalizing)
- lim x* +3x x 1
x_’0-3x2\/1——;2—(1+x2) (1+x2)+D
i 53 ~1/2

x>0 3\/1 x% (1+x%) (l+x )+\/1 x*

Example 2.55 QiR the roots of equatlonx + nax
—b=0, show that

L1 (o — ) (o — o) - (04— &) = n(ey"™" + a).
Sol. Since ¢, 05, -, O, are the roots of €quation x" +nax-b=0,
we have x” + nax b= (x — o )(x — 0) - (x—0t,)
x" +nax—b ‘

r—a, =(x~a2)(x—a3)---(x—an)

= Qfﬁdé—ﬁbﬁl

x—=0 X— al

= 0 (differentiating N" and D" n times)

»ﬁﬁm Ehoote, Harigrn Towerlin
PH*: 0651-2562523, 9835508812 8507613968

Limits 2.7

o omx" 4na
= lim

x-oa

— 0, )0y —05) (0 — ;)

(using L’ Hopital’s rule on L.H.S.)

= (al

= (0 — )0y = 05)- (0 — ) = noy" +na

Evaluate the following limits using L’Hopital’s Rule '

1. lim X : .
x—0"
2. lim tanxlogsinx
x—r/2
3. lim log cos x
T X0 3
: x
271
4. lim 172
=0 (1+x) " -1
5. Lim (2—tanx) 0"
x-orld
6. If lim a xa =—1 and a > 0, then find the value of a.

x—a xx.—a

FINDING UNKNOWNS WHEN L;IMlT‘IS GIVEN

Example 2.56 [RigARi w be finite, then find
n x—0 X .

the value of a and L.

. sin2x+asinx
Sol. L= lim ——————

x—0 X

2sinxcosx +asinx
3

= lim
x>0 X
1’ sinx (2cosx+a)

x50 X x2

2cosx+a

x—0 x2
Now D' tends to 0 when x — 0, then N” also must tends to

zero for which lln(l) (2cosx+ a) =0=a=-2.
X

2cosx—2 25in2£

Now, L= lim 2$%X~% = 2fim—2 =-1.

x—0 X x>0 x

+
e I lim 0°°S4x+“f°‘°‘2x b is finite, findaand b
x> ) ps
using expansion formula.
2x+
Sol. lim cos4x+a::os x+b — finite

x—0 X

Using expansion formula for cos 4x and cos 2x, we get

@ @t (et ent)
21 4| 21 41
trcutar I'(Uolqcf, Rartchi- J.

1-

= finite
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'(1+a+b)+(—8—2a)x2+(§+%a)x4+---

= lim 7
x—>0 x
= l+a+b=0, and )]
—8-2a=0 B!
Solving equations(1) and (2) for a and b, we get
a=-4andb=3

Also, L——§z —2—a=ﬂ=
3 3 3

IR PEL] Find the values of @ and b in order that
’ " x(l+acosx)—bsinx
“lim

3 .=1 [using " Hopital ’s
- ~x—o0 x
rule].
1 +acosx)—bsi
Sol. limy X Fac0sH)Tbeinx _, (9 fonn)
x—0 x 0
RS +x(—asinx) —b
= lim (1 +acosx) +x( 2asmx) cosx _
i x—0 3x

[using L’ Hopital’s rule]

Here numerator — 1+a-band denominator — 0 and limit

is a finite number 1
L 1+a-b=0, - @
[If 1+ a—b#0, then limit will not be finite.}

=1(9 form)
0 .

. 0 —asin x—asinx—ax cosx+bsin x 0
= lim =1 | —form

I +acosx —ax sin x —bcosx

= lim : >
x—0 3x

x—0 ‘ 6x
. —a@cosx —acosx—acosx+ax sinx +b cosx
= Jlim =1
x—0 ' 6 .
—3a +b
=1
= —3a+b=6 ' @

Solving equations (1) and (2), we geta = —g ,b= —% .
. L

1. If hm ae —b, then find the values of a and b.
x—0 x

2 .
2. If lim {x +11 ~(ax +b)} =0, then find the values of @

x—e | X+

and b.

3. If lim (1-+ax+ bx?)2/* =&, then find the values of a and b.
xX—3 . -

MISCELLANEOUS SOLVED PROBLEMS

1. lim (4" +5")"" is equalto
n—oo

a 4 b5 '
c e : d None of these

Sol. b.Givenlimit= lim (4" +5")"""

Sol.

Sel.

JEE (MAIN & ADV.). MEDICAL
¥ BOARD, NDA, FOUNDATIO

x +sin ' x

2. lim |——— isequalto
x—= \| x — cosx
a0 b 1
c. -1 d None of these °
Sol. b. lim [X—Jrﬂl—x) =lim V1 =1
: X —COS X x->o0 -
[ both lim SINX ond lim $23% are equal to 0]
x x—oe X
: .
3. ___51_n_(_n_) ,0<p<1,isequalto
I Cad n+
a. 0 oo
cel ‘ d. None of these
' -2
. sin®(n!
Sol. a. hm——(—ll—
B [1+—)
n
_ some number between 0 and 1 -0
20 S
4. Let f(x) = ’COS[J.C]’ * then the value of a, so that
|x|+a, x<0, :

lin})f (x) exists, where [x] denotes the greatest integer
x—

function < x is equal to
‘a. 0 b. -1
c. 2 dl

d. Since lim f(x) exists

x—0

= Im f(x)= lim f(x)
x—0" - ox—0"

Ii -B) =1 0+h
= hg)nof(O _) hgaf( )
—  lim|0—h| +a= limcos[0+h]

h—0 h—0
= ~a=cos0=1
a=1

2 3 :
If3 - :—2—Sf(x)£3+%for all x # 0, then the value of

lim f(x) is equal to
x>0 }

a. 173 Co b3
c. -3 , d. -1/3
b.-According to the question

2 3
1113)(3—1—Z~J< llmf(x)< 11m(3+%) '

= (3-0)< 11mf(x)$(3+0)

Office:: “606 6th Floor, Hariom Tower e tEiar B uidse
Ph.. 0651- 2562523, 9835508812, 8507613968
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] SO N ’ o

: ’6. . lim — |, where [.] denotes the greatest integer
; \\//O " zzr

A function, is equal to

1 a. 1l . b. 0
¢. Non-existent d. None of these

s )
A n
Sol. b. Y, —=—r—x—=1
' r=l2 (l_l)
2

n — oo (but in fact always remains less than 1). Thus,

nm[g]:o.

n—yeo
r=l

r=1

1 n
—(E) , which tends to 1 as

7. lim [sinx+cosx], where [] denotes the greatest

x—_—>57r/4
integer function, is equal to
a. -2 ~ b.-l
c. 3 _ d. None of these

Sol. a.sinx+cosx= «/_2_sin(x+ﬁ)
4
Forx——> £4—+0 \/Esm(x+ ) —«/_+0

and forx — S—I— -0

\/fsin(x+%)’—> ~J240
This given limit will be equal to 2.

< /8 lim&[cgsi]- , where [.] denotes the greatest integer
x-01+[cosx] : ‘

\’O function, is equal to
a. 1 b. 0
¢. Does not exist d. None of these

Sol. b.LHL.= llm f(x) = h- OililEcosig sir;((;) o
—01+[cos

(- h>0=> cosh <1)

Dy sin[cosh] _ sin(0) _
hm f(x) h—-)O 1 +[COSh] 1+0

RHL.=

sin[cos x]
- lm—— =
—01+[cosx]

0. x—0 X

function, is equal to

..~10. The value of lun

9. lim [w], where [.] denotes the greatest integer

Limits \z)s/

Sol. b. Since o= <1

= SIx tends to 1 forms the values that are less than

x
one as x — 0.

Thus, hm[smx]=0

2—«/5 cos x—sinx is

onfs  (6x—m)? ‘
YO L b 124
c. 136 d 1/48

Sol. c. We have

2—J§cos(%+h)—sin(%+h)
Tofe)t

' .
2—\/5 (cos %cosh—sin%sinh) —(sin%cosh + cos gsmh)

lim2 s/gcosx —-sinx ~%im
):-—)—’6E (6x 71') h—0

=T 361
Z—Ecosh+£s_inh—lcosh——?isinh
= lim 2 2 2
= ' 2
h—0 36h
. . afh
. 2(1-cosh) 1 2sin (2
= lim=—————-+=—lim ———
K0 36h° 18 h—0 n?
sin (—}L) i |
1 2 1 1,02 1 1
=—lim| —=c=| ==={1) X7=7¢
9 50 (g) 250 %375
2' .
’ ) 2—,/1+cosx )
11. The value of lim[———_T—— is
' x—0 sin”x

" a 'b_l_
o2 : 82
1

1 L
“ Wz . 42
.- \[2_—,,1+co'sx

Sol. ¢. We have lim )
x-30 sin® x

= fim 2 — (1+cosx) %

1
x—0 sin2 x \/5 + \jr-l—cosx

- Jim 1-cosx « lim 1
-0 (1 +cosx)(1 — cosx) 202 + J1+cosx

1 1

Qﬁmx,sﬁ% 6&11&1@@&;&1 ariom Tower * @l@ceﬁa} R@ad“*ﬁ
anchi-1,
Ph.. 0651-2562523, 9835508812, 8507613968 "
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12.

Sol.

4+ 3a,
Ifa,=landa,,, = 3+2a"
: a

n
then the value of g is

a. \2  bh-V2

c 2 d. None of these
4+3
a. Wehavea,, = RALL 3
3+2aq,
443
hm a,,+1—11m %n
n—e 3+2a,
4+3 , . N
a= ¢ =24 =4=5g= 2 (where lima,=a)
3+ 2a . n—ye

" (@#—- 2 because each a,>0) -

13.

"~ Sol.

Also

L= lim

Evaluate lim XZSINX (46 not use e1ther L’Hopital’s
x—0 _x3

rule or series expansion for sin x), hence evaluate

sinx —x— xcosx+x> cotx

lim S

x>0 X

x—sinx

-0 x7
VReplac.‘e xby3x
3x—sin3x
m——-
=0 (3x)°

3x— (3sin x—4sin® x)

lim .
x0 €%

3x-3sinx .. 4sin’x

im— 3 m 3
=0 (3x) >0 (3x)

1., x-sinx 4 .. (sinx ¥
—lim +—lim| ——
‘9 x>0 x3 27 x>0\ x
_L + i
9 27
8,_.4
9 27
L = l

6
. sinx—x—xcosx+x” cotx

Iim
x—=0 . xs

lim (sinx—x)+x csot x(x —sinx)
x—0 X

lim (sinx— x)(: —xcotx)
x>0 X

,n>1 andif lim g,=n,
n—oo .

+ BOARD, NDA, FOUNDATION

sinx—x tanx—x>< X

= li X
xl—r)l(l) x X tan x-
-1_1 -1 . e
= —6—x§_x1=1— (Using expansions of sin x and tan x)

\/Ié. Evaluate Lim cos (71,-Jn2 +n) , when 7 is an integer.
n—yweo
Sol. L= lim cos (n\,nz +n)

n->co
: ) 1
= lim * cos (nn b3 \/n +n)
. n—)m
= lim % cos (71: (n —Jn? +n))
n—co

. p -
. -n

= 4 lim cos| ——=
" A\ +\/n2 +n

= 4 lim cos| ——————=
Cp—yee 1 ]
n+n.jl1+—

n

. = 4 lim cos | ——==
n--o0 . 1
A1+ 1 +=

\ n

b1
= +cos — —>0
2

\/5. Let the variable x, be determined by the following law of
\_© formation:

% = a
5 =va+a

~ Then, find the value of Hm x, .
n—eo

Sol. We have x; =a+ Xoy o

= I? —a+L(asatmﬁmtyL— llmx » hmxn_l)

Offlce 606 , 6th Floor, Hariom Tower, Clrcular Road, Ranchi- 1
' Ph.. 0651- 2562523, 9835508812, 8507613968
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Sol.

{Exz_gxig_ (né—2n+4) . (n2+3).

JEE (MAIN & ADV.), MEDICAL -

_+ BOARD, NDA; EQUNDATION

Limits\}ﬂ(

6 3

[’-L-a=0 5
Hence P= 7
= 1+./(1+4a) » | )
- 2 : \{1/7 If [x] denotes the greatest integer < X, then eyaluate
\ 1 2 2 2
i lim — {[1*x1+[2°x] +[3"x] +---+[n x1}
1+,/ 1+4 yeo 13 .
L= ——(z—a-)- (as according to the question a > 0 T
, | ' - 1
|- J(+4a) Sol. h_t)?o—3{[12x]+[22x]+[32x]+---+[n2x]}
hence ——— <0). nomn
2 t
- .
nr -8 [*x] rx—{rix}
Evaluate lim Hr——g,wherel'[represents the product e Z{ g Z{
. n—eo r3,+ = lim-< = lim 3
. r=3 . oo n e n
of function. L '
) n 3 _
Let P= lim ]‘[(\’3 8}
e\ +8 xn(n+1)(2n+l) .
_ - 6 iy
_ x(r=2\(r*+2r+4 - ,}_I_I,ll - 2_‘. B
hmH 2 2 . r=1
ne AP +2 )\ rf—2r+4
eyl | 000 _,_x
limH(r 2) H(r +2r+4] | = 000 %

noeey g\ r+2 r*—2r+4

r=3

18. Find the integral value of n for which the

hm{lng_gm(n—S).(n—@(n—3)‘(n—2)}>;
e |56789 (=D (1) (a+D) (2+2)

x(n2+zn+4)}

7 1219 (n2—6n+12) ((12—4n+7) (n2—2n+4)

- 1x2x3x4  (n2+3)n* +2n+4)
no | (n=Dn(n+1)(n+2) Tx12 -

2. e+ 3)(n? +2n+4)

=

(n—-Hn(n+)(n-2)

3 2 4
I+ | I+=+—
7 hm 1n 1n nz
Y S
. n n n

2 1+0)1+0+0) _2

7 (1=0)11+0)1+0) 7 | - .=

lim —
x—0

- 3
2 - x x X
cos“ x—cosx—e cosx+e ———

is a finite non-zero.

. — 1+ +x_2.+£_... _x_3_
' YR TH 2

=non-zeroifn=4

Office.: 606 , 6th Flbor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Subjective Type

x—>37r/4 l ~2cos? x

Evaluate lim

g

. Evaluate lim —————*
0. (tan'1 (sin x))

5 (1+5inx)

x XCOSX
—€

e
" Evaluate lim ————
%0 (x +sin x)

st L\ = 1, then find the values of x.
\ (sin' x)_ +1

5x+2cosx

; lim
- Find 3x+14

v using sandwich theorem.

6. Iff(n+1)= %{f(n) +%

€ N, then find lim f(n).
- X~—)oo

},ne Nand f(n)>0foralln

: 8 42 2 2 2
7. Evaluate lim —{1— cos? —cos— + cos.—cosT .

x—0 x8
8.

Evaluate

lim n? \/(1 - cosl)\/(l - cos-l-) (1 - cosl)---oo
n—oo n n R n
\/ 9. Evaluate lim cos( ) cos (—{) cos(x) cos( X )
n—yoo 2 4 8 R on

\)(f Ifx, and x, are the real and distinct roots of ax* + bx + ¢ =0,

- ! 'then prove that lim (1 + sin (ax2 +bx+c));_—l;n— =)

x—x

+ ) .
11. Evaluate lim x| tan™! —J-C—l —tan”! = .
x>0 x+2 x+2

X
\/l’f. Evaluate Iim 2 ;—x

x~>0 x

without using L Hopital’s rule
and expansion of the series.

13. Evaluate hm { }
x—1 {x}

part of x. .
2

g i Vsin® x Vsin® x I/sinzx- sin“x
Evaluate I l1m {1 +2 +etn ysin?x

if exists, where {x} is the fractional

\A4.
A\

EXERCISES

+ BOARD, NDA, FOUNDATaN

Ix Ifx Vx
+ e
. a-15. Evaluate lim G *a; + &
) L \_@ . X n.
) x 1-cos(1—cosx)
L\/f6. Evaluate am 2
\ .
L 1 1 :
17. Evalate lim| ——-——|. .
x>0\ x°  sin”x )

X
x
.
x+3x

sinx

18. Evaluate lim
Xree

‘x+

sinx — (sinx)

im -
- Evaluate , 7/51 sinx + log, sin x *

2

| lim cos® - cos? (- cos? (- cos? {2))BD)
20. Evaluate ad - ( (9_'_4)“2] .
. Usin|l mH———"—1-
l1m/2 tan x(\/23m x+3sinx+4 ~ \[sm x+6smx+2).
X
w Evaluate limsec— log x.
x—-1 2*

1/x

. e—(l1+x)
23. Evaluate hm _—
x—0 X

Bvaluate lim ™" {(n+2°)(r+2 )+ 277) - (27"

Evaluate the value of

\/24.
Lo
25. Let f{ix) = lim {hm cos>™ (n!nx)} , where x € R, then
m—>o {n—eo

that f (x) = 1, if x is rational
at f(x
prove 0, if x is irrational”

At the endpomt and the midpoint of a circular arc 4B
tangent lines are drawn, and the point 4 and B are Jomed
with a chord. Prove that the ratio of the areas of the
triangles thus formed tends to 4 as the arc AB decreases
infinitely. :
\/{7. T, is an isosceles triangle in circle C. Let T, be another
\/\. isosceles triangle inscribed in C whose base is one of
the equal sides of T, and which overlaps the interior of
T,. Similarly, create isosceles triangle T; from 75, Ty, and
. T, and so on. Prove that the triangle T, approaches an
equilateral triangle as #n — oo.

\_"26.
Ly

Objective Type

Each question has four chonces a, b c, and d out of whxch only

one is correct.

1. Iff{x) = 0 be a quadratic equation such that f (- %) = f (%)
JS&)

Lo . 372 .
=0andf ( ) = _% then xl—1>m7r sin(sin x) is equal to

Office.: 606 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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a0 b 7w
c.2r d None of these
2. Iff(x)=—;&m,men |
(1-sinx)
a lim f(x)=-e b lim f(x)=c°
xq% . x——)—z—

c. lin}rf(x)=oo

x>

".d None of these

1
x* tan~
X

3. lim ——2—
2 Jox? + 7 +1

S o op L
22 22

1
e =

NG

is equal to

d Does not exist

. -
LO \ function, is equal to .
\’ a0 : h1

c -1 d. Does not exist

2+2x +sin2x

7 lim . ~— is equal to
Lo T (2x +sin Zx) &
a0 _ hl
c. -1 ) d Does not exists

" 6. Let lim [ ]2 =l and hm[ ] =m, where[]denotes»

-0 x x—0 x
- greatest integer, then
" a, ] exists but m does niot ' b. m exists but I does not
¢. both/and m exist d neither I nor m exists
. xsin(x—[x
7. fig XSRE—[xD)

- , where [-] denotes the greatest integer
x—1 xX— . Co

- function, is equal to_- .
‘a0 b -1
¢. Non-existent d None of these

COSE€C X
. (1+tan x 5 ;
8. lim| ——| is equal to
x—0

l+smx
a e b l
e
el ‘ : d None of these
. 4 .2 :
A | +1 .
9. lim 22 4x St 2x ! is equal to
x—= cos" x—cos” x+1
a0 o b1
1

| fim sin(sgn(x)) ' L
\/1. o (sgn ( )) -, where [-] deflotes the ggeate{st integer.

17.

18.

19.

Limiti/zé

3 2 .
10. lim | ————-— isequalto - ..
X300 3x2—4 3x+2 : 7'
a. Does not exist b. 13
.0 d 29 _
2 -3 2(2x+1)
. a = - d h = ——_—_' .
I =~ 86 = T adhe) = 5
then h_Ig[f (x)+g(x)+h(x)] is
a-—-2 b -1
c —-2 d0
1 -
x(e* -1)
im ——— j
12. e l—cos x 18 equal to
a 0 b o
c. -2 d?2
n(2n +1)2 .
13. hm I is equal to
noe(n +2) (n” +3n-1)
a0 , - b. 2
c. 4 d. o
¥ 3
. + h
14. The value of lim I——C%S—l is
x> - gin” x
a. 173 b. 2/3
c. —1/4 d. 32
15. limn’ (xl/" --x”(."ﬂ)),x >0, is equal to
. n—yco
a. 0 b. e* : el
c. log, x ~ d. None of these o
,/1 +4/2.4+x — «/—
16. The value of lnn :

WL _ b-_l_-
83 N -"

c. 0 o d None of thef'se
40 5 i
-1
lim (2x +1) (4J:5 ) is equal to
x—ye 2x +3)7 .
ale _ b. 24
¢ 32 d. 8-
,hm [\/x+ x+«/— —«/_] is equal to
x—300
1
a. 0 b —
. 2
clog2 d ¢
10 10 10
lim (x+D)" +(x+ 2) (—;—10 +(x +100) is equal to
x—0 041 '
a. 0 . b1

c. 10 - d. 100

3Offlce 606 , 6tﬁ Floor Hariom Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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a - b . § .
lim 232 % wherea, b, ce R~ {0}, exists and has non-

0 sin(x?)

\\/ 20.

" zero value, then

~aatc=b h bt+c=a
c.atb=c d None of these
21. lim [xtan x —'(E) secx] is equal to™
x-r/2 2
‘a1l h -1
c. 0 d None of these

3 . :
22. If um["z“ —(ax+b)) =2, then

xoel X7 +1
aa=1,b=1 ba=1,b=2.
c.a=1,b=-2

d None of these

X

23. The value of lim(2-x) 2 is
.x—)l 7

a é—2/1r b els
c e 2 d. e -z
24. lim—2X . (m<n)is equal to
-0 (sinx)” .
al b 0
c.n/m d. None of these

_ x*(cot* x—cot? x+1) .

25. hm - is equal to
\_l x50 (tan* x—tan® x+1) a
al b 0 .
c 2 d None of these =
. - 1 x x ‘ ' : . .
* 26. lim (——-———] is equal to <
\/‘ - e\e I+x
a £ hO
€ .
c. el -d. Does not exist
\/ﬁ. im— is equal to
\QD x-1sin27wx
a __1._ b ;1
2r /4
c _—2 d None of these
/5

28. limlcos_l(l xz]is equalto

x->0x Al1+x »
al hO
c. 2 d None of these

JEE. (MAIN & ADV.—MEBHSAL
+ BOARD, NDA, FOUNDATION"

' 2x+1 )
. » 2 el
. +2x—1 =1
29. fim| 3L 7 g equal to
x—=eo| 2x° ~3x~2
a0 h o »
¢ 12 d None of these

 ime 2J2+3%/§+4:‘/§+.--+n2/§
xm J(2x-3) +3(2x=3) +---+ (22 -3)
b oo .
d. None of these

is equal to

al
¢ 2

\/31 lim (x+y)'sec(x4-y) — X sec x

w7 Y
a secx(xtanx+1)
¢. xsecx +tanx

is equal to

' b. xtanx + sec x
d None of these

m—yeo

32. The value of lim (cosi) is
i m

b e
d None of these

al
c.e!

1/(-x)
L‘ 33. lin}[coseé _7r2_x] * (where [.] represents the greatest
: X! ]

-

integer function) is equal to

a0 b1

AC d Does not exist

: 2 n(n-1)
34. lim (22——2:3 is equal to

ne\ p°—n —
ae b ¢’
cel d1l

|\ 35 Iff(x)= lim n(x"/" —1),then forx>0,y>0,f(xy)is equal
N n—oo N .

- a ffQ) b )+ ()

¢ f)-f) d None of these
o 36. If lim (LE"—;) exists, then /<
x—a\ g(x )

a. both’ Him f(x) and lim g(x) must exist
x—a x—a
h lim f(x) need not exist but im g(x) exists
x—a - x—a
c. neither lim f(x) nor lim g(x) may exist
x—a x—a

d. lim f(x) exists but lim g(x) need not exist
x—>a x—a

. n.3" 1
37. If lim - n = —, then the range of x
e p(x —2)" +n3"" 3" 3 :
is (where n € N)
a [2,5)
c. (-1,5)

h (1,5)
d (—’oo, oo)

Office.: 606_, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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3-x
A The value of hm 2 6
\/-\ x—2 ,2—x 21—1
a 16 h 8
c. 4 42
- n a 1 n
-39, lim||—| +sin— is e
39, m (n +1) | n] (when e Q) is equal to
a e b -«
c el-@ . d el*®
\/ In (x2 +ée* ) ) .
40. f(x =~ 7 Then lim f(x) is equal_to
L\ In (x ﬂ.ez") n—3c0 - v
a1 b. 12
¢ 2 d. None of these
1+sinxm [ 5
. . 1+x°)
41. lim is equal to
x—1 1 +cos 7x -
a0 bl
c 2

20
.- lim 20052" (x—10) is equal to

LO n—eo 7

a0 b1

.19 ' a2

1 1
\/ @) -3")" -
43. The value of lim (where n e N) is
! Pl x .

A
N 2

a log n(g) b0

c. nlogn (%) d. Not defined

\)A/Iff (1,2) - R satisfies the inequality

- cos(2x—4)—-33. *14x—8| °
L &S(_X#q(xkﬂ%ﬁ, V xe (1,2), then
. xX—

lim f(x)is

x—2
a 16
b. Cannot be determined from the given information
c. —16
d Does not exist

45. Letf(x)= lim L > . Then the set of values
=3 " ,

—tan 2x +5

/4

of x for whlch f(x)=0is

’ZX'OJfflce 606 ézﬁbéoor Hariom Towef

'\/46.

Limits /225/

: 2 : .
lim {(l +x)* } (where {-} denotes the fractional part of x) is
x=01] - .

equal to
a. &-7 h &£-8
c. -6 d. None of these

)
47. 11m——s—uix—2)—— is equal to

x-01In(cos(2x” —x)) . .
a2 b -2 |
¢l d -1

U 48. lim

[T 49.

50.

51.

52.

e (32)”

. 1 - . . . .
im ————— (where {x} denotes the fractional part
Ly e

of x) is equal to

a. Does not exist bl
c. oo al
: 2
: x#0
If £ (x) = {z sin(1/x"), ,r(e D then

a. lim f(x) existsforn>1
x—0 )
li i <
b.. lim S(x) exists forn<0
c. linaf (x) does not exist for any value of n
- x>

d H-To f(x) cannot be determined

The value of hm( 2 .. 4 ] P, q,€ N equals
il 1-xP 1-x7
2 2t P4 271 g P
2 2 2 q
1—cos(x+1)

e e x 1) @t
xlgl 7_7'_1— is equal to:

a 1 b (2/3)?

d el/'Z

Thev?meofli_»ni[(x;_j;) - (x::«/;— J_ff]— } |

a 12

h 2 )
c.l d None of these
‘ el/x2 _1 ) =
im —————— 18 equal to
. oxve 2tan” (x7)—TW
a'l b -1

éilrcular Road, Ranchi-1,

1-2562523, 9835508812, 8507613968
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i 1+sinx—cosx+log(l—x) a. 19 b. 198 »
54. The value of ;") 3 is 0 d. None of these
. . -1
x—cos{sin™ x|
a 1 _ n_1 \ﬁs. The value of [im __—(_—l-—) is
2 . 2 \/\ ‘ x—)—\/% 1 —tan (sin' X)
c. 0 d None of these _
cos(tanx)—cosx . a 1 n 1l C . d_2
S. )1‘1_) S S is equal to N Nz V2 .
Lt ale | h 173 | N
L -
a2 dl . \%6. The value of H2 73 T 2 is
aacl (cos lx) ‘ .
56. Ifx,=3andx,,;= ,/2+x,, ,n=1,then lim x,is ‘ @/ '
~ ‘ o ' 1/4
a -1 h2 _ a4 hi2 . c. 2 d
e 5 _ a3 . 67. hm [mm(y 4y+11)§£f:| (where [.] denotes the
1/x ’ :
) x x x veet x
57. lim P+27+3 +tn is equal to greatest integer function) is
x—>‘0 n as : b6 )
a (n)” b (n!)V ' c. 7 d Does not exist
1 : 1 : J
e d In(n) . ‘ 68. 1im sin(xcosx) jg equal to
\/ aVF — gt . .. L\ - xon/i2cos(xsinx)
\/\58. The value of the limit )]c.l_l)l'(l)—‘/_—-'-:”—\/;',a>1ls '_ . _ 2 0 hpl2 e.p . d2p
a4 b 2 69. If Jim (r®sin 3x+ ax 2 + b) exists and is equal to 0, then
. x—-0
c. -1 a0 - . aa=-3andb=92  ha=3andb=92
' ) c.a=-3andb=-972 d a=3andb=-9/2
59. ’Among (V% hm sec 1( ) and e, 8 ‘
- 33w sinx » 70. If iy —— S X isnon-zero finite, then 7 is equal to
. i : x>0 x" —sin" x :
(ii) lgr; sec”! LSI—ZE) ‘ ’ a l - b 2
a. (i) exists, (ii) does not exist ¢ 3 - d None of these
b. (i) does not exist, (ii) exists - lim (I+x+x7) . 1t
. both (i) and (i) exist | _ M iy S
‘ d. neither () nor (ii) exists a2 ' b & I
' 2 : d None of these
\/60. If im __ﬂx_ is non-zero finite, then n must be equal «e :
\/\ x50 x—sin" x i m 1/m o \l/n E
‘ a 4 h1 c2 d3 , 2. lim @"+x) " -2 +x) is equal to m
2= _q (x4 -16 L T 200 x ,
. a. - +—
Ll 3 N 5 . 1' m2™  n2" C m2™  n2
' a SIN— h2 ¢, Sin— d sin— 1 1 o1 1
5 . 9 5 - 5 C — T ' —
m2™  n2 m2 n2
62. lim((x+5)tan" (x+5)—(x +T)tan" (x+1)) is equal to \sinx t
X—yoo . N 13 _ X Jasannbed) : . - t
o b 27 | 73. ll_l;l’(l)[(l e ) T ] is (where [-] represents the greates
c. 72 d None of these integer function )
2n a1 b1
6 1 (11 X)(ll hllox D) neN | ¢ 0 d. does not exist
x—)
{a=00-)--a=x"" | L x50
a?P b >C, 74. Let f(x) = o2
c. (2n)! d. None of these 2-x, X%
im [[IOOx] [99sme x+3 x<l1
64. The value of ;6 | sinx x - 209 = x2—2x-2, 1<x<2,then lil,%g(f(")) is \;
(where [.] represents the greatest integral function) is ) x-35, x=2
Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651- 2562523, 9835508812, 8507613968
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[

a2 b 1 ,
c. -3 d does not exists

™t - (n+1)x" +1

75. lim , where n=100 is equal to
x-1 (e" - e) sin 7Tx
a 5050 b 1_(_)2 _ 5050 d - 4950
e _ e . ;e - e
. . i 1/n 2/n- (n-in7] -
76. The value of lim l+e +e +....+e ] is
h nein RN ‘n
a1 hO. c.e—1 de+l

77. The value of lim 2n n+1 n ”(—1)
o "f>°°_2n2—1 “m-1 1-2n 2+l

al - b1

c. 0 d none of these
o ' 2 i o2
8. limlog(l+x+x)+log(1 x+x7) _
x0 secx—cosx
: a -1 b.1
79. The value of 11m\/a -X cot—,’
x—a atx -
a 2a h _2a ¢ — a-=
m T .4 4
' . cot™ (x"" log, x) R
80. lim ——— 2 (@ > 1)isequalto
3% sec”! (a" log, a) 4
a.2 hi ¢ log 2 d.0

Multiple Correc

Answers Type

Each question has four choices a,b, c, and d, out of Wi ch oneor
more answers are correct

" , 0<x<«l e -
1. Letf(x)= S iy lim /() exists, thenais
ax, 1Zx<2
al b. -1 c.2 (i )
2. If f(x) = |x - 1] — [x], where [x] is the greatest integer less

than or equal to x, then

a. f(1+0)=—1,f(1-0)=0 b. f(1+0)=0=7(1-0)

c. lim f(x) exists d Elﬂf () does not exist
x=1

n—see +n

3. If lim (an - 11+7n ] = b , where a is finite number, then

aa=1 b a=0 c. b=1 db=-1
\/4 Ifm neN lim siny ,is‘( '
\,\ - x>0 (sin x)™ .

al, iffice.. 606,

c. oo ifn<m d
Ph.:

'Limiw
. Which of the following is true ( {.} denotes the fractional
\/\ part of the function)?

hmloﬁ—{= b lim —F
x—e {x} x—2* x2— x—2
Io
c¢. lim —z—x———=—oo d lim—ﬁ"—s—=
x> x5 —x=2 x> {x} -

\/(if liml(2—x+a[x—1]+b[l+x]) exists, then @ and b can
x>
[__ take the values (where {-] denotes the greatest integer

~ function)
a a=1/3,b=1 ha=1,b=-1
c.a=9,b=-9 ‘d a=2,b=2/3

|2sinx—-1| then

7. L= lim
x—>a 2sinx—1

L ({ a. limit does not exist when a = 7/6
b L=-1whena=nx
¢. L=1whena=m2
d L= 1when a=0

\-/8/}()‘) = lim ——— » the 11}

L) af(l”*?if(lf 0 BRI
e N H(1)=1  dfA)+f1)=0

=3n + (-D)" .
9. lim —————— is equal to
noe 4p —(-1)" .
3 e :
a =2 h Oifrniseven

€ —% if nis odd d. None of these
10. Givena real-valued function fsuch that

ﬂﬁ for x>0
_ (- [x1) o
f=4 1 for x=0, where [x] is the integral
. {x}cot{x} forx<O
L

< part and {x} is the fractional part of x, then
a lim f(x)=1 b lim f(x)=cotl
x—0*

x—0"
e coct (1 ) =1 @ w1 19)=5

x> +ax+a+1

11. Iff(x)= , then which of the following can

X +x-2
L; be correct
a. limflx)exists=>a=-2
x—1

h lim flx)exists=>a=13
x——2

c. lim fix)=4/3

n}*f'f—’rbor Harlom Tower (”Smr’&llar Road, Ranchi-1,
BEBI™562523, 9835508812, 8507613968
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12.

A\

13.

14.

Reasoning Type

32)1010 (s e isequal to .
a -1 h O (| d oo
x* —9x+20 _ i
Let f(x)= e (where [x] is the greatest integer

not greater than x), then
a lim f(x)=0
x—5
b lim f(x)=1
x—5*
. i i
¢ xl—>ms fx) does not exist
d None of these

Given lim f ( )

=2, where [ -] denotes greatest integer
- x=0 x

function, then
a lim[£(9]=
b ,lim[f(x)]=l

c. hmlif (& )] does not exists

x—0
d lim[f ) ]exists
x—0 X

Each question has four choices a, b, ¢, and d, out of which only
" one is correct. Each question. contains STATEMENT 1 and
STATEMENT 2.
_a. if both the statements are TRUE and STATEMENT 2'is
_ the correct explanation of STATEMENT 1.

b.

S .

if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.

if STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
if STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

Statement 1: lihm smx] =0

x—0 X .
Statement 2: For x € (-8, 8), where 8 is positive and 8 — 0,
tan x> x.

Statement 1: lim , where f (x) = ad+bx+ c,is

X =

sin(/(x))
x—o

. - . e
finite and non-zero, then lim —
x-a ™

e
sin(/f (x))

xX—x

— 1 .
does not exist.

lim can take finite vélue only

x—=a

Statement 2:

when it takes % form.
Statement 1: hm0 sin~ {x} does not exist (where {}

denotes fractional part functlon)

Statement2i 08 i BOB B Eor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968

10.

11.

\/12.
W\ g

. Statement 1: If a and b are positive and [x] denotes the

= lim fj(x)+ lim f(x)+--+ lim f, (x), wherene N.
x—=>a - x—=>a x—=a .

"x|b| b
greatest integer < x, then lim — [—] =—.
-0t alx] a

Statement 2: lim — ik — 0, where {x} denotes fractional
X X _
part of x.
o (2 22 3 x2
Statementl: lim | — + — + = et =
X —> o0 x3 x3 x_} [
2 2 "
= lim L+ 1231,2 4ot lim X =0
. X—)oo x3 x x X oo x3

Statement 2: lim (f; (x)+/5(x)+ -+ £, (x))

N1-cos2x

does not exist.

Statement 1: lim
x—0 X
1-cos2x . B
Statement 2: f(x) = - isnot defined at x=0.
Stafement 1: lim lim {sm "(nlnx)} =0,m,n € N,when
m=>co n—)°°

x is rational.
Statement 2: when 7 — oo and x is rational, n! x is integer.
Statement 1: :

It : x, if x is rational t'h lim f (.TC)
= : , then
/) 1—x, if x is irrational x—1/27 .
does not exist.
Statement 2 : x — 1/2 can be rational or i_rration_al value.
(x=1)(x=2) |
Statement 1: If f(x) = m , then

lim sin™ f(x) exists, but limcos™ f(x) does not
Xx—3ro0 x—>00
exist. ) _
Statement 2: sin” x and cos™ 'x are defined forx € [—1,1].
. e'l/ x
Statement 1: lim[x]| —;
x>0 e

greatest integer function) does not exist.

el/ x _ 1
Statement 2: lih | ———— | does not exist.
e

x>0 1/x+1

Statement 1: If lim ( x) does not exist, then
x—0

lim f(x) does not exist.
x—0 ‘

exists and has value 1.

. Ssinx
Statement 2: hm
x—>0- X

Statement 1: If <g,> be a sequence such that 2, = 1'and

.+ = Sin a,, then lima, =0.

n—o0

— e Fw -

——1] (where [.] represents the
+1 |

S ARD . NDA. FOUNDATION
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Statement 2: Since x>sinx V x> 0.

~ 13. Statement 1: hm loge (smx) =0.
x

Statement 2: 11_13 fgx)=r (chlgg) g(x)).

| Linked Comprehensio
Type

Based upon each paraéraph, three multiple choice questions
have to be answered. Each question has four choices a,b,cand d,

out of which only one is correct.
For Problems 1-3

,/2{x} x(1-{x})
the fractional part of x
1. R= lim f(x)is equal to
x—0+

a P2 b T e =
2 2V2 V2
2. L= lim f(x)is equal to
x—0- » )
p . T T
a - b —= ¢ —= d
N W STl
3. Which of the following is true? '

a cosL<cosR b tan (2L)>tan 2R
\___  ¢sinL>sinR d None of these °

or Problems 4 -6

A4;= _x_—a_ =1,2,..,nandifa; <ay<a;<--<a,.-
| x— a| ,
\/1._ If 1 <m<n,me N, then the value of
\/‘ L= lim (4 4,---4,) is
x-a,”
a. always 1 b always—1
¢ (1) a -p™"
. If 1 <m<n,me N, then the value of
\/\ R= lim (4 4,---4,) is
: x—a,*
a. always1
c. ()™ a -h"
%Ifa <a;,me N, then
Wy Hm (4 )

b always—1

c. Does not exist. d Isequaltolor—1.

For Problems 7 9

IfL=lim 3

: L sin x + ae* +be"‘+cln(1+x)
' x—0 x

7. The valueof Lis

c. -176 |

a IDffice.. 606, gt%@:Ioor HarlomT:
651-2562523, 9835508812 8507613968

LJ\ P1 >P2>P3

v . L -
, Letflx)= sin}(1—{x}) X cos 1.(1— i) , where {x} den\o&

__ a. Isalways equalto—1. b Isalways equalto+ 1.

]

4
* Limitw(

8. Equation ax* + bx+c=0has
a. real and equal roots
b complex roots
¢. unequal positive real T00tS
d unequal roots
9. The solution set of |[x + c| — 2a| <4b is
a [-2,2] h [0,2] c.[-1,11  d[-21]

For Problems 10—12

Leta1>a2>a3 ..ba,,> L;
>p,>0;suchthatp, +p,+p3+... TPy

Al Fx)=(paf +pp@3 +- . +pa)"
10. lim F(x)equals

x—0"

a p, Ina +p,Ina,+...+p Ina,

b af +al* +--+al

c. aP-aft - aP
n .
d Xarp,

r=1 '/

11. lim F(x)equals

X—3oo
~alnag . kb e ca da,
12. lim flx)equals
Ty . _
k alna “het c.a da,

Matnx-Match Type

Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, q, 1, s in column IL If the correct
match are a-p, a-s,b-1, c-p, c-q and d-s, then the correctly bubbled

4 x 4 matrix should be as follows:
q T

. BOOS
Jel T'le
@O0

b IfL— lin

x—m/!
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2x-3)x -1

,then20L= - |r. 1

e . If L=+lim >
= 2x" +x-3
. logx" —[x]
d. IfL= lim ————— ,wherene N, ([x] s.—1
X0 [x] . .

denotes greatest integer less than or equal . -
tox), then—2L= .

NG

\ : Columnl

ColumnII
(I} denotes the greatest integer function) '

a. lim [1005—“5] [ tanxD | paos
x——)O‘ x _ -
*Ib. lim [100—_1‘—] [mota“—xD b g1
x—0 sin x . ’ . B .
: — T
¢ lim [10051“ x} [100 xD b r200
T oxo0 X . o
o tan' x R
4. lim| | 100——— | +/ 100 | s201
f o0 x R I :
B
\/‘\ ColumnI Column It

j:;i.‘If hm( (> =x= 1) ax=b) =0, where ‘l;;y;_g,_-

'_'. a>0, then there exists at least one a-.
i and b for whlch pomt (a 2b) hes on the

Ca+d)+ gME
b. If Lim’ —'—3——1? “2 then
,'“_c"x—>°°1+(1 b')e »

" there ex1sts at least one a and b for Whlch PN
point (a, b”) lies on the line.-.

e If lim (ot =52+ 1) —ax2 b) 0, | r.15x-2y-11=0

then there ex1sts at least one a ‘and b for
which point (a, — 4b) lies on the line.

X +a : ' :
d. If lim = =7, where a <0, then s.y=2

x——-a X+a

: there exists at least one a for which
- .point (-a, 2) lies on the line.

Integer Type Solutions on page 2.51

Qj The reciprocal of the value of
1
(15 )0

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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: 2 2x
2. If - X +2 XZZ - the the
7 {l—x x<2andg(x) 3—x x<1

value of liil)@l Flg(x) is

c

3. If lim(l +ax+ bx* )"_'l =¢* then the value of bc is

4. The value of hm[ (n+1 —3J(n-1 }15 ‘ .

1/x
. If llm[l +x+ S ):‘ ='¢3, then the value of

x—0
\%‘ . L/x
: ln(lnr(l)l:l+f( )] ]

6. lim f(x) where

X—»o0

7

2x? +5x

<f( X)<———,is

x—1, >1 ') x+1l, x>0
7. Iff(x)= ,8()=
L P NP 4 —x*+1 x50

and h(x)

= IJtI, then find im f(g(h(x)))

\)L/ If lim f(x) exists and is finite and nonzero and if
X0 .

f()

—x%/2

9. IfL = lim % then the value of 1/(3L) is

x-0  x”sinx

(f ) +——— 3f()- 1} =3, then the value of E)Ioln fx)is

(10—-x)" -2

10. 1fL= lim . then the value of | /(4L)| s
=2 . i

x—

11. The value of lim @ﬂjﬁ is
X-Yoo e x '

| 4
\/If[,— lim (2- 32.2% .3 ---2"'—1-3")("2“),thenthe\@ze/

of L*is

13. If lim asin(x — 1)+bcos(x—1)+4
x—1 x -1

=-2, then|a+blis

—ax+a-1

14. Let lim = = f(a). Then the value of f 4)is

x=1 (x - 1)

/ ; (cos x—1) (cosx - e") _
~.”15. The integer n, for which lin(l) isa
x—

. :

finite non-zero number, is

DICAL
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\’(‘6 If lim ,/cos 2x-3/cos 3x- ﬂcos 4x --- ffcosnx ‘has the
l x—0

value equal to 10, then the vaiue of n equals

Liw
” ABC is an isosceles triangle inscribed in a circle of radius
\/\ 7. If AB = AC and h is the altitude from 4 to BC, then the

triangle ABC has perimeter P = 2 (,lzhr — W% +2hr )

3x* +ax+a+l _ _
\/‘(f( )= z zx a2 and ll)m fx) exists, then the value and ar;aA and and also
x* +x -2
LO of@-ayis , fim = ((T-JEE, 1989)
x+4
\,1'8/IfL lim (x x? log, (l + = D,thenthe value of 8L is 5 lim (x + 6) _ (IT-JEE, 1990)
X0 . ol X +1 ) ————a— ¢ »
\/19. LetS,=1+2+3+ - +nand : x> . . ‘
v 8 . (1454
\ pP,= $ 5 S ,wherene N(n=2). 6. lim x2 = (IT-JEE, 1996)
_‘1 S3_1 S4'_1 Sn—l B x—0 1+3x ’
11 = In(1+2h)—2In (1+ A .
Then 1%, P 7. tim 20+ 20) . (L+h)_ (UT-JEE, 1997)
Wo. Let f”(x) be continuous at x = 0. I hf—)}) h ,
= 2/(3) =30 f22) +1f ®9) True or fulse - | _
-\ If i _) 0 o 2 exists and f(O) #0, \/f I hm [fe)gl)] exists, then both )1:1331 f(x) and
£7(0) #0, then the value of 3a/b 1s \O lim g(x) exist. (IIT-JEE, 1981)

Cox-a
Multiple choice questtons with one correct answer

; sin x
NPT 1L Iff) = | 2—=> then hm () is
- Subjective : v ' 7 x + cos® x =
Ja+2x -3 a0 b
1. Evaluate lim d * - \/;_; ( # 0) (IIT-JEE 1978) c. 1 d. None of these
o eyledx =2 o (OT-JEE, 1979)
2. F(x)is the integral of Efﬂx;_s“‘fi x#0, find 6()-60)
x = 25-2 lim —~———
f(x) 2. IfG(x) 25 —x” ,then 11T 1
lim f(x) [Where f (x)=—-"1 :
(UT-JEE, 1979) \ % | b. %
' LO 3. Evaluate lim (a+ h) sin (a +h) ~a” sina . (IT-JEE, 1980) ¢ 24 d None of these
h ” 1 (IIT-JEE, 1983)
4. Usetheformula hm —x—-—lnatoﬁnd 0 (1 + )1/2 1 3. lim { 1 - 2_‘2 b 2} is equal to
(IT-JEE, 1982) el U -
5. Find lim {tan(7r/4+x)}”" (IT-JEE, 1993) a0 b 1
. A 2
Ob.]echve c.. -;— d. None of these
Fill ini the blanks ‘ | (IIT-JEE, 1984)
. lim (1 —x) tan == = (UT-JEE, 1984) (sinlx] g a0
o xol 2 . 4. If f(x) = [x] ’ , where [x] denotes the
2. 16/6) = {Smx ”ZE "1 nd 0, for[x]=0
2, otherwise greatest integer less than or equal to x, then lir% f(x)is
. x—
2+, x#0,2 a1 b. 0" ’
gx)= {4, x=0 then )lcli% g{f (%)} is= c. -1 ' d. None of these
5, x=2 (IT-JEE, 1985)
(IT-JEE, 1986) fl(l — cos2x)
(1) 5. The value of lim —2—————— is
. x sin + x —0 X
3. lim (IT-JEE, 1987) -1

= ff{ﬂaxlﬁ% 6th Floor Hariom Tower, Cvrcular Road, Fédf?e?ﬁf ese
h.: 0651-2562523, 9835508812, 8507613968 FT-JEE, 1990
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6 lim 1-cos2(x-1)
x51 x-1

a. exists and it equals V2

h exists and it equals — V2

c. does not exist because x — 1 - 0 ‘

d does not exist because the left-hand limit is not equal

to the right-hand limit ~ (ITJJEE, 1998)
7. lim x tan 2x —2x tan x . is equal to
x>0 (1 -cos 2x)
a2 h -2 _
c. 12 d -1/72 (IIT-JEE, 1999)
X
8. Forxe R, lim (x - 3) is equal to
: xoe0 \ X + 2
ae. h el
c e’ : . dé (IT-JEE, 2000)
sin (7: cos? x) . '
9. lim 5 is equal to
x>0 X
a -7 B 4
c. /2 dl1 (IT-JEE, 2001)
/ ) : (cos x—1) (cos x - e")
10. The integer n for which lim £ ~isa
x—0 xn
\’\ finite non-zero number is
a l » b 2 , .
¢ 3 . d4 (IIT-JEE, 2002)

x)I/3 + (tanx)zk 3)
.x_>7 (2 cos? x— 1) ( (t'anx.)l/g’ +_(tanx)2/3)

' 3
USCa+b=2a;bz
a“ —-ab+b

(1 +tan x) 1

L+ ()" (1-(tan

hm

Hgl —= lim .
x—>‘4£ "mcos2x X—>3Tz (1 _.(tanx)lﬁ + (tan x)2/3)

| _(_1) i (1 +tan x)(1 +tan® x)

3 ,_>3T” ' (l—tanzx)
1 (1 +tan2 .X')‘ 1

—lim - ——— =~
73 (I-tanx) 3
4

& (l +sin x)

—tan x) sin nx

- ((a —n) nx

11. If lm — -
x—0 x
zero real number, then a is

=0, where n is non-

2

a 0 b n+l
n
1 .
cn dn+ ; (]IT‘-JEE,2003)

\_A17. The value of lim ((sin x)!"* + 1+ %) =0 where
x—>
A x>0is C
a0 : b -1 .
c. 1l ©d2 (IT-JEE, 2006)
13. If lim[l + xIn (1 + b>)]'* =2bsin®6,b> 0 smf O e (-7,
x>0 :

7], then the value of 8is

T T /1
+— h *-— c. +— d £—
* 7Y 3 6 2
‘ . (IT-JEE, 2011)
Multiple choice questions with one or more than one correct
answers : - ‘
' 2
a—ya —x* 42 »
1. LetL= lim— 4 a>0.1f L s finite, then
) x—0 x4
aa=2 b a=1
1 f 1 _
e L=— d L=— -JEE, 2009
“ T 3y (TIEE2009)

ANSWERS AND SOLUTIONS ——— —

——_M— (where A =sinXx)
" 0 (tan” (1)
2 : '
(l+h+h—] (1+h) n .
) _ 2t 21
T Gy @y 2

X 1\ _ (pXC0SX _
3. lim & D= 7D
x50 (x+sinx)

l- (ex - 1) ( XCOSX 1)
= lim _
x—0 sin sin x
(1 —) .xcosx(secx + )
x X COSXx
% _ XCOSXx _ 1
ST Gl R T )
sinx

T x—0 " sl -0 tan x
x{1+—- xcosx| secx+
X X

Ph.: 0651- 2562523 9835508812 8507613968
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4. llm—l————l
n—>°°(sm x)" +1
= (sin"'x)* >0

=0<sinlx<1
=>xe [0,sin1)

5. We know that — 1<cosx<1forallx.
=-2<2cosx<2
=5x—2<5x+2cosx<5x+2
Dividing by 3x — 14, we get

S5x-2 >5x+2cosx S 5x+2

> 2 for large negative x
- 3x-14 3x-14 3x-14 ( ._g & )
N fim 5x -2 - lim 5x+2 __5_

oW e 3x—14 r>w3x-14 3

It follows that lim 5x +2cosx _3
oo that . 3x-14 3

6. Asn—> o, let li_I)nf(n)=f(n+1)=kv
n—oo

Wehavef(n+ 1)— —(f( ) —f(—;)

= 11m f(n+1)- hm (f() 7(_))

1 9
=>k=5(k+7c‘) =kP=9%o0rk=3.
= lf"lof(n)=3

2\ 2 '
7. LetP= lirni l—cos-x— 'l—cos-)-c—- . (gfonn)
x—0 xs 4 2 0

2

= tim S 4sin? Egin? X
x>0 x 8 4
et e
32 sm 3 sin 2 1
T x064x16 Xt x* 3R
64 16

( : 1
8. LetP= lim n’ \Kl—cosl)\ﬁl—cosl) (l—cos—)-nw
n—eo n . n n

i
Putting — =x, we get
n

\E cosx)\ﬁl cosx)\/(l —CO8X)+-0

. P=1lim

x—0

Limits, 233

(1—cosx) (1+cos x)
-0 x2  (1+cosx)

= lim('smx) lim 1 =(1) _1__=l

-0\ x /) x0(l+cosx) 1+1 2
sin2" 6
2" sinB

x x x x " sinx
Then cos (—) cos(z) cos ( 8) cos( - ) ———‘—x—
2 2 2" sin (—z—n—)
Then L= lim cos X cos (f) cos (i) .-+ COS (i)}
n—yoo 2 4 8 2"

sinx( x
sinx .. x \2") _ sinx

= lim ——————~ = lim —
n—yoco . X n—eo . X b d
S 2" sm(—) sm(—)
2" 2" .

10. ax? +bx+c=a(x—x;) (x—xp)

9. We know that cos6 cos26 cos48 - cos2™ o=

1
X=X .

= lim (1+sin(ax”® +bx +¢))
x—)xl

 sin(a(z-x)x-5)
hm — B

e ex—nq (x-—xl)
. sin(a(x—x)-(x-x)) . _ _
= exl—lsl “(X-II;(X—J-’z) \ ot x2)= ea(xl—"z)
4 x+1 4 X
11. lim x| tan” 2 —tan ‘,——]
x—3e0 x+2 x+2
x+l_ x
- limxtan'l x+2 x+2
Xx—yo0 x+1 x
x+2x+2,
= limxtan”’(————' x+2 )
X 2x +5x+4
tan—l--( x+2 )
2
lim 2x -;5x+4 < x(x+2) 1><1__1
= x> +2- I x—S————=1IxXo =2
” ——2}‘—— 2x2 +5x+4 2 2
C2x°+5x+4
2 —x-1
12. L= lim =
x—0 x
Letx=2t .
2% _2t~1
L=lm——

-0 4t2

:Hm(Gfﬁ;@é 22606 6th Floor Harlom Tower, Circular Road, Ranchi-1,

x—0 x2

Ph.: 0651- 2562523, 9835508812, 8507613968
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_1 2
=>L—Z[(h12) +2L]
L 1
= ~==(In2)?
24 ‘)
' 1 ‘_
=L==(ln 2)? (’.‘limz——l - mz]
2 =0 ¢ :

13. Letf(x)= S0}
{x}

LHL= lim f(x)
= }1'1_1)1(1) SA=h)

= lim sin{l— A} '
B0 {1~ h}
-sin(1-4) .

= lim .
=0 (1-h)
= s1_nl =sinl

1
" andRHL.= lim f(x)

h—1*
= lim f(1+ h)
x=0
= Iim 30 {1+h}

0 {l+h)

"~ HenceLHL.#RHL.

sin {x}

Hence lim does not exist.

x>l {x}

: Vsin®x | A1/sin?x 1/sin? x ysin® x
14. )1{1_1)1‘1){1 +2 +eetn }

Put — — =t>]
sm” x
Hm(1' +2' +...4 ')/
t—3en :

1/

= h'm(nl)l/t[(lj +(_2_) +...+1J
1300 n n
; , 1/t
. 1 2
=nlim|| = +| — + -t ]
1—yoo n n

=n[0+0+ - +1]=p

15. Letx= l , then
y

lim

1/x 1/x /x \™
a +t12» +-'-+dn
—_—z " “n
x-—0

n

- = lim

nly
al +a} +--+q’
y—0

n

lim al +al+-+a¥—n\n
e e S S 0
_ ey—)o ) n y

Y _ Y ] Y _
liml & 1 af l+... a, -l
>Ny oy y
=é
- eloga,+loga2,+‘--+loga,l = elog(a,az---a,,) = ala2a3 a,
. 2f1=cosx . .2 X
16. 1—cos(1 - cos x) = 2 sin? (T = 2sin? smzz

= lim 1-cos(1- cos x)

x—0 x4

2sin? (sin2 f)
2

x—=0 X

2sin® (sin2 %) sin? X
= lim 2

X
x—0 ’ 2 4
(sin2 f) (E) 16
2 2

(1 1 . [ sin? x—x2
17. hm(—z— 3 =11m 7
- 0\ x° sin“x *=01 x“sin” x

0 |

. (sin x +x)(sinx — x)
= lim CBVED
*=0  x“sin“x

x>0 sinx \ 3
)
18. Let y= — % - x -7
xtb—F x+L\x x+—§)/—3'
x+\3/;...°° x2/3 x+%/_;...°° X
53

R =2+ (18 y — ¥ = .
Office.: 606 , 6th Floor, Hariom TOV\72e+r(, C):fr-culaor Road, Ranchi-1,

Ph.: 0651-2562523, 9835508812, 8507613968 -



A i R T B i

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION -

—x5/3i ’--xl0/3+4x5/3

2

53 4 ,x1°/3v+4x5/3

2

4x5/3

Z(J(xlols +4x5/3)+x5/3)

ny=

. limy =____2 . —E
Taoe” 14041 2

19. Lett=sinx

LI

Then, P= lim—————
»11-t+Int
Using L’Hopital’s rule
p= liml t (1.+1;1 t)
'_)1 0-1+ ;

~ Again using L’Hopital’s rule, then -

' 0—{:‘ G)+(l+lnt) # (1+1nt)}‘

Limitiyﬁ/

. (2s1n x+3sinx+4—sin® x—6sinx—2)
— lim tan” x
xon/2 \/7sm x+3s1nx+4+\nn x+6sinx+2

tan? x(sm x—3sinx+2)

= lim
" xomi2 2sin x+3smx+4+\/7m x+6sinx+2

(v y>0)

im sin x(smx 1)(smx 2)
Txom/2 (1 —sin 2 y)(x2sin? x +3sinx+4 +sin’ x+6sinx +2)

1

—sin 2 x(sinx—2)

lim
Jc""’2(1+s1nx)(\/ﬁm x+3sinx+4 ++sin® x +6sinx+2)

1

.y 1
2P +B) 12

22. lim sec— logx
x—1 2%

log(1+ (); -1) (x=1)

t o

cos?(1-cos?(1—cos®(1---cos 9)) ‘)

20. lim
20 - - (7:(\/51_ 2))

cos? (sin(sin?-+-(sin? 6)-)

= l
O (n(\/9+4—2))
N s ———9———

cos (sm (sin® - (sin2 6)---)

=lim
60
Sm( 9—>09(\/6+ +2))

_ co$2(0> N~
sSmi| —
: 4

21. lim tan? x(v2sin? x +3sinx+4

“"Office.: 606,'6t%_5%§0u:la' H rlom ToWer—@%rcm‘ar;Road—
Ph.-§ 69823, 9835508812, 8507613968

\ x—
) =lim =lim———~
. 1+1) }:l—n .(m ® e R
P=lm = =2 sin| ——— bty
-1 1 -1 2 2*)(n =« 22
0-0-— : — S e
2

5-3)

» log(1+(x—1)) ~1

x> xX—

2pn (x‘—l) _ 2
7 x-1 2"-1 -1

LS,
x

23. lim
x—0 x

= lim
x—0 X

e—exXe:
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24, hmn" (n+1) l)--(n+2"1_lﬂ
(n+1) n+— ) (
= lim
n—oeo n

n

n =

n
a . . 1 an ’
=elee .. Jusing; lim|{1+—| =€}
n—oe n

L

- . -1 )
= eH2t) = ¢ 2 = ¢

25. We know that 0 < cos? (n! px) < 1.

Hence, lim cos®” (n!zx)=0 or 1 according to
m—yeo

OSCosz(n!7Dc)<lorc0s2(n!7££)=1

Also, since n — oo, then n ! 7= integerifx€ Qand n!w#-

integer, if x € irrational.

1, if x is rational

Hence, f(x) = {

26. A, = Area of AABC= R%sind (secO—cos0)
A =R’ tan@ (1 - cos*6)

0, if x is irrational

_ Areaof ACDE=

DM =CM cos0 .

R® (1-cos0)’  [CM=RsecO-R
cos® 6-tan 8- 2

Lems N

H .
Rsin 6} -

A 2] sin 8 B

4 : >
™ Rcos 8 4

\\ 1
R ]
. !
N

\./,

Fig.. 2 5

L .

+ BOARD, NDA, FOUNDATION

A tan 0 (1 ~cos? 9) cos® @tan 6
Ay (1 —cos 6)*

(tan2 0)cos2 (1 _cos 6)(1 +cos6)
(1-cosB)

=L (say)

= lim L= lim
80 -0 .

an’ 0 0
X =4
1-cos@

=1x2 lim —
-0 @

. (= O
27. Let Obe the base angle of T, then base angle of 7, is (3 - 5)

T -
B 1 fT is ———| —=——1.
ase angic ol 1518 5. 2( )

" Fig. 2.6
Proceeding in the same way, base anglé of T is
_ 1yl :
A )
2 4.8 2" :

where @is the base angle of 7).
Taking limitn — e in equatlon (1) we have

n-2 n—1
1im[£—1+” LEDP (D 9] _

e 2 22 23 22 2t
_m/2 7
i+l 3
2

Now, since T, is isosceles and one of angles approaches to
60° asn—o = T,isequilateral triangle as n — eo.

. - ; (—71‘:+h)2 —n?  2hm+ i’

im ———— = lim——F———— = —_
x>-zsin(sinx) 4-0sin (sin (—7r_ +h))  h-0—sin(sink)

- lim h-2rx o

* 150 —sin(sin k)’  Sin h
sinh h
—Q} t
2.d. lim 08X  _pm—_—mt

.x—>5 (1-sin x )1/3 0 (1 —cos t)I/3

.t A
.251n—cos§
=— lim—

10 13

2 sin® —
2

Office.: 606 , 6th Floor Hariom Tower Circular Road, Ranchi-1,
B Ph.. 0651- 2562523, 9835508812, 8507613968 '
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Limv?/

3 1+h)sin(l+h—[1+A 1+h)sinh
=~ lim 2¥3 cos [ sin = / -0 : RHL = lim (HASMAAZIHAD _ € ;), =1
150 2 2 h->0 d+n-—1 ) h—>_0
Hence, the limit does not exist.
1 1 ) . . X
x? tan— x* tan— 8.c. The given limitis lim [(1 + tan x)****°*/(1 + sin x)°°%%¥]
3.a. lim ———%= = lim _____x_____ =0
x>0 ,'8): +7x +1 X—y—oo —x I8 +l + iz _ hg‘l) [(1+tanx)cotx}secx x/{ll(l_'_sinx)cosecx}]
X X : x=
1 ool gl g
tan — 1 e e .
T T 22 - 4o _gin?
x——e0 oo . Y
_\/8"'_"'_2 | 0.b. lim SL XTSI
x rox ' x—% cos” x—cos” x+1
4.a. lim [M] : _ ~ fim (1—cos? x)? ~(1—cos x)+l '
x50+ sgn(x) x-3e cos* x—cos? x+1 '
' [ si : . : 4 2
= 1im+ 51Tnl] - lim cos4x—coszx+1
0L : x= cos” x—cos” x+1
=0 o =1 '
= lim ilm:l _ . d 1 X
x—-0"|  sgn(x) . ., 10.d. im 32 pr
- [sin(~=1)]" ; .
[ - i 22D (52 - 4)
x —4)(3x+2
= lim sin]] y (35 )(3x ,)
x—0" . : 5 2
=0 : ) . = lim — 2x" +4x
Hence, the given limitis 0. - x—e 9x% +6x —12x -8
_ 37+2+sm2x » ’ g | 2+i
5.d. The given limitis lim ~2———3%— o = lim ——— %
. x—)m(2+sm2x)esmx x—yeo 9+§_%_%
x : \ x x* x
~ 0+2+0 ' = |
) 1 ' ' x?—4x+17-4x-2
-(2+0) % (a value between — and e) —
_ ‘ e 11.c. We have f{x) +g(x) + h(x) 212
[ lim sin x € (-1, 1)] : o :
I . . X2 -8x+15 _ (x—3)(x—5)
Hence limit d?es not exist Pair 12 (-3)(x+4)
i IR ' lim{ )+ £+ h(e) = lim D) = 2
' = : i < limlfG)+ x+x—1————— -=
b. -xT = inf C1<x<0 = [ does not exist 7 g 3 (x—3)(x+4) 7
: * ) C x(ex—l)‘ ) 2x(e" —1)
[x2 0 LA = m exists and is equal to 0] 12.d. lim 1 = hrr(x) x
——— m 1 x=—0 -— x>
x> |0if -1<x<0 o >ed = cos ¥ 4sin® =
7.c. lim%;[x]_) » N /2)2 -
x—1 xX— o =2 IE)% (i_ (e_—_} =2
. (—-h)sin(l—h-[1-kh =0l 2 X X
. NowLHL = lim ({Z)sin@=~-{1=k] S st
h—0 (-h)-1 .
' ' B.c. | - n(2n +1)
~ 1 (1-h)sin(1—h) ¢. lm

‘h’ifa‘ﬁ__606; Bth Floor Hariom Tower, é"f’é@lgr ﬁé’oad Ranchi-1,
' - Ph.: 0651- 2562523, 9835508812, 8507613968
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2.38 Calculus -

o (o
~ (1+0)(1+0+0)

1+ cos® x

14.d. We have lim 3
‘xT §in” x

(1 +¢0S x) (1 —~C0S x +cos® x)

=1

xoor (1-cosx)(1+cosx)

. l-cosx+cos®’x 1+1+1 3
= lim = ==

X% l-cosx 1+l 2

1 1 (11
lim 72| x/" — x4 | = lim n?-xm+ xm -]
n—eo n—o0

_1- 4 _l__‘_\\ - \\
= lim xn+1 xn(n+1) ‘_1 n2 —
n—yco \\
. \_\*
. o1 .
L n(n+l). _ 1 n2
= lim x™*. o .
n—yoo 1 n( +1) BeX gX
n(n+1) »

16.a. \/1+ 2+x f

x—)2

15.c.

_'1 1+\/E—3
A o)

- \2+x-2
""2(\/1+x/2+x+~,/_)(x 2)

=lm (x 2)

=2 (1442 +x +43) (247 +2) (x-2)

(Rationalizing)

(Ratlonahzmg)

1 1
B4 83

2x +1)* (4x = 1)°
17.c. lun(x ) (fs )
X (2x +3)

40 5
(z+l) (4_1)
= lim~>~—2 d

X—o0 45
: (2 +§) '
X
45)

(Dividing mimerator and denommator by x

18.b.

19.4d.

20. c.

21.b.

22.c.

23.¢c.

+ BOARD, NDA, FOUNDA TI )N

T

=25=32
}i_r)n;[\/x+m'—\/;]

= lim — A L (Rationalizing)

e x+\/x+\/;c_ +«,/3—c (

NLex2

lim _ = >
e \/1+\/x~l +x,'3/2 +1

() +(x+2) 0+ +(x+100)°
lim 10 110

4 10 - 10
x‘°[(1+1) +(1+3) +- +(1+&9) }
: x . x x ‘ -
- im s
1+—10

=100

| =

a _: b
. x%sin’x
lim —
x>0 sinx®

q b c
ul sinx x - .
= limx?| —— - x*¢ = limx
x—0 X sin x° x50

This limit will have non-zero value ifa+ b= c.

. ' '7:
lim |[xtan x-|—|secx
x> nl2 [ (2) ]

. 2xsinx—7 o o (0 )
= lim —————— _ — form
x5n/2 2¢08x . 0

a+b-c

[2sin x + 2x coé x]

x> /2

—2sin x

(Applying L'Hopital’s rule)
=-1

3
]im(x2+l—(ax+b')J=
x| X% +1

X (-a)-bx> —ax+(1- b)

= lim
X0 x* +1
= 1l-a=0and-b=2
=>a=1,b=—2 ’
hm(2 x) z B h \’9

Office.: 6;{)6 6th Floor, Hariom Tower, Circular Road, Ranchi- 1,0
Ph.: 0651- 2562523 9835508812 8507613968 N\
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x

ta_n_
= lim{l+(1-x)} 2
x-1

lim(1-x) tan 2%
—_ ex—bl 2

1im(1-x)cot(f—"—")
— ex—)l 2 2
‘ (I—X5

ﬁm_____
v 2o m(lt m:)
s 2 2

Limitls\,/229/

: 2+1/x

- 2 1 Ye-1/x

1+2-—
=lim _x—x
x—y0 3 2

2-=-=

\ X x
=12

30. c. Since the highest degree of x is 1/2, divide numerator and

2
Eor«/—.

t

denominator by Jx , then we have limit

xisec(x+ —sec x :
2 50 31.a. hm{ fseclx+) . } + sec(x+y)}
=lim y—0 y
”Hltan(z(l—x)J » E
=@ : 2 _ )
' - +
_ _ lim| X152 cos(x+y) + lim sec (x +y)
y-0| y | cos(x+y)cosx y—0
sinx” sinx” | x" x Y ~ :
24.b. 1 =i e | I _ ) ,
220 (sinx)™ x50 x" x sin x | x 2sin (x + E) sin (—2—
’ = lim +secx
- lim ™™ =0 [ m<n] y-0|  ycos (x+y)cosx
x—0 v / _
L .
4, 4. 2 -
x"(cot” x—cot” x+1
25.a. 4 2 ) xsin | x + Y sin b
(tan™ x—tan” x +1) . 2 2 )
) = lim X +secx
A(-tanx+tan®x) At - y-0| cos (x+y)cosx ¥ .
B tan4x(tan4x4tan2x+1)=tan4x’x¢0 L 2
: = xtanx sec x + secx
- lim ™ 4 (cot* x— c6t2x+l) - lim x* -1 = secx(xtanx+1)
x=0 (tan* x—tan? x+1) x50 tan* x ' *\*
32.a. hm (cos —)
x ‘ e
. . , 4 -
26.d. fim[2——* ) =tim| -1 | (1o
 xoel\e 1+x x| @ _1_+1 e = hm l COS—-
. .
= (some negative value) whlch is not defined as base is = fim [l —2sin _]
—Ve. m—eo 2m ’ .
— 2 b X
27.b. lim 1 d b, ’}'!2(—2511125)71: ~1 /
x—18in 27X €

m 2r(1-x)(1+x)
x-1 27 sin(27 — 27x)
(2rn-2nx) 1+x
x-tsin(2x —2rx) 27 -

T

28.d.

We know that cos'l_[

2 tan™!
= lim 'lcos_1 (Lx—z]= lim 2 z -2,
x—0" X 1+x x—0* X
: — 52 ' -1
lim lcos—l [1 x2J= Iim'|:—2t?m x}
x=0" X 1+x x-0" X
S 2x

29.c. lim[QLT€ECL 6th Floor,

x| 2x° —3x -2

1-x*)_|2tan”' 5,
1+x* ) |2tan'x;

33.b. cosecn—; > lwhenx—>1 = [cosec—] =1
limit =1
n(n-1)
2
- n+l
34.b. lim |
x20 o=\ nt—n-l;
x<0 ,.li (n 1)+1 n(n-1)
= lm|—F——7F—
and " e n(n—l)—
_ . 1) - .
=-2 1+ ——= ’ o
( n(n—l)) e ’

= lim =— =e

neyeo 1 n(n-1) -1
1

e

Harlom Tower, Ci oad, Ranchl 1,

Ph.: 0651- 2562523 9835508812 8507613968
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35.b. f(x)= lim n(x""-1) ' | , a
n—yoo — hml (_1_] =11= lim 1 (1 +y) =_
lxl/n__l yo0y 1+y y—0 ¥y
= lim - sing binomial
ne 1/n L=e% (Using )
m__ 1 ’ 2
=. lim (where — replaced by m) x X
m—0 m : ln(xz +ex) ‘ Ine* |1+ r:
= Inx . 40.b. L= lim YR =lim 2
= f(9)=In (9)=lnx+Iny=1) +/(») == Infxt +e¥) o= o (1 ' %J .
. (1 ' e
36.c. If f(x)=sin (—) and g(x) = l , then both lim f(x) and /
x+In — .
11m g(x) do not exist, but lim—— f(x) =0 exists. ( e’ J , _
x—0 g X = 4 . -
_) 2x +ln ( x
. n _ i
37.a. lim n3 = 1 e
ne p(x =2)" +n- 3" Ho3r 3
| : . 1+-— X ln( x—x
= lim ————— (Dividing N"and D'by nx3") - 1im_"—34._
. n—yoo — 2 00
(x, ) +3- 1 : N 2+lln( xT
3 n : x e
o 2 2
For ,}K’i to be equal to 1/3 Note that as >— —s0and as xTx 50
. . T X0 o~ X0 @ .
L oY - - (Using L’Hopitals rule)
lim ——0 (which is true) and hm (———-) 0 § 1
n—=e 1 Hence L= 5
= 2<x<5 ‘ . v
x 3-x ’ ' o 3x
A | Y. LAsmE (1 2
x——) -X —-X y . a. 1 - _ -
2 2 o 41.a pat 1+cosmx .
x\2 _ x 3 ) -
i BV o6x27 42 [Multiplying " and D’ by 2] . 3 3mx
JHZ \/5;_2 ' : N —cqs 2 —1+x2
_ a2 hn} 1 : v :
( 2% _4y2* ~2) \/2—x+2) x> —cos(m — mx
T oW ) | (s
‘ 2sm” | —— ———x
; . ~ : _ 4 2(l+ x- )
o @@ =027+ - lim -
11m T . ) x—l .2t nx
x=32 2" -4 ; 2sin”| — - —
‘ 2 2
: x _ x 2 _
o -lme W2 +2)=(2 2)(2+2) 8 3w s Y
39.c. 1*form _ : : 4. 2(1 +x2)'
. = lim
. » Y 1 a 1 2 ) . x-1 n nx
} Jﬂn[[m) +sm;—1] annn;+mn[(n—ﬂ) —l} E - 7
L=e =e - '_
. 24 » o ] 2
Consider, lim n|| 2~ | —1|= tim n|[ ——| -1 1_:=x 2
7 e n+1 oo, 1+1l/n 2 . 1+x? . x-1
: : lim 9| ————— | =lim 9} —/—— | _
. ‘ = x5l 1-x x—1 2(1+ xz) =0

1
Putn=—
: 4

Office.: 606, 6th Floor, Hariom Tower,-CichIar Road, Ranchi-1,
- Ph.: 0651-2562523, 9835508812, 8507613968
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. T .
= tan!' 2x < —E or tan™! 2x> 5

= 2x< 3 or2x> B =|2x]> 3
46.a. (1 +0%=1+x*-[(1 +x™]

2/x 2

Now hm(l +x)"" =e

. . Lx=rmrel
42.b. "+ lim cos” x= 3
T noe 0, x#2rmrel
Here, forx=10, lim cos™(x— 10) 1
n--eo
and in all other cases it is zero.
lim 2 cos?” (x —10) =1
2% =1
(2
I 1 () (—)e -1
@) ) +
43.b. L= ———— = lim
—> ' x—300 x"
X" . n! . "
Now, lim — = lim —=0 (differentiating numerator
x—e @* x> @
and denominator n times for L’Hopital’s rule)
£
5 -
o 3
L .
Hence L= lim(3) lim lim —
X~y X0 X X—¥00 o
B ) ex .
=1xlog(2/3)x0=0 .
“cos(2x~4)-33 2| 4x—
PP ) BPTR O a1
: 2 , x=2 ‘
2x—-4)-33 214x-81
= lim 95—(x—)——< lim f(x)< lim > 2281
x—2" x—2" x—27 x—2 )
2o .
= _16< lim f(x)< lim 282
x=2" x—>2" x—2
= -16< lim f(x)< -16
' x-2
= lim f(x) =- 16 (by sandwich theorem)
x-527
45.a. Giveng(x)= lim 1 =(
n—o

;@lgg)z@(l@z -RHLELor, Hariom Tower ngqu’arx
Ph.: 0651-2562523, 983550881

. Limit\s/d

_ .2
A1.b. lim—)
x-0 In (cos(2x” —x))

~ lm sin(x?)

x—0 2 _
log{1—2sin2(2_x2 "D

sin(x?) x*

Jpowi)

= lim
-Xx

- x=0 %2
x? log (1 —2sin? (Zx 5

2x
lim———F >
=0 (2x" —x)

= lim— '2 =
x50 (2x V. 1)

' 1 1
48.a. LHL.= lim ——— = lm —————=
x—)—l_',“xl—{—x} x—-1" ,[—x—(x+2)
) 1
= hm =oo
xo-1"-2x-2
RHL= lim

,/—x (x+1

1
= lim =1
P N |
Hence, the limit does not exist.
49.a. Forn>1,
Iina x" sin(1/ x*) = 0 ( any value between—1to 1) =0
X )
Forn<0, '

Hn(l)'x" sin(1/x%) = o X (any value between — 1 to l_)= oo

i 2™ q+qxp px’ (0)

L ol —xP —x? +xP 0
pgx”” — pgx?”
P + (gt g)x

pa(p—1)x" - pg(g—1x""

im —
9 —p(p—1)P 2~ g(g—DxI 2 +(p+q)(p+g D"
" (L Hopital rule)

= lim

: prom (%) (L’ Hopital Rule)
x—=1 — DX

I
2
1-cos(x+1)
(X xH1) G
51.b. lim|————"—
x—>-1 x —=x+1

- COS(XH) . sin(x+l)

a_n(fh b 2(x+)
68 ?

(2

285076139
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\2/t2/ Calculus

t= Jz+t '

( lim x,,, =lim x, = t)
X—yo0 X0 .

: 3 |
; x —4x =
52.a. il_)n; {[H] ) 7
= £-t-2=0
= (-2)(¢+1)=0

[ Ve fx +2) 2

N Dr 42 -2

=

t=2 (o x,>0V not>0)

- - ’ 1/x
-1 . [P +2% 440"
: X2 +2x+4 J;_ﬁ 57.b. llm[-—.——)
= lim — x—0 n
=2 x(x+2)  \Vx-2 '
hmo(r-l L T n‘—l}l
'. |:x2+2x+4 } 12 1 =g
= lim| ————— -1 |=—-1== Dy (1 ox 5
32| x(x+2) 8 2 i u,2-1+...,n_—1} :
= ex—u)n X x x
1/x*
. e -1 1
53.d. hm — ~[logl+log2+---+logn]
x—ee 2tan 1(xz)—_7r =er - *
I 1 ‘ 1 1
= lim __e_—l_ - e;ﬂ%"’) = o5 = (p1)n
0+ .
t— 2ctcz)t - ‘/;—'a”‘/;
. -1
= lim d 3 38.¢. 111,‘(1) J'+ 1/J"
1—»0" =2tant a
L S . Put x=7£
10" 2 ,tant 2 - lim T,
t 7 =04 +a
1 o | a@V'-1_a=-1_0-1
' . 1+sinx—cosx+log(l—x) = hm' = = =—1
54.b. 111)1‘(1) x3 . t_)oat—llt_'_l T +1 O+1

3’ 2 4 2 .3 . 1 =Y,
SEE U I DA X X 59.a.i. lim sec (———)
1+[I 3'+ J [1—'5!'4' 4!—"']4‘(—17—7—?—---] 00 sin x

= lim

= 4 = sec_l( = )
.11 1 sinee
31 3 2 : ' 1( oo )
» = sec” :
55.b. cos (tanx) —cos x = 2sin(x+;anx) sin(x t2anx) any value between —1to 1

! (doo) = 2
sec” (deo) >

. [x+tanx) . (x—tanx
cos(tan x) —cos x 2sin ( 2 s ( 2 )
= lim r =lim .

= . . -1 sinx _
x50 x x50 » ii. }131 sec —~ )
. (x+tanx) . (x—tanx)
2 sin sin 2 2
2 2 [x —tan x],

x50 x4(x+tanxj(x‘—tanx) 4
: 2 2

-1 sinee
c —
° oo

-1 (any value between —1 to 1)
“sec

[ =]

sec! 0 = not defined
Hence (i) exists but (ii) does not exist.

= —lim~—+ = ' . 1-sinl .
2:13—15(1) x4 v 60.b. Forn=0,wehave lim n =ginl —1
- -0 x—1
3 R x—sinx
xz_[x+_+_x5+ J Forn= 1 lim =1
1., 1 x50 x— smx
= —lim ; } . 2
2 x-0 e ) , : 1_sm x
—si 2
L 2 2 Forn=2, lim >0 = fim —*
= Zlim—|1-| 1+ +Z %+ - : x0 x—sin“x *»01 sm"x
2:—)0x2 3 7 . » :—— xz

" - This does not exist. .
For n=3 also given limit does not exist.
Hence n=0or 1.

- nlfix*() f’éhm%% 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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2e 2 _ 1 a—e Vet

6l.c. lim ———— = lim —F——=5— =—a

=2 2 el/|x+2| x—-2" 2e—l/|x+2| _1

4 — — —
lim sin xs 16 = lim sin —:—(2)?
x—-2" x> +32 x—-2" x —(52) .
' " x—-(-2) -

62.b. Given limitis | lim M (x+1)[tan (x+5)—(x+1)]+ :
tan”'(x + 5)
4
1+(x+1)(x+5)

4

fim [(xv+ I)tan™! + 4ian"(x+5)]

2
= lim | (x +1)tan™ A HOXF+6_y - 4 4t (x+5)
x=3ee ( 4 ) x* +6x+6 _
x* +6x+6
= 0+4xZ=2n |
2

(1=-x)(1=x")- (- x2")
{1 x)(1—-x")--(A=-x"))

(l—x)(l—x) (1 x? )
. 1-x )\ 1-x | | 1-x
lim —
=1 [(l—x)(l—xz )._'_(l—x")),
1-x N\ 1-x) \1-x,
_1x2x3-Q2n) _ @) _omn
(1x2><3 n)? nln! -

-3

64.b; We know that hm S—————)l and Lim ————>1
-0 sinx
So, lim [100——] [99 ———S“‘x] |
sinx x—0. X
= 100+98=198 '

65.a. Letsin™ x= 6. Then,x= sin 6.

Now, x — —l—=>sin6 —>—1—=>8—>£

V2 V2 4

. X—cos (sin'1 x)
lin} ——fo
= l—tan(sm x)
lim sin@ —cosO

4

= lim, (sin6 —cos0) cos@
0% (cos@ —sin6)

66.d. We have lim

= lim

= lim

_68.b. L= lm

+ BOARD, NDA, FOQUNDATION -

Limitiﬁ}A3/

- 1

= Hm —cosf=——
0—)1:- \/5
1-x

2
51 -
¥ (cos 1x)

-45)0 5
-l (cos‘l x)2 (i+ \/;)

I 1-x
T ) (1)
1-cos® |

= lim ————— 1, where x=cos0

-0 §* (1+ ,/cos 9)
' [x—1 = cos6—>1=> 6—0]

1-cos@ 1
6-0 9% (l + cose)

2sin
. 2 1
= lim > ( )
60 4 6° \1+ JcosO

4
p ’ .
T kA 1,2 1 1
29—I>I(l)L Q (1+ COSG) 2 ) (].+1 4
. 2 /) . ’

~ 67.b. min(?—4y+11)=minf{(y=2)*+7}=7

L= 1im|:min(y2 -4y+11)5‘1‘—x-]_
x-0 _ ~ X

. [7 sin x]
=_lim
x—0 : _x

= [a value slightly lesser than 7] (jsin x| < x|, whenx = 0)

= L= lim

[7 smx] 6
x—0 X

sin (xcos x)
x—->nl2 . T . .
_ sin 27 xsinx

T .
) (— - xsmx)
. . sin (xcosx) XCOSX 2 :
= hm - o
T (xXCOSX e ) ) .
73 ( ) ~sin (5 - xsm‘x) (5 - xsmx)

. XCOsSXx

i

1x1

C)fflce 606, 6th Floor Hariom Tower Clrcula(“Rdéiﬁi")?anchl 1,
Ph.: 0651- 2562523 9835508812 8507613968 :
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. L= lim

. lim

. lim

Put x=7/2+h

Then, L= hm

"°£—(E+hJsm(f+h

2 (27" 2
—(§+h]sinh

lim

"“’°f(1—cos h) - h cos h

—(%w)(“:'f)

h>o % (1—-cos h) '
2 h os h

. -
-l=+0|1
G

0-1 2

sin3x a
3 +—2-+b
x-0 x x

(Divide N and D' by k)

sin3x+ax +bx>

lim 3

x-f)O X

sin3x

3 +a+bx?

lim
-0 2

X
For existence, (3 +a)=0
=q=-3

3x

sin3x—3x+bx

X—.)O x3

27 lim 2L =0 (3x=1)
-0 ¢

27 .
- = +b=0
6

o
i
N o

“x"sin” x

x-0 x" —sin” x

+ BOARD, NDA, FOUNDATION

+
’ 22— ... - 4.
31 51 31 50
_ 11-0+--)?
i -
(2—0+0)[5—(_)+--_-)_
= 3 '
2 2 B
71.d. lm”l’:”; agiifh — ““'3
x—2 y(lnx t—0* -
=)
’ t t
— lim 1+t+t -w. '
1-0* —t (Inf)>
- m lm _ cAn 1/n
72.¢c. lm(2 +x) (2" +x)
x—0 x o
m Um _ n Vn __
_1 @™ +x) llm_(2 +x)" -2
x-0 - . x x-0 . X .
. a-2 b-2
a>2 g™ —2™  b-2p" "
[Putting 2" +x=a and2"+x -b")
R R
mzm—l vn2n—l
73.a lim [(1—e’)gf] :
x-0* : le
= lim (0‘)—5“”] =[07]=-1.
x—0" :

fim —(1—ex)ﬂ‘3ﬁ]

x>0~ | lx]

lim
x>0

(0+)smxx] [0-]=—

Hence lim[(l~e")3inx] =—-1
- x—0

x|

- T4c Asx—0 = f)->A07)=2"
x—)ol—gl—ﬁ 5_4__...] = llm g(fOx)=g(2")=-3

Office éO6 6th Floor, Hariom Tower Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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e tm|—2teo (1+1/n) 1 =yt Multiple Correct EECESEE.
n—yeo 1 n 2-1/n 1 1Yn : G el R
‘ _2_n_2 (;-2) (1+—2) Answers Type S

K,SS JEE (MAIN & ADV.), MEDICAL -

I
.NEWTON CLASSE _ + BOARD -NDA, FQUNBATON

Limits 2.45 ~
Al * 0h)=1" .
'soasx—)O = f)->f(07)=1 - b-l' log(l+x+x ?)+log(1-x+x )
= xlg’g g(f(x))=g(15=~3 : _ -t SECX —COoS X
Hence ;lclino g(f(x)) exists and is equal to —3 . log'[(l +x2)? - xz]

= PL’},gU(X))=—3 Cx0 (l—cbszx)/cosx
lim log(1+x +x*)
75.c¢ I=lim e (x—1) —‘(x" i) : T o0 sinxtanx
=1 (" —e)sinmx

log(1+x2(1+x%))
tx=1+ : . =41 *
putx=1 hsothata;x—)l,h—)O _ _ = x2(1+x2)

2 .
_ A++) 5w
h.n(1+h)"—((1+h)"—1) x X

. J==lim _ '
h=0 e(eh —1)sinmh - _ = 1,(35 ﬁmlo_g(lf—x—)_—.ll
_ N x>0 X
B n n 2, n 3,
T=—lim™ h(1+"C h+"Cy k" +"Cyh + ) x
x5l et -1 ' 79.¢ limya® - x> cot =
ne(h®) — - x—a 2 Va+x
2_ 2
n ' np.32 n 3 = h as~
—(+"C h++"Ch" ++"Cy R 400 —1) = lim
: xoa W ola—X
- (sinzh z
( ) ' 2\a+x
wh ).
_onr="C [2n2—n(n—l)]_ n?+n n(n+1) g *
=_ — = === = ‘ : 2 + . 4
me - 2me 2(re) 2(me) . =_27;li—l>l}z—_—7;i—f;(a+x)=_7$
' 5050 | R
ifn=100 = 1=—( ) : 2\a+x
me - _ .
. -1 a
: - log, x)
1 e (n=1)/n _ 80.b lim cot (x La @>1)
76. ¢ 352[;+ " + - ot — . - == sec” (a* log, a)

cot™! (___log: x) ' log. %
= lim———>—% as (——gi—)—>0
X—)o0 _1( a* ] X0 xa .
sec

- 1i;;1 [l + 4 (@) 4ot (e"")"_l] |

n—o n
1.[(61/” )n _ 1] . 1 loga P
=lim—W—-=(e—l) im ——— o
ne ple —1) noe=f g™ —1 and ( : )—) oo (using L’Hopital rule)
. ' Un log, x ' 3
=(e-Dx1=(e-1). ' . '. T2
o R 7/}

» 1. b,c.
/1+_1_ RH lnmt— 11mf(1+h)—hma(1+h)—a :
: 2 1 (Y
= lim - -cos| —2 |-
neon| 1 1 1 1 J 2
"2-— 2-— (——2) (1+—2) L.H. fimit= hmf(l+h)—11ma 1+= (1+h)} 1+—
n » n n n
—OXLEXCOS_+ x—; | ' hmf(X) exists = R.H. limit= LHllmlt:>a 1+—2‘;
ffice.: 606, '6th Floor, Harlom Tower, Gittltar Road, Ranchi-1,

Ph.: 0651- 2562523 9835508812 8507613968
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% Calculus

2.

a,d.

S+ 0= tim {4 k=1 [+ A} = lim {1} -1

fQ-0)= lim{—h—1|-[1- 4]} = lim {# - 0} =0

. a,C.

an(l+n)-{1+n®
Limit= lim ( ) ( n)
n—se0 l1+n

= lim
n—yee n+l
—°°ifa—1¢0
-1
Ifa-1 =0,limit= lim 2 =a=p
n—3o0 n+1 ‘
S - a=b=1
a,b,c .
sinx”
sin x” o
L= lim = lim —%——— = lim x"™"
0 (sinx)”  *0 (sinx)” , 0
X
xm
- Ifn=m,then"

L =(a very small value near to zero)*xacty 20 _
Ifn>m, then

L = (a very'small value near to zero)p"s““’e integer — )
Ifn <m, then :

L = (a very small value near to zero)“e’°"““’e integer = co

. a,b,c.

positive inﬁnity o
a value between Oand1

lim log, x

e

lim
x-32%

-2 (x-2)(x+1)
. 2+h
= lm ————
h—0 h(3+h)

2 =-x-2

=oc0

lim 2; =— lim —2X
hs-1x? —x -2 a1 (x = 2)(x +1)
-1—-h 1+ A

. b,c.

Since the greatest mteoer function is discontinuous
(sensitive) at integral values of x, then for a given limit to
exist both left-- and right-hand limit must be equal.

LHL = lim 2-x+afx- 1]+b[1+x])

x—-1"
=2-1+a(-1)+b()=1-a+b
RHL= lim (2-x+a[x—1]+b[l+x])
x—>1* :

=2-1+a(0)+b(2)=1+2b
On comparing we have ~a=5 :

.a,bc

|2 sin x -
_ lm ———
L=, 2sinx-—1

10.

+ BOARD, NDA, FOUNDATION_

1-2sinx

Fora=m/6,LHL.= lim

- 2sinx—1-"1
Fo

RHL= lim 2S0*=1_
z* 2sinx —1
%
Hence the limit does not exist.

— 25 :
l—ﬁ% =—1 (as in neighbourhood of

7, sinx is less than %3).
i

Fora=gx, lim
x—x 28in x

inx—1 _ ]
Zetnx-1 1 (as in neighbourhood of

/2, sin x approaches to 1).

Fora=nx, lim — -
x->n/2 28in x —1

. b,c,d.
SO)= lim -
Jf—>‘=°x "+1
x,x2<1
0,x2>l . )
1/2,x=1 _
-1/2,x=-1

=f(1")=f(-1)=0
f)=1, f(-1)=-1

S=1/2
. a,c
D"
+__
lim __n —_73
L D
n
&hqd
Jim tan? {x}
We have . hm f(x) = Y
> (-1 ')
2 :
= jim tan2 X =1 - o
-0 x
(v x—>05[x]=0={x}=x)
Also hm f(x)= hm J{x} cot {x} = Jcotil @

,(-.- x—>0 [x]—-—l:>{x} x+1=>{JC}"’1)

Also, cot™ ( lim f (x)) =cot™! (cotl) ="1.

11.2,b,cd

3 +ax+a+l
J)= G+D)x-1)

asx->1,D" 0, henceasx — 1,N'—0

“3+2a+1=0 = a=-2=(A)

asx—>-2,D" — 0, hence asx —» -2, N’-—)O
12-2a+a+1=0 = —13

Office.: 606 6th Floor, Hariom Tower Circular Road Ranchl 1,
Ph 0651- 2562523 9835508812 8507613968
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3x? -2x-1 Gx+D(x-1) i

Now hmf(x) x_)l (x+2)(x 1) =l (x+2)(x-1) 3

3x +13x+14
% (x+2)(x-1)

im (3x+7)(x+2) =__
T2 (x+2)(x-1) 3

- now

12.b,c .
- Casel x# mn:(m isan mteger)

1 1
hm———2——=—=
x=]+nsin“nx

Casell x= mr(mis an mteger)
. 1 1
lim —-—.—2_ =-=1].
now]l4psin®ax 1
13.a,b,c

- lim ¥ —9x+20_l (x=5)(x— 4) Z lim (x 5)=0
-5 X— [x] x5 x—4 x5

- 2
unx 9x+ 0_l (x=5)(x-4) _ hm(x 4=1"
x5t x—[x] ¥5 x5 x5

Hence limit does not exist.

A

14, a,c
" Since x* > 0 and 11m1t equals. 2, f{(x) must be a pos1t1ve

quantity. Also since hm S )—2 The denominator —

zero and limit is ﬁmte therefore f (x) must be approaching
to zero or hm[_f(x)] 0

Hence J151_{)1‘10[ f(x)}=0

it [ﬂfl} Jim [x f(f)} =0and lim [f(")]
-0 X x—0" x x>0 X

hm[ 1),

x—0~ X

. Hence hm[f( )] does not exiét.
x-0 x

Reasoning Type

1. b Forxe (—8 d),sinx<x=> hms_m_x_ =1"

x>0 X
smx
im—— =0
x>0 X

~ Also, x € (— 8, 8), tan x > x, but from this hbthing can be’

said about the relation between sin x and x.
Hence, both the statements are true but statement 2 is not
the correct explanation of statement 1.

lim ilm denommator tends to 0; hence the
xoa X—0

numerator must also tena to 0 for limit to be finite. Then, a
is a root of the equation al+bx+c= Oorf(a) 0.

2.a. For

3.b.

S.d.

6.b.

+ BOARD. NDA, EFQUNDATION

LimitE/Z.ﬂ/

1 f(x) REFAE))

Y -1 . l-e :
= lim 75— = lim 7y =1
+ +
X0 e +1 *—-¢ l+e
e
- . e — _
and hm_——w(x) =—1
X o 1

Thus, both the statements are true and statement 2 is the
correct explanation of statement 1.

Limit of function y = f (x) exists atx = a, though it
is discontinuous at x = a. Consider the function f(x)

2 _ ‘
=z 24 . Here, ' (x) is not defined at x = 2, but limit of

x—

functions exists, as lim f(x)= lim =4.
. x—2* xo2

. '.-L= lim —{[E]
x20" atx

] |
" u
LE LE
B =
TN R %
8|S

I
Q% |
—t—
w | o
e —
~—

_b b, 2
a a0t b
X
] ) b
= é_élim {y} '(Wherey="lz andb>0)= —
a ayo=y - X a
Also,ifb<0,L=2-2 1 a2t
a ay—>—o° y a
12 22 32 2
lim et
x_,,,(x3 RN 3
x(x+1)(2x+1) _1_
xoe 6x° 3
I= limm - lim \/_lsmxI

x—=0 x x>0

—LHL.=-+2 andRHL.= f |

Hence, the limit of the function does not exist.

Also, statement.2 is true, but it is not the correct
explanation of statement 1. As for limit to exist, it is not
necessary that function is defined at that point.

. Whenn - andxis rational or x = P , where p and g are

integers and g # 0.
nlx= nlXx LANY integer as n! has factor g when 7.— c.

- Also, when nix is integer, sin (n!'mx)=0=>given limit is

 AlsoyEEe 08 TR0, Hariom Tower=€ir cular Road, Ranchi-1,
Ph.: 0651- 2562523, 9835508812, 8507613968
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NEWTON CLASSES : _ + BOARD, NDA, FOUNDATION
&B/Calculus
8.d. Obviously, statement 2 is true, as on the number line Consider, f (x) = [x] and g (x) = sin x (where [-] represents
immediate neighbourhood of 1/2 is either rational or , greatest integer function).
irrational, but this does not stop f (x) to have limit at x = 1/2. _ Here lim [sin x]=~-1
Asf(1/2)=1/2,f(12)= 11m x=1/2 (if1/2%is rational) . xon"
—1/2* .
or 111}1 (A-x)=1=1/ 2 =1/2(if1/2"is m'atlonal) . and x‘l{‘,} [sin x]=0
x—1/2*
Hence, lim f(x)=1/2. "= lim [sm x] does not exist.
x—1/2* . x—=n .
With similar argument, we can prove that e— .
lim f(x)=1/2.Hence, hmltofﬁmchonexxstsatx 1/2 LmkEd Comprehension §
x—1/27 Typ e
 (x=D(E-2) - |
9,a. lim———= : . _ . .
T xoe (x—-3)(x—4) ' : ' For Problems 1-3 :
x? —3x+2 - : 1.a, 2.b, 3.4.
= lim _ _ .. Sol.

e x2 —Tx +12

_sin™ - {x3) cos™' A= {x})

3 2
-2+ We havef(x)
2 [r1—
= lim % —> 1 (from right-hand side of 1) =)
A PR it » ' : ' o lim f(x)=lim f(0+4)
x xz o . . x—0" ) h—0 :
Hence lim cos™ f(x) does not exist as cos 'x is defined . sin (1—{0+A}) cos'(1-{0+h})
gt : = lim
forxe[-1,1]. » B0 J2{0+ R} (1—{0+R})
3 2 ’ 1 - eos— (1 ki
v 1_;4__2. s sin~ (1—A)cos™ (1—h)
Also, lim —ﬁ —> 1 (from left-hand side of 1) W0 2h(1-h)
. X——oo
1-— . S ol
x x2 . | = P (1-h) Jig 52 (1-h)

o0 (I=h) k0 2%

H lim cos™ ists. imi
lence x1—>°° f (%) exists In second limit put 1 — k& = cos@

: Ux _ _ Uk . :
10.b. Bim (33| £ | = tim 11| 225 | =0x1=0 - i S0 A=R) (o cos” (60s6)
x>0 M Hl) ko0 T\ 1+ =0 (1-h)" e->o\/7(1 cos 6)
Wx ’ —1/k '
. -1} . -1 . - '
11m_[x][e—”-x——]= hm[—h](—e-TJ =-1x(-1)=1 SR () SR (- 6>0)
x—0 e*+1) koo e " +1 “ o0 (1-h) 9—->O2sm(6/2) : :
Th limit d ts. Also lim | & ) T
t —_— - .
us, given limit does not exists. solim T ‘ and lim f(x)z,l,m}, F(0—F)
x—0" —>

does not exist, but this cannot be taken as only reason for . :
_ . sin'(1—{0—A}) cos” (1-{0—A})

' 1/x ’ .
' e -1 : : lim :
-existence of ki - = i
non-existence of im [x][e”x +1] . B0 \2{0 1) (_1 {0-h}).
. . . . sin x : - Lim sin (1+h—1) cos™ A +h-1)
- Mea If lim f(x) exists, then flino(f (X)+_x_) Ay 0 \/2(—h+1),(1+h—1')

. . sinx . . -1
existsas lim exists finitely. - lim h cos' h _ 71:/ 2 =

P00 x _ T ;, Hom T2

Hence lim f(x) must not exist.
x>0

For Problems 46
12.a. hm a,,, = lim sina, = lim a, 4.¢c, 5.4, 6.d.
n—yee n—3co .
. . Sel.
= lim (g, —sin a") =0 which is possible only when —a
o : . WehaveA —— 7 =_1,i=1,2,.;,nand

iima, =0. : _ —(x—a;) '

. . ' a;<a, < <a,;<a,
13. ¢. Obviously statement 1 is true, but statement 2 is not Let x be in the left neighbourhood of a,,.

always true. - Thenx—ga;<0fori=m,m+1,. nandx a;>0fori=1,

Office.: 606 6th Floor, Harlom Towe“r @wbu*IarfOI%oad Ranchl 1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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Limits 2
x—a; ' . ForProblems 10-12
= i —_}fori=m,m+1,..,n and

~(x-q) , 10.¢ lim F(x)= lim (paf + pydf +--+ paay)’™ (17 form)
x—a : . x—-0* x—0

4= L=1fori=1,2,...,m-1 - . }
x—a; . lim [p, & +pyas +et pady —1)

Similarly, if x is in the right nelghbourhood of a,, then =™ ¥

< =m+ > =
x—a;<0fori=m+1,. nandx_q Ofori=1,2,. hm(p,q‘ma,+pza21naz+ +pating)

. _
x—a
Ai= -:(—x—-j-)'=-1 fOI'l-—m"'l o n and _ e(Pi'lhai+len“2+"'+Pnlﬂan)
x—a. , ) . (lnal” +Inaf? +--~+]na,’,"') . ’ ¢
4= =1 fori=1,2,..,m =€ |
xX—q ' ) _ e(lruz,’l af? ---a,f")
Now, lim (4 4, 4,) =1y and |
x—)am'( 1472 n) ( ) — alp] -aé’z a:{,] '"(15"
. 1 A — (1" - . ' . % x|
im (4 4y 4,)=(-1) 11.c lim F(x)=L=11m(plal_+p2a2 +---+p,,a,,)
x—a,’ ) x—yo0 , x—e0 Iy
: j (oo’ form).
Hence, lim (4, 4, - does not exist.
ence, lim (4,4~ 4,) doesnotexist. (i + 2o o+ 2,5
: s InL= lim-— -
o T BN X—300 X .
For Problems7-9 . : - Using L’Hospital’s rule
7.b, 8.4, 9.c. . o
g X X
Sol. | | | ._ L= km par Ingy + p,a; Ina, +- +p,,a Ina, M
L'—-li sinx+ae* +be™* +chn(l+x) . xoe P&+ Pa; +F Palin
ea; R ' " ' : D1v1d1ng by af and taking limit, we get
: x NE
( : x3j ( X xz xs) lim (ﬁ) ,[ﬁ) , etc. all vanishes as x —> oo
x—=— |+all+—+—+— x—eo| Gy a :
. 31) UL 12t 3y , Ny
I 3 - = InL=2"% g
: : Py
' ' hencelnL=Ina
: 2 3 2 .3 _ 1
+b(1—£+L—L +c(x—x—+x.—} = L=a
o2t 3! 2 3 - 12.d Let lim- F(x):L
3 -
x ,
. , _ lnL lim ' pag Inay ‘;Pzaz Ing, +- +Pna Ina,
(a+b)+(1+a— b+c)x+( +-—5) A ' . QW P\ + Py o Pl
= lim 2 2 2 . N (oY .
X0 - ’ x ' Dividing by (a,)* and taking lLim (——1-) ,(—A) , etc.
: : : x>\ a, a,.
(__1_ La b, E) o vanishes.
3t 3t 313 . p, Ina
3 - & lnLl= 22—
u , P
=a+b=0,1+a-b+c=0, a+2-£= : © = L=a,
2 2 2 . ey
andl.~ - 1,a b, ¢ Matrix-Match Type S
3' 31313 : '
Solvmgthe first three equations, we getc=0,a=-1/2,b= 1. a—os;bor;e—>p;d—g
12. a Letx+1=h '
Then,L=—13 . ‘ s
(T-x)-2
Equatxonax2+bx+c 0 reducesto X’ —x=0=>x=0, , Then, lim _L_x)__
ix+c- 2a|<4breducesto||x|+1|<2 S x-1 (”,1)
= -2<]|x|+1<2 o v
= 0<|x i 8=

o xe[_hﬁflce 606, 6th Floor, Hariom Tower "@erLﬂar Road Ranchi-1,
" Ph.: 0651- 2562523, 9835508812, 8507613968
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We have lim fan x—tanx

x>m/4 cos (x + 7 /4)

tan x.(tan x — 1) {tanx +1)
cos (x + 7 /4)

lim

x—7n/4

tan x (s.in x—cosx) (tanx+1)

lim
xo7/4 cos xcos(x+7/4)

C tm tan x (cosx —sinx) (tan x+1)

x—on/4

cosx cos (x+ 7 /4)

tanx(L cos X — L sinx) (tan x+1)

V2 V2

&

cos x cos (x+7x/4) -

=— 2 lim

— 2 x2x 2=
i 25 = 3) Wx -1

" xol 2% +x-3

i @2 =D G-
x-1 (2; +3)}x-1)

i @x-3)x -1
1 (2x+3)(x ~ D/x +1)
_ (2x - 3)
TS e + 1)
__ 2-3
RS TS
=-1/10
. logx" —[x]
LA
_logxt . [+]
=1 ~lim &4
o [ e[
o _

-1 0ffice.: 606, 6th Floor, Hariom To

F BOARD, NDA, FOUNDATION

. a->qborcoqdop.

We know that lim > = (but a value which is smaller
x>0 x

than 1) -

sin x

= [IimIOO——] =99

~and [nmloo-,x—] =100

x>0 X

x>0 sin x

_1'

L (but a value which is more than. 1 )

(Also lim
xj-)O

x—0 X

. . —1
= [limlOOsm ]=1oo

and[limlOO & ]=99
»0  sin - x

1in(1) tanx _ 1 (but a value which is bigger than 1)
x=0 X

X [ﬁmloog‘ii] ~100

x—0 x

! -1
and [limIOOtan "] -99.

x—0 X

Hence

a lim 1ooﬂ}+[looﬂ-"-])=199

X X

(r o
b lim 100—.x,—]+[100 ta‘”D =200
: x50 sin'x x

_ -1 .7
4 lim{|100—>5; ]+[100ta“ x]=198

w

-

- . -1 - 7
. tim| {10032 x]+[100tan x)=199
x—0 L X X

x50l sinT x x

.a>qbop,g r;cons;dons.

a. Here,a>0,if 2 <0, then limit=oo

X oo

= lim
¥ \/(xz—x+l)+ax+b

= - lim

W

WEE—x+1) -ax—b)'(,/x2 —x+ 1) +ax+b)

(o2 —x+1) +ax +b)

(F —x+1)—(ax+ b _

0

(1_a2)-x2 —(1+2-ab),x+(l—b2\) 0.

of “Cir culs RO Rakchi-1,

- Ph.: 0651-2562523, 9835508812, 8507613968
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.. 2
(1—a?)x — (1 +2abj + a —xb )

lim
xeo . ’ 1 1 b
l-—+—+a+=

This is possible only when 1 — a*=0and1+2ab=0
a==%1 ' ' :
a=1 (.
b=-1/2
(@,2b)=(1,- 1)
Divide numerator and denominator by e, then

>0 (1)

_r‘U 4 4

1
(1+a’)e * +8

lim 1 =2
X—yco J——
e = +(1-b%)
0+8
ﬂ =
0+1-b°
= 1-b=
s BP=-3=b=23"
Then,a€ R

© = (g b)=(a,-3)

c hm( (x4__x2+1) __.axz_b):O ' S ¢‘.. .
Xx—00

Putxﬁl
) t

= lim

t—0 t2

Since R.H. S is ﬁmte numerator must be equal toQatz— 0

~1-a=0.
2, 4 2
—t*+17)-1-bt
\/(1 .+7) ~0

From equation (1), lim >
= t—0 -t

(l—tz +t4)1(2 __'(1)1/2} b

. lim(~1+£2
t—)O( )( (1—t2 +t,4)—-1

= (_—1)(%) =b = d=l,b_=—% = (a,—4b)=(1,2)

6=7—aS=1=>a=-1

Integer Type §

1.(2) We have

non*—1

L= lim

"Offi

_ 3.03) 11m(1+a.x+bx )*

, 1 1 a :
o timl| | - +1|-5-b| =0
,ﬂ( (t4 £ ) £ )

2, .4 .2 :
J(l—t +t*)—a—bt , —0 oy

cé 606 . 6th Floor Hariom Tower -3

il
a.

Il
T

=
18
™~
N | =
Wl
W

X
=

p—
——
—
N W
wilh
|

Il

2.(6)

and

Hence }gﬁ f(gk) =6

4

d-

im(l+ax+b D 3
=> ex—vl =g
limc(ux+bx:z)

= ex—vl x-1 = e3 .

(ax+bx) _3

= 1—)1 x-1
c(aQ+h)+b(+h?) _ 4
= =3
0 1+hA-1

. b0 h
ca+b=0andac+2b=3
b=3and ac=-3
Also the form must be 17 for whlch
andc=1

4(0) hm[\fn+1 —%’(n 1) ]

(g1}

ADV.), MEDICAL -
+ BOARD, NDA-FOUNDATION

Limits \3,54/

'hm g0 =N =1(@)= =22+2=6
lim f(g(x) =/ ) =16~ N)=A2")=2"+2= 6

’ 2
llm(ca‘+b)+(ac+2bi)h+bh -3

a+bh=0 = a=-3

1 2/3 1 2/5
= lim n*? \i(l +—) -(1——)
n—seo n, n

= limn 1+=—
n—3w 3n 2! n

i.l+i._1'_+....] _
3n 81n

Ph.: 0651- 2562523, 9835508812, 8507613968
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L/x o :
5. (2) hmli1+x+f(x)} =¢ ' ﬁ — £‘
* _o 8 ) )
. lim | 1+ +—!-(—)l ‘ h x—0 2 =E
= lime"‘u[ k =g : , x‘{l—%)
x—0 : ) L
o= : : 1/3
o m A e 9 2
x—0 , =2 x—2
f(x) - ' : . L 8-R)P-2 L
- /= | e e
N : _ PGS
1/x +25) 1 X A 2[1-= -2
Now hm[ i )] e"""[l x 'l]":e“."‘J =g = lim———( 8) :
x>0 | . : b0 P
2x-3 _p 2x? +59.c - , ’(1 h)m 1
6.(2) lim < lim f(x) < lim 5 ) Y
X—>oo p X~)oo X—yo0 x =_211m
- h—0 h
, 2——3 2‘+i2 ‘ ' o 1_%%_1 1
. x . . X . — . __1
> <l < im — e
= lim f(x)=2 ' - 11.(0) LetZ= Jim l"ge—(i‘}geih(fi form)
. o , ‘ X e x oo
7.(0) }Lrgf(g(h(x)))=f(g(0+))=f(1+)=0 ‘ 1
Tim fg(h9) =fg0 ) =A1")=0 o m f}ogelx
Hence lim f(g((x)))=0 » - © =
x—0 . .
. » : R
8.0 lim [ fy 201 1] _3 2= o xlog, x
| '@ ) - . i 2
= fm ————
: w »*—""’e‘/;_\/a—clogex
. 3lim f(x)-1 | - =0
= | lim f(x) +=—a0- =3 . 12 (6) It is obvious 7 is even, then
= (Iim f(x)) .
xe _ (21+3+5+ ~+n/2terms 3 2+4+6+- /2 terms)™

n—)ae

= +3y‘-2-1]=3 _ , S
Y 2 n(n+2) \(oP+D)
=lim{24.3 ¢ ,

= ¥ -3/ +3y-1=0 9 | Jm
= (-1’=0 } _
:>'y:1 ’ n? n(n+2)
~x'2 = fim 240D 344D
9.(4) limZ %% } ,.Tl
x=0  x’sinx _ _ ,
( (*12)  (x*2)° Xt ) tim— lim (H%) N
= - jaa” FYRLE Rl SR &
I 2! J ( 2! 4!) _ ( "
= Hm _ =2 -3
x—0' N 3( x3) L
A T 11 1
: ’ L =243% = (6)4

Offlce 606 6th Floor, Hariom Tower, Clrcular Road Ranchi-1, -
Ph 0651- 2562523 9835508812 8507613968
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Ligits/ad’ﬂ

13. (8) Since RHS is finite quantity n n
- Atx— 1, Numerator mustbe=0. . = D [](cos )" =-y Y tan(rx)
e 0+b+4 0 . r=2 r=2 .
s b=-4 ) ‘ ‘ '
Then lim asin(x—1) —24'cos(x -D+4 _ 2 Sy 2 tan (rx)
*! Cobd) . = L= lim—
x=0 2x

asinh+4(1—cosh) _

Putx=1+#A, Then lim - 1
_ v h—0 h(2+h) E[2+3+4+ +n]
\ a(sinh)+4(1—cosh) _ : ‘ _ _1_[,,(,',_,_1) _1}
= lim h h, =2 2 2
h—0 2+h -
. . 2 _
al)+0 o oomnn2
= ——— =-2 4
2 : o
= a=—4 : ' n”+n—-2_
= la+b=8 , = <
 (A+h)f —al+h)+a-1 = (n+7)(n-6)=0
Then g = fim -1 =902 2 =6

3x> +ax+a+1

a(a-ly X" taxtatr]
(1+ h+ > h2 )a—ah+ae1 17.9) f(x)= (+2)(x )

= lim 3 -
h=0 ~ h ‘ : asx — -2, —0,henceasx »>-2,N' =0
a(a ) . | . 12-2a+a+1=0 = a=13
s@= - - 18.49) Letx=1/y , ‘
fé) =6 ’ Y
- = lim (x—xz log, (l+—))
1 5.3) L= (cosx D(cosx—e*) - fours. X
—)0 - x" . .
. : = lim l_loge(1+y)]
- —lim (1—cos x)(1+cosx)(cosx—e”) -, ol '_“——yz
x>0 (1+cosx)x"
(sinx)2 [l—cosx +e" —1] - }Eﬂ)
x x S x 1 w1t 93
= 1i , L+ -
xlI)I(l) x"_3 14+cosx ’ = ? ‘
~ If L is finite non-zero, thenn=3(asforn=1,2,L=0and = liml.
"~ forn=4,L=00) . ' S .
u : +1 +2){(n -1
D] J(cosm)"” 19.3) S, = "—("—2—) and S,—1= (l—lz(——)
. g ST r=2 SN .19
.16.(6) L—Jlgr(l) = chli% N~ \ (Using L’'Hospital’srule) “ S, _n (n+1) 5 |
ul TS, -1 2 (m+2)(n-1 .
lety= cos rx)'" : . .
i g( ) S, n n+1
. = =
' S, -1 (n-1)\n+2
= In In(cos rx '
r- ) (2345 n Y345 axi
o 1ldy " 1234 n-1456 n+2
= ————=—2tan(nc) , :
y dx - nj )
: = P,=|-
1 \n+2

= -Dy> @ﬁzmex) 606 , 6th Floor, Hariom Tovx;eerhrCPrﬁuIar Road Ranchrl 1,
Ph 0651- 2562523 9835508812 8507613968
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20 (7) We have,

L= lim 2/0) =34 (22) +bf (8%)
=0 sin® x

For the limit to exist, we have 2f(0)—3af(0) +bf(0) =0
= 3a—-b=2["- f(0)#0, given] 0

o L= i 27 ) — 6a f'(2%) +8b f'(8x)

x—0 2x

For the limit to exist, we have 2f*(0)— 6af’(0) +8bf" (0)=0
= 3a—4b=1[" f'(0)#0, given] ’ )
Solving equations (1) and (2), we have a=7/9 and b=1/3.

Archives

Subjective .
1. Problems solved in the ‘Limit by ra_ti'ohalization method’.
2sin x —sin 2

2 f()= J'——_dx ,x#0

2 . - -.-
=>f’(x)= sinx 3s1n2x,x¢0 /
x

2sinx—sin2x

A
= lim f(x) = lim
x—)Of( ) x50 x3

2sin x(1 - cos x)(1 +cos x)

x>0 x (1+cosx)
. sin®x - 1

=1lim2 X —— X = 2x(1) x
x—0 x 1+cosx

L %) sin(a+h)—a’sina
= b ‘

- Lim az[sin(a +h)—sina]+2ahsin(a +h) + n? sin(a + h)
h—0 ‘ ’ h

a® 2'cos(a'+ﬁ)sinﬁ
2 2

2X—
2

= lim

+ lim 2gsin (a+ k)
h—0 h—0

+ lim p+ sin{a+h)
h—0

=a*cos a +2asin a

PR S o RN e
=0Ttz -1 x0itx—1 J1+x+1
_ llm(2"—1)(\/1+x+1)

x—0 1+x-1
' =lim 11m(x,/1+x+1)

x>0 x x-0

=In2(1+1)=2mI2

+ BOARD, NDA, FOUNDATION .

lim [(l + tal;x)l/mx]

= _x=0

lim l:(l— tan x)_”mx]

x—0

e 2
= oe— =e
6_1
Objective
Fill in the blanks
1. lim (1 -x) tan 22
x-l1 2
1 —
 tim — =)
x—1 E_E
5-%)
o
S(1-x)
- Ztim 2
T x> .
tan| —(1—
(2( x))
= E
V(1

2. lim g{f (X)} =g(f0")= g((sm0+)) g@H=(0y+1=1
‘xlgg_g{f ()} =g (RO =g ((sin07)=g(0" )=(0’+1=1

Hence, 'li_r)r(l) g{f(x)} =1.

oarei 1
—-1
L x
. (1) }
sl |
o1 x
— lim x _ 1+0 _
PR L~1 0-1

Office.: 606 , 6th Floor, Hariom Tower, Clrcular Road 'Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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4. Tn AABC, AB=AC, AD 1 BC (D is amidpoint of BC)

Let »=radius of circumcircle
* 04A=0B=0C=r

‘Now, BD= ,/Boz oD* = ,/

= erh .y
BC=2,/2rh —n?

. area of AABC= 5 x BC x AD h,lzrh h?

Also, fim _A? _ h,/z_rh ~n? .
P ‘8(\/>2rh ~# + 2
i B [2r—h
k=0 gp3/2 ( r—h + \/27)3
_ ,/2r -h |
h_)o [,/2r h+\/—:|

Jr w1
8(J27+J57)3 8x 8x2rx2r . 1287

x+4
6

’ . x+4 1+—
. lim [" +6) = lim | —*
x>\ x +1 X~00 +

3 2 -l/xz
1+ 5x .
. hm
1+ 3x%

tim (1 + 522)

— xo0

lim (1 + 3%%)

606, 6th Floor, Hariom T ower, £
Ph.: 0651-2562523, 9835508812, 8507613968

Limni/z({

lim<{1+ 5 >
x-—)O( X) .
= l‘3
23—
li 1+ 3x b
lim (1 +37) |
=e5f3=e2
In (1+2k) ~2In(1 + A ,
i 020) =200+ )
h—0 h
1 (+2n
. 1+2h+h
h—0 h
_ 2
. 1+__'___2.
. . L 1+2h+h -1
=lim In > = X 3
-0 —h 1+2h+h"
1+2h+ A ' ‘
- g 1og (1 + x)
=1x lim ——— Using lim'—(ﬁ(———):l
: =01 +2h+h x>0 X
=-1
True or false
1. False
) |x—al x—a L
= s = th ] lim X
Consider f(x) %Y (x) lx—al en, 1M ()

x g(x)) exists, but lim f(x)and ll_rg g(x) do not exist.

.. Statement is false

' MultlpIe chotce questions with one correct answer

B nﬁs—?

x—)l x—1

\/_+\,25 —x?

21
= lim. X

= (x -1 [\[—4+\/£—_x—]

Road, Ranchi-1,
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3. b.lim |t —2 e T  Again REL = lim 71520:=D|
e l_nz l_nz 1-712 ) 7 -1t x—1
' . ) ink
14243 4ot | : = limyZ 5021
= lim ————— : - =0 I

’,‘_)” 1-n = \/_ sm h \/_

n(n+ l‘)

2 L. H L.#RHL. Therefore llm f (x) doesnot e)ust
= lim - .
ne 1—p? , ‘ 7.¢. lLim > tan2x —2xtan x ‘
N ‘ x-0 4sin* x : -
i l'% | = fim —% | 280% x|
=t =-1/2 _ . _ ‘ 20 4sin® x | 1'— tan® x
S [T _ . - .
o n T _ = im xtan” x
4.d. The given function is B x50 25in? x (1 — tan? x) '
sin[x] . " - v x 1 1
_ if xe&(—ee, Q)U[], . = 1
=3 x1 . ¢ YOLL =) S : - 2x-0sinx cos’x 1-tan® x
lo if xe[0,1) | 1 1.1 1
: ' = SXIXZX—=—. -
- ) 2 ?1-0 2 )
hm f(x)= hm sin[~h] o : . ' }—3
) 0 [-A] , v x=3Y . lim[ —l]x'
L o . 8.c. lim > =ex—>eo xX+2
in(+ : x—3e0 \ X + 7Y
= msm(} 1) =sinl . : “
A0 (_1) lim[ -5x ] '
' . - ~—3o0 2 .
lim f(x)=lim0=0 ' = e
x—>0* h—0 _
lim £(x) # lim f(x) o _ . sin (71.' cos’ x) . sin (71: — 1t cos’ x)
x>0 x0T : : » 9. b. l‘_‘ﬂ, 2 = lﬂ% 2
li i i ' _
lim £(x) does riot exist. B [sin (7—6) =sin 6]
1
—(1-cos2x) in (ﬂ sin? x) (n sin? x) _
5d. im412 » _ = lim iy VP S Y
x50 x =0 gsin®x x
,/l .2 sin? -x\y' Isin 10.c. L=1 (cos x=1(cos x =€)
= lim 12 =1 , N x"
| . x50 |sm (Ox h)l x—0 .x | » o (1 cosx)(l+cosx)(cosx e)
LHL.= lim —fim =SR2 Jim SL7 =1 I—>° S (1+cos x)x"
—0 0-h 0 =} h0 —h :
. sinx \:[ 1—cosx &* =1
0+h : .
RHL= fim SROE A sink . - ( x )[ x O x J 1
hs0 . 0 +h h0. h ' = lim PR I
AsL.H.L.#R.H.L., therefore, the given limit d texist. ' x>0 x +cosx
7 . fmitdoes notexis L is finite non-zero, then n=13 (as forn =1,2,L=0and
6:d. LHL.= lim Y.Z°052G—1] | " forn=4,L =) -

x99 x—1 (a—n)nx—tanx] sin nx

11.d. Given lim I =0, where a is

N | 2
. yJ2sin?(x-1) . x>0 x
= hn&“ non-zero number -

x—1 x—1 ) : . :
| sin(x — l)l ) o = nlim S li{(a —n)n - *tanx}] =0
- J_ 2 lim ) x>0 nx : x
-0 x—1 : - = lnfla-nn-1]=0

@fﬁézgﬂ% =6 PH? ~fAariom Tower=*@frptkar Road, Ranchi-1,
' - Ph.: 0651- 2562523 9835508812, 8507613968
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1 2.c' mn[(su; A" (15 ]

-0

=0+e
lim —logx tim 1/
—0 cosecx =3 —cosec.

=e =e [Using L'Hopital’s rule]
tim S22 tan x .

— ex—.o x =eo= 1

13.d. B0+ opgin2 g

= sin’@=

2%

1+5°
29=1 >1
= Sln as 2b

g=x7/2
Multiple choice questions with one or more than one correct
answers .
: 2
2 2 X
a-— \/a -x" -
4

l.a,c. L= lim 7 .
x—0 x L

. 1

e
_ hm (4- a)—\/éz —x*
Tl gyl (a + \/az - x2)

1
Numerator — 0 if a=2 and then L=EZ

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
- Ph.: 0651-2562523, 9835508812, 8507613968
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3.2 Calculus

CONTINUITY

In mathematics, a continuous function is a function for which,
intuitively, small changes in the input result in small changes in
- the output. Otherwise, a function is said to be discontiriuous.

A continuous function is a function whose graph can be
drawn without lifting the pen from the paper.

For an example, consider the function A(¢) which describes the
height of a growing flower at time . This function is continuous.
In fact, according to classical physics everything in nature is
continuous. By contrast, if M(¢) denotes the amount of money in
abank account at time £, then the function jumps whenever money
is deposited or withdrawn, so the function M(¢) is discontinuous.

Definition of Continuity of a Function
A function f'(x) is said to be continuous at x = a if
lim f(x) = lim f(x) =f(a)
x—a x—at -
" ie, L.H.L.=R.H.L.=value ofa functionatx=a
or lim f(x)=f(a).
x—a
A function f (x) is said to be discontinuous at x = a if
a lim_ f(x) and lim f(x) exist, but are not equal.

h lim f(x) and hm f (x) exist and are equal but not

x—a

equal to f(a).
¢. f(a)is not defined.
At least one of the limits does not exist.

' Dlrectlonal Contmmty

A function may happen to be continuous in only one direction,
either from the “left” or from the “right”.

A right-continuous function is a function which is continuous
at all points when approached from the right, thatis, c<x<c+ 6

Fie 3200 Office: 606, 6th Eloor, Hariom Tower, Circular Boad Rand ngefuauon W)
Ph.. 0651—2562523, 9835508812, 8507613968

+ BOARD, NDA FOUNDATION

Similarly, a left-continuous function is a function which is
continuous at all points when approached from the left, that is,

" —6<x <¢[Fig.3.2()].

A

?—
1
1
1
1
1
- —ee

Y \
() ~ (b)
Fig.3.2
A function is continuous x = a if and only if it is both right-
continuous and left-continuous x = a.

Continuity in Interval

A function is-said to be continuous in the open interval (a, b) if
f(x) is continuous at each and every point € (a, b). For any

ce (a,b), lim £(x)= lim f(x)=/(@)

A functlon fx)is sald to be continuous in the clesed. interval
[a, b] if it is continuous at every point in this interval and the -
continuity at the end points is defined as f (x) is continuous at-

x=qiff(a)= J‘li)r?)r f(x)=R.H.L. (L.H.L. should notbe evaluated)

~.andatx=bif f(b) = lim f(x)=L.H.L. (R.H.L. should not be
- x—b" . .

evaluated).

IR EIGIERAM A function f(x) satisfies the following property:
JEt)=fx)f(»)

Show that the function is continuous for all
values of x if it is continuous at x = 1.

Sol. As the fur_xction is continuous at x = I, we have
3'_11)1{1f(X) = lim f(x) =1
= lim f(1-h) = lim f(1+%) = f(1)
= lim £() f(=B) = lim £1) ()= )

[Using f(x+y)=f(x) /()]
= lim f(-h) = lim /() =1 - )
Now, consider any arbitrary point x = a.

LHL.= lim f(a—h)
= lim 7(a) f(=h)
- f(a) lim f(-h) =f(a)
[as hm f (—h) =1, using equation (1)]
RHL.= lim f(a+h)
= lim /(a) /()
= f(a) lim f(h)=f(a)
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Hence, at any arb1trary point (x = a), LH.L=R.H.L N

=f(a).
Therefore, function is continuous for all values of xifitis
continuous at 1.

Let f be a function satisfying f(x+y)
C TN6-1() —f(x)f(y)andf(h)—>6ash—>0

Discuss the continuity of f.
Sol. RHL.= lim f(x)
x—x+

= lim f(x+)

= lim[ 700 f (W~ 6= T (8]
= 00 lim £ ()~ lim 6= 7 ()

=f(x) 6-0=6/(x)%/(x)
This shows that if £ (x) # 0, then fis dlscontmuous atx. If
f(x) =0, then f(x) is continuous at x.

1. Let f(x +y) =f(x) +f(y) for all x and y. If the function
f(x) is continuous at x = 0. Show that f (x) is continuous
for all x.

2. A function f'(x) satisfies the following property: f @y =

_ f(x) f(). Show that the function () is continuous for all
values of x if it is continuous at x = 1.

3. Iff(x+y)=f(x)f(y) forallx,y € Rand
f() =1+ g(x) G(x), where limg(x)=0 and lim G(x)

exist, prove that f(x) is continuous at all x € R.

TYPES OF DISCONTINUITY
Removable Discontinuity

Here hm f ( ) necessarily exists, but is either not equal to f (a)

or f (a) is not defined. In this case, it is therefore poss1b1e to

redefine the function in such a manner that lim f{x ( ) =f(a)and
x—>a

thus makes the function continuous.

Consider the functions g(x) = (sin x)/x. Function is not defined
atx=0, so the domain is R — {0}. Since the limit of g at 0 is 1, g can
be extended continuously to R by defining its value at 0 to be 1.

Thus redefined function

sinx
Gx)=4 x ~
: 1, x=0
Thus, a point in the domain that can be filled in so that the

resulting function is continuous is called a removable
discontinuity. '

is continuous at x=0. -

. . -{——1, x#1
. Consider function f(x)=4 x-1
3, =1

+ BOARD . NDA, EOUNDATION

Continuity and Differentiability 3.3

In this example, the function is nicely defined away from the
pointx=1. '
In fact, if x # 1, the function is

2
-1 (x-D(x+1)
fx= =

x-1 x-1
However, if we were to consider the point x = 1, this definition no

longer makes sense since we would have to divide by zero. The
function instead tells us that the value of the function is

f()=3.

=x+1

_\\

Fig.3.3

" In this example, the graph has a “hole” at the pointx =1, which
can be filled by redefined f (x) at x =1 as 2 (see Fig. 3. 3). 7

This type of discontinuity is also called missing point
discontinuity. »

Non-removable_ Discontinuity

If lim f(x)# hm f(x),then f(x) is sa1d to have the first kind.

x—a”
of non-removable discontinuity.

Consider the function f (x) = 1/x . Function is not defined at
x=0. The function fcannot be extended to a continuous function
whose domain is R, since no matter what value is assigned at 0,
the resulting function will not be continuous. A point in the
domain that cannot be filled in so that the resulting functlon is
continuous is called a non-removable discontinuity.

Graphical View of Non-removable Discontinuity
Both the limits are finite and not equal

Consider the function f (x) = [x], greatest integer function. As
shown in Fig. 3.4, the graph has jump of discontinuity at all

.integral values of x.

y Y
A -
2 .
1 ,——cI) '
' , :
T T == — X
2 -1 0 1 .2 3
D et
. S
Fig.3.4

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranch| 1,
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3.4 Calculus

Atleast one ofleft and right limit is infinity or vertical asymptote

Consider the function /(x) = tan x Sol. a. f()=5——" 2smx 1

Yy ’ f(x) is discontinuous when 2 sinx—1=0

) 1 5
= sinx = }_- =x=2nw+ % orx=2nxw+ —6—,'!6 zZ

h x = e——
/@ x?-3 |x]|+2
f(x) is discontinuous when x2 — 3jx| +2=0

Rt kISP N SNy g

> X
o bP-3pe2=0 ‘
= (k-1 (-2)=0 '
= p=1,2"
= x=x],1£2
1 |
e flo= =
/&) +x*+1 2+1 2+3
Fig. 3.5 " T2) 7
T 1Y, 3,
Here the function is not defined at points iE’ i35 and near » Now, x*+x2+1= (xz +5) Z 1VxeR
these points, the function becomes both arbitrarily large and : = f@)is céntmuous Vx e€R
small. Since the function is not defined at these points, it cannot ' )
be continuous. v o d f =)= pou
Oscillations (limits oscillate between two finite quantities) _ l-e 2
. . f(x)is discontinuous when x — 2 = 0. Also
o . . ,
- f(x)=sin = . Whenx — 0, — — *oo and sin(— *eo) can take -
Y e, x _ » ' when 1-¢ *2 =0
any value between -1 to 1 or we can say when x — 0, f (x) an
oscillates between —1 and 1 as shown in F;g. 3.6. = x= 2and e *2 =]
— x=2and = L =0
x—2

"> x=2andx=1
e. fE)=[xN-[x-11=kx}-(x]-1)=1

= f(x)is continuous VxeR

. 1+x .
Let/)= {1°g L+ ) } then find the
: x

value of £(0) so that the function fis continuous -
atx=0.

Sol. We must have f(0) = 1im0 fx)
x>

1€ RN Find the points of discontinuity of the following

functions.
- 0
O X | _ i (L) log 51 +x)—x (__ foml)
\/ a. f(x)= Seinx_1 ' x—0 X 0
: \ - lim log(1+x)+.1—1
b. ()= | - | #0 2x .
) x*-3|x|+2 , _ (Using L’Hopital’s rule)
, _1 lim 10g(1+x)=l.
. fx)=—F—— ‘ ‘ » - 2 x>0 x 2
X +x° +1
; IR TIERIEE What value must be assigned to & so that the
d./&=—7=0 | =256, |
1—¢ 2 functionf(x)=< x_4 °’ is continuous

e S =[[x}]-[x-1], where [.] represents the greatest k, _ x=4

neeer e, 606 , 6th Floor, Hariom Tower, Clatrxczzlffar Road, Ranchi-1,
~ Ph.: 0651-2562523,-9835508812, 8507613968
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Continuity and Differentiability 3.5

Sol. f(x) is continuous at x =4 _ 2 1

Sol. f(1 -
x" —256 : )= -2|x-1]-1
= f(4)= lim
x4  X— 4 5
im x° -1
4_ 44 = —_
= fim > —2 e -2 1)-1
o G
=4x47" =256 ' ' ol (x+1)=2
: 2
IRONTU KR A function f(x) is defined as follows fa)= _x_—i__ ‘
ax—b, x<1 —’1' 2-2]x-1]~1 .
fx)=13x, I<x<2 . -1
. . Co T m—3
bx*~a, x=2 - x° =2(1-x)-1
Prove that if f (x) is continuous at x = 1 but ) x+) 1
discontinuous at x = 2, then the locus of the = xl_r)rll (x+1)+2 T

point (a, b) is a straight line excluding the

point where it cuts the line, y = 3. Hence f (x) is discontinuous atx = 1.

2

Sol. Given f(x)is continuous atx=1 - sinc;x ,x#0
' - f()=RHL. . | : RRCLINCKREN Let /(x)= | 4 4 . .For what values of
. ' . —4+—,;x=0 ’
= f()= hr}1+f(x) 4 4a
o a, f (x) is continuous at x = 0.
=f()= ;lgtl)f(l-l-h) sin ax” 0
co : ) x2S S i i tx=0
_ b= lim3(1+h) _ : Sol. f(x)= 31 is continuous at x
h=0 : - —+—, x=0
= a-b=3 ) | Npa
Again, given f (x) is discontinuous at x =2 . ll_l)'f(l) ) =10
~ LHL.£/(2) y ssnad 31
. ' G = llm\ 2 =—+—
- = lim f(x) # f(2) : ’ . x>0 \‘\a!xf 4 4a
x—2— v . v 3 1\\
. ) - —3 = — + —_— ""\\\ Vo
= lim f2-B)# /(2 TTam |
Co = 44’ -3a—1=0 ™.
= lim3(Q2-h)#4b—a = (4a+1)(a-1)=0
h—0 . L
© . = 6%£4b-a : = a=-1/4,1 o
Let 6= 4b—a, then @) \/ o at3cosx <o
from equations (1) and (2), wegetb=3 : Example 3.9 PRSI RN x2
. locusy=3, - LXAMpLeJ.>. T \
Wthh is impossible. (v 624b—a) L ' x+3]) 0
Hence, the locus of (a, b) is x — y = 3 excluding the point I
when it cuts the line, y = 3. If f(x) is continuous at x = 0, then find a and
. . ) b, where [.]denotes the greatest integer
IR eI R 1ct /(x) be a function defined as o function.
2_ ‘ a+3cosx '
T_;_l—’ x#1 . '—x—z——— R x<0
fey={* ~2x-1- Sol. f(x)=
1 1 :
*= [x +3]

Harem Tower, Clrcular Roa anchy~l,
Ol w6y s oesé% 562523? 983550881y Wémﬁ KLag
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_ .. _a+3cos(-h)

1= lim = =5
=a+3=0as f(x) is continuous at x =0, then f(07) must
be finite. - '
=>a=-3

-3+3cosh _ hm ~3cosh _ -3

h2 h—>0 2 _2—

=f(07)= lim
h—0
Since f(x) is continuous at x = 0, then

5

3.
\Bb=2ob=
Vb= "2

\/ cos™ {cot x}, x<

LO Example 3.10 J{¢I SR

alx] -1,

TR

x 2

where [- ] represents the greatest function and {-}
represents the fractional part function. Find the
jump of discontinuity. o

cos'{cot x}, x<
Sol. f(x)=

|alx1 -1,  x2

lim f@()= lim ' cos ! {cot x}
x> 7:‘/2 x= 7:‘/2

=cos! {0*} = cos1 0=

SRR

lim f(x)= lim+/2(7t[x] -D=zn-1

xsx*/2

~- . jump of discontinuity =71 - % = —725 -1

_ 1. Sum, difference, product, and quotient of two continuous
functions are always a continuous function. However,

h(x)= /&) is continuous at x = a only if g (@) # 0.

2.1 f (.'% Jics continuous and g(x) is discontinuous, then
fx)+ g(x) is a discontinuous -function. (Prove by
contradiction.)

f(x) =x and g(x) = [x] are the greatest integer functions.
" Here, f(x) is continuous at x =0, but g(x) is discontinuous
atx=0.

L — 4 I "] 4

A

L

+ BOARD, NDA, FOUNDATION -

3. If f(x) is continuous and g(x) is discontinuous at x = 4,
then the product function A(x) = fix)g(x) is not necessarily
be discontinuous at x = a.
Consider, f(x) = x° and g(x) =sgn(x)
Here f(x) is continuous at x = 0 and gx)is discontinuous |
at x = 0. But the product function is
3

x°, x>0
x=0 , which is continuous at,

F(x) = f (x)g(x) =10,
x>, x<0 - -
x=0. s
4. Iff(x) and g(x) are discontinuous at the same point, then
the sum or product of the functions may be continuous.
For example, both f(x) = [x] (greatest integer function) and
g(x) = {x} (fractional part function) are discontinuous at
x=1, but their sum f'(x) + g(x) =x is continuous atx = 1.
- -1; x<0 ;, x<0
Also,f(x)—_{ L x>0 andg.(x)—.- {—1; >0
Here both the functions are discontinuous at x = 0, but
their product f(x) g(x) =-1, Vx€ R, is continuous atx=0.
5. Every polynomial function is continuous at every point
ofthe real line. - :
fx)=agd +ax"™ +ax?+--+a,VxeR
6. Every rational function is continuous at every point
where its denominator is different from zero.
7. Logarithmic functions, exponential functions, trigonometric
functions, inverse circular functions; and modulus functions
are continuous in their domain.

\/ Iff(x)={‘””; <0
- X x>0
| x4y x<1
g {—|X—2I; x>1"
Draw its graph and discuss the continuity of
Sx)+g(x).

Sol. Since f(x) is discontinuous atx =0 and g(x) is continuous
atx=0, then f(x)+ g(x) is discontinuous at x = 0.

Since f(x) is continuous at x =1 and g(x) is discontinuous
“atx=1, then f(x) + g(x) is discontinuous at x = 1.

Alternative method
-x-1, x<-1
fx)=4 x+1, -1<x<0 and
X; x>0
—x+1, x<0
)= x+1, O0<x<1
g x—-2, l<x<2

Henc (x) =x + [x] is disconﬁnuous'at x=0as| —x+2, x22 B
f(on&f;fda;@—:)ﬁdé , 6th Floor, Hariom Tower aikb) reubagchieacRamchi-1,
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Continuity and Differentiability 3.7

(—x-1, x<-1 . : 2
. x+l, -1<x<0 T 5. Discuss the continuity of f (x) = |_x_|’
f@)=5 x 0<x<1 and 0, x=0
% o lex<2 | ' | A+307%, x 20 .
L X x=2 6. Letf(x)= {e3 o0 Discuss the continuity of
il x<-l f@)at (@) x=0,(b)x=1. .
-x+1, -1£x<0
gx)=14 x+1, 0<x<l1 1 , xl—l , x#1
x=2, l<x<2 7. Discuss the continuity of f(x) = | jx-1 41 atx=1.
=x+2, x=2 t ' : 0, x=1
—2x, x<=1 - 8. Which of the following functions is not continuous VxeR?
2, -1<x<0 ' .
SO)+g)={2x+l, 0<x<l ' a. 2sinx+3 h ex *1
©|ax—2 1<x<2 . e +3
: 2, x22 AL |
The graph of f(x) + g(x) is shown in Fig. 3.7. ' : c. (23,+ 5) d sgnx +1
Ax—-B, x%=1
9. Ifthe function f(x) = ¢3x, l<x<2
: . Bx* -4, x22

be continuous at x = 1 and discontinuous at x = 2, find
the values of 4 and B.
10. Discuss the continuity of

(-5 +4
- x=D(x-2)| ’
Fig.3.7 |G-DE-D|
- S =1 6, x=1
From the graph, f(x) + g(x) is discontinuous atx =0, 1. 12, x=2
p » % ‘ql"* L . . - . . .
== { 11. Match the following. for the type of discontinuity at |

‘1. Find the value of £(0) so that the function ~ x=1in column II for the function in column I

: / 3 ' :
f(x)= yirx-Jt+x becomes continuous at x = 0.
X

x? —(A +2)x+A
No o forx#2andf(2)

. =2is continuoﬁs at x =2, then find the value of 4.
3. Ifthe functionf: R\ {0} — R given by

1 2
)= ———F " is continuous at x = 0, then find the
x e -

2. Ifthe functionf(x)=

vaiue of f(0).

. 1-—tan x
4. Let f (x) = P
X

i1 i
s X F —, 03— . i
— x# xe{ 2] If flx) is

°°“@‘I‘T‘i‘i:ié.[06D}6‘f’66fﬂd I%fcvbaé‘ﬁ‘_’ﬁ’egrﬁ%m rower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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3.8 Calculus

CONTINUITY OF SPECIAL TYPES OF FUNCTIONS

Continuity of Functions in which Greatest
Integer Function is Involved

J(x) = [x] is discontinuous when x is an integer.

Similarly, f(x) = [g(x)] is discontinuous at all integers when
g(x) is an integer, but this is true only when g(x) is monotonic
[g(x) is strictly increasing or strictly decreasing].

For example, f(x) = [vx] is discontinuous at all integers when
Jx is an integer, as Jx s strictly increasing (monotonlc
function).

Jx) = [x2] x>0, is discontinuous at all integers when x? is an
integer, as x? is strictly increasing for x > 0. '

Now consider, f(x) = [sinx] , x € [0, 27]. g(x) = sinx is not

monotonic in [0, 27z]. For this type of function, points of

discontinuity can be determined easily by graphical methods. We
can note that at x = 372/2, sinx takes integral value — 1, but at
x=3m/2, f(x) = [sinx] is continuous.

IR EIUTIKRPI  Discuss the continuity of following functions
([-] represents the greatest integer function.)

a. f(x)=[log,x]
b f(x)=[sin'x]

2
xz],_xZO

Sol. a. log,x fllIlCthIl is a monotonically increasing function.
Hence f (x) = [loge x] is discontinuous, where
log,x=korx=e" ke Z
lelusf(x) is discontinuous atx=-e 2 71 ¢ el
e -

b. sin xisa monotonlcally increasing function.
Hence, f(x)=[sin~ x] is discontinuous where sin ~'x
is an integer.

= sin lx=— 1,0,1orx=-sin1,0,sin 1

¢ f&x) =[

c. L2’ x 2 0, is amonotonically decreasing function.
+x :

2 - :
- Hence, f(x)= [1 3 ] , X 2 0 is discontinuous, when
' +x :

'is an integer.

1+ x?

= 22 =1,2
1+x
=x=1,0

ample3 IRl The number of points where f{x) = [x/3] x e [0,

30] is discontinuous (where [-] represerits grea-
test integer function).

Sel. f(x) = [x/3] is discontinuous when x/3 is integer.
Forxe [0,30] f(x) is discontinuous whenx=3,6,9, ---, 27, 30.

Hence f(x) is dlscontmuous at exactly 10 values of x.

JEE %I\/IAIN & ADV.) MEDICAL.
+ NDA, FOUNDATION

IRENIIRRER Draw the graph and find the points of

discontinuity for £ (x) = [2c0sx], x € [0, 27].
(] represents the greatest integer function.)
Sol. f(x)=[2cosx]

y

0.2

. "N\ 273 =« N
: ‘ 13w2 513 2%

Fig.3.8
Clearly from the graph given in Fig. 3.8, f(x) is disconti-

: ir 5w
nuous at x = 0,E 2r Az —,—,2m.

Exainplé KBE Draw the graph and discuss the continuity of

" f(x) = [sinx + cosx], x € [0, 27], where []
* represents the greatest integer function.

Sol. f(x)=[sinx+ cos x] = [g(x)] where g{x) =sinx +cosx

S5ni4  3m2

3 i - _
g(7)=_1, g(T]_o,g(zn) 1

Clearly from the graph' given in Fig. 3.9, f(x) is

¢ 0 3 = 3z 77r o

\/ discontinuous at x = x 4 7 2 A

L\ . (x-2)°] .
Example KRIY Ifthe functionf(x)= e sin(x—2)

+ a cos (x — 2). [.] denotes the greatest integer
function which is continuous in [4, 61, then find
the values of a.

Office.: 606 , 6th Floor, Hariom Tower, Clrcular Road, Ranchi-1,
Ph.. 0651—2562523, 9835508812, 8507613968
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Sol. sin (x —2) and cos (x — 2) are continuous for all x.
Since [x*] is not continuous at integral point.

A3
Sof(x) is continuous in [4, 6] if [M] ~0Vxe [4,6]
a

Now (x—2)° € [8, 64] forx e [4, 6].

= a> 64 for [9;2—)3—]=0
LD a

IRETIIERAVE Discuss the centinuity of

x{xt+1, 0sx<1
Jx)= &)
2-{x}, 1<x<2
where {x} denotes the fractional part function.
Sol. f{0)=/(0")=1
f2)=2andf(27)=1 :
Hence f{x) is discontinuous at x = 2. Also A1H)=2
f1D)=1+1=2 and A1)=2

Hence f(x) is continuous atx = 1

Continuity of Functions in which Signum
Function is Involved

We know that f (x) = sgn(x) is discontinuous at x = 0.
In general, f (x) = sgn(g(x)) is discontinuous at x = a if g(a) = 0.

Discuss the contmuxty of
a. f(x)=sgn(x’~x)
b. f(x)= sgn(2cosx D)
¢ f(x)=sgn(x’~2x+3)
Sol. a.f(x)= sgn(x’ —x)
Herex’—-x=0=x=0,-1,1
Hence f(x) is discontinuous atx=0,~ 1, 1.
b. f(x)=sgn(2cos x—1)
Here, 2cos x — 1=0=cosx=1/2=>x=2nn+(®/3),
n € Z, where f(x) is discontinuous.
c.f(x) =sgn(x*-2x+3).
Here, x>~ 2x+3>0forall x.
Thus, £ (x) = 1 for all x, hence continuous for all x.
If f (x) = sgn(2sin x + a) is continuous for all x,

then find the possible values of a.

Sol. f(x) =sgn(2sin x + a) is continuous for all x.
Then 2sin x + a # 0 for any real x.
A sinxz—al2 = |aR2|>1 = a<-2ora>2

But f(0)=£(0")=/(0")=0.-

Hence f(x) is continuous at x =0

Hence f(x) =|x|sgn (x3 —x) is discontinuous atx=+1 only.

sgn(x —2)x[log, x]J, 1<x<3

Example3.21 RVAC) .
: (x? 3<x<35

where [-] denotes the greatest integer function
and {.} represents the fractional part function.
Find the point where the continuity of f{x)

2

Offigctg:tggy@ke@ﬂ’?‘lﬁkf@? HRRIFTorh Tower T@incafafs
Ph.: 0651-2562523, 9835508812, 8507613968

Exémplé kP{8 Discuss the continuity of f{x) = [x| sgn (2 =x). ,

Sol. sgn(x3 —x) is discontinuous when ¥ -x=0 or x=0,%1.

. Continuity and Differentiability 3.9

Sol. a. Continuity should be checked at the endpoints of
intervals of each definition, i.e.,x=1,3,3.5.
b. For {x*}, continuity should be checked whenx*=10,11,
12orx= \/_ J, Jiz, {x*} is discontinuous for those
values of x where x* is an integer (note, here x* is
monotonic for given domain).
¢. For sgn(x — 2), continuity should be checked when
x—-2=00r x=2.
d. For [log, x], continuity should be checked when

log,x=1orx=e(e [1,3]).
Hence, the overall continuity must be checked atx 1,2,

e,3, V10, V11,+12,35.-
Further, f(1)=0and

lim f(x)= lim sgn(x—2)x[log, x]=0.
x—-1* x->1*

Hence f (x) is continuous at x=1.

li1121_ f(x)= linzl_ sgn(x —2) x[log, x] = (-Hx0=0
lim f(x)= lirgl sgn(x~2)x[log, x] = (1)x0=0.
x—>2" x—2*
Alsof(2)=0

Hence, f(x) is continuous at x =2
Hm f(x)= hm sgn(x—2) x[log, x]=(1)x0=0

x—e

lim f(x)= hm sgn(x—2)X[log, x]= M) x (D) = 1

x—e+
Hence, f (x) is dlscontmuous atx=e.

lim f(x)= lim sgn(x—2)X[log, x]=1
X3 =3
lim f(x)= lim {x*}=0
x—-3* x—3" _
Hence, f (x) is discontinuous at x = 3.
Also {x*} and hence f (x)is discontinuous at

= IO, VL, NIZ.

hm f(x)— hm {x} 025 f(3.5)
Hence f(x)is dlscontmuous atx=e,3, \/—_ \/— \/‘ .

Continuity of Functions Involving Limit lim a’

0, 0<axl
We know that lim a” =41, a=1
n—o0
o, a>1

2n

IRek@#A Discuss the continuity of /(x) = lim x2n
) n—yos x

()

+1

Sol. f(x)= lim

n—deo [ 2\
() 1
1 , 1, x<-1

1_( 2)71 '“1, 0<x <1 0, x=-1

- im0 1 =1o, =1 =4{-1 -l<x<l
n—eo 1 . :

1+ 2\ 1, x2>1 0, x=1

(x) , x>1

RgardrRanthi-1,
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3.10 Calculus

x#nm,nel

PREIAKRPX] Discuss the continuity of f(x)= lim cos®” x
n—eo
_{Q 0<cosx<1

Sol. f(x)= lim (cos2 x)"
n—oo
_ {0,
1, cos?x=1 . (L

Hence, f(x) is discontinuous whenx=nx, ne I.

IRELNNEPE] Find the values of a if f(x) = hm

continuous at x = 1.

Sol f(l*)—a andf(l

x=nn,nel

ax? +2
oo x2" 4 g +1

a+l
2
. For continuity atx=1,a= ——

a+l
=d+a=2 = ?+a-2=0 = a=-2,a=1

Continuity of Functions in which f(x) is Defined
Differently for Rational and Irrational Values of x

el EPS]  Discuss the continuity of the followi_hg function:
. 1,
J&)=

0, if x is irrational”

if x is rational

_ Sol. Foranyx=a,
LHL.= lim f(x)=1lim f(a—h) =0or1
x—a— h—0

[as lim(a —h) can be rational or irrational]

Similarly, RHL.= lim f(X) hmf(a+h) Oorl.

Hence J) osc111ates between 0 and 1 as for all values ofa.
. L.HL.and R H.L. donot exist. .

= J(x) is discontinuous at a point x = g for all values of a.

Example 3.26 Find the value ofx where
, if x is rational
i )= {1 '
X,

Sol. f(x) is continuous at some x =a, where x=1-xorx=1/2.
.Hence, f(x)is continuous atx=1/2.
We have f(1/2)=1/2
. Ifx— 1/2" then x may be rational or irrational
= f(120)=120r1-12=1/2.
If x — 1/2 then x may be rational or irrational
= f(1/2)=120r1-1/2=1/2
Hence f(x) is continuous at x = 1/2.
For some other point, say,x=1 = f(1)=1
If x — 1" then x may be rational or irrational.
= f(1H=1lor1-1=0
Hence, f(17) oscillates between 1 and 0, which causes
discontinuity atx = 1.
. Similarly, f{x)oscillates between 0 and 1 forallxe R— {1/2}.

Continuity of Composite Functions

J) =f(g(x)) is discontinuous also at those values of x where g(x)
is d1scont1nuous

A is continuous.
if x is irrational

1
For example, f(x) = —— is discontinuous at x =1

\

+ BOARD NDA, FOUNDATION

Now f(f (x)) = L 27l oot only discontinuous at
. X

x=0butalso atx=1.

x—1

—-1

Now f(f(f ()=

=x seems to be continuous, but it

x
is discontinuous at x = 1 and x = 0, where f&) and f (f (x)) are
dlscontmuous respectively.

x+1 1
176 = 3 and g0 =

the continuity of £ (x), g(x), and fog (x).
+1

P
Sol. f()=——

~ fisnot definedatx=1. .-
N
g0)=+"3
g(x) is not defined at x = 2. .". g is discontinuousatx=2. .
Now, fog(x) will be discontinuous at -
a. x =2 [point of discontinuity of g(x)]
b. g(x) = 1 [when g(x) = point of discontinuity of f (x)]

5 then discuss

. f is discontinuous atx = 1.

1 N
i = S 47 =3
if g(x) 1=>x—2 1=x ‘

. fog(x) is discontinuous at x =2 and x = 3.
1

—2+1
Also, fog(x)= xl—
: -1
x—-2
Here fog(2) is not defined.
1 .
. : x-—'2+1_>l. 1+x—2_1
xhinzfog(x)—xlinz. 1 _l_xlinzl—-x+2' )
x=2 ’ » o

. fog(x) is discontinuous at x =2 and it has'a remqvéble
* discontinuity at x = 2. For continuity at x =3,

! +1
x—
hm fog(x)= hm —
-1
x—2
1>2+1
hm fog(x)= lim ad =co
. x5 1 -1
x—-2

- fog(x) is discontinuous at x = 3, and it is a non-removable
discontinuity at x = 3. ’

x—-2, x<0

Example 3.28 [RIS{EI I { - 2’ , then discuss the
4—x", x>0
(6oo &)

continuity of y = f(f(x)).

Sol. f(x) is discontinuous atx =0,

Offlcé‘x606 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph“ 0651.2562523,9835508812,8507613968
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Hence, f( f(x)) may be discontinuous at x = 0
SO =f#=4-16=-12
and f(f(0)) =f(-2)=—4
Hence, f(x) is discontinuous at x =0
F(f(x)) is also discontinuous when f(x) =0
= x—2=0whenx<0orx’*~4=0whenx>0
= atx=2 :
Also we can see that f(f(2)) =0, f(f1 2" =f(0)=-2and
and f(f(2))=f(0")=4

Hence f(f(x)) is discontinuous at x = 0 and x =2.

" 1. Find the values of x in [1, 3] where the function is [x* + 1]
([-] represents the greatest integer function) is dis-
continuous. _ -

2. Find the number of points of discontinuity for f x)
= [6sinx], 0 < x < 7, ([] represents the greatest integer
_function).

3. Discuss the continuity of f(x) = [tan"x] ([-] represents
the greatest integer function).. :

4. Discuss the continuity of f(x) = {cot"'x} ({-} represents
the fractional part function).

. x" —sinx”" .
5. f(x)= lim ————— forx>0,x#1andf(1)=0.Discuss
n—e x" +sinx
the continuity atx=1.
6. Iff(x) is a continuous function V x € R and the range of

fx)is (2, \[2_6) and g(x)= l:f—(x—)] is continuous Vx€ R,

c
then find the least positive integral value of ¢, where [.]
denotes the greatest integer function.
7. Discuss the continuity of f (x) in [0, 2], where f )
: i 2n ’
= lim (sin 1’5) .
n—co 2 )

x%,  xis rational

2

8. Discuss the continuity of f (x) = _
' ‘ —x“, xis irrational.

9. Ify= 5 1 , Where t= —1-— , then find the number of
+t-2 x=1" - _
- points where f (x) is discontinuous.
[sin mx], 0<x<1
10. If f(x) = where |-
/&) sgn(x—%)x{x——zg},- 1<x<2 1

denotes the greatest integer function and {.} the
represents fractional part function. At what points should
the continuity checked? Hence, find the points of
discontinuity. :

2
11. Find the value of a for which f{x)= {x ,  xe0 isnot

Q. x+a, x
¢ontinuous at any x. . » *¢0

12. Discuss the continuity of f{x) = (log lxl)sgn(x2 -1),x=#0.
13. Find the number of integer lying in the interval (0, 4), where

the fofQihie.> Q@éc,:s%ﬁ\znﬁi SoPiFar| o}n
P 1= .9

Continuity and Differentiability 3.11

PR Let fbe a continuous function defined onto on

Sol.

[0, 1] with range [0, 1]. Show that there is some
¢in[0, 1]such thatf(c)=1-c.
Considerg(x)=f(x)-1+x
g(0)=f(0)-1<0 [asf(0)<1]
g)=(1)=20 fasf(1)20]
Hence, g(0) and g(1) have values of opposite signs.
Hence, there exists at least one c € (0, 1) such that g(c) =0.

.'.g(c)=f(c)—1+c=0;f(c)=1—c. ,

Exmple ERIJl Let / be continuous on the interval [0_, 1JtoR

Sol.

such that £(0) = £ (1). Prove that there exists 2

1
point ¢ in [O, —;—} such that f(c) =f (c +E) ‘

Consider a coninuous function g(x) =f (x +12) -f (x)
| (g is continuous V x € [0, —IZ—D
=20 =f(%) ~£(0) =f[§] D) lasfO=FD]

sl g)-ro-12)- )

Since g is continuous and g(0) and g(1/2) have opposite
signs, hence the equation g(x) = 0 must have at least one

~ rootin [0, 1/2].

Hence, forsome c € [O, %], glc)=0= f(c + —;—) =£(c).

el CRRIN Letf: [0,1] — [0, 1] be a continuous function.

Sol.

Towe,,
8355088

Then prove f (x) = x for at least one 0<x<1

Clearly, 0<f(0)<1and0<f(1)<1.As f(x) is continuous,
£ (x) attains all the values between £(0) and f (1), and the
graph will have no breaks. So, the graph will cut the line

o T BT Fanchi 1

8507613968
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3.12 Calculus.
xar_nple KX?3 Suppose f'is a continuous map for R to R and
' J(f(a))=a for some a. Show that there is some
b such that £(b) = b. :
Sol. If fla) = a then b = a solves the problem.
So assume f(a) > a. Then g(x) =f(x) —x is positive atx = a
and is negative at ¢ = f (a)
-f(@)<0.
Since g : R — R is continuous, there must be some b,a<b
<c, such that g(x) =0, i.e., f(b) =b.
The same argument works if (@) < a.

INTERMEDIATE VALUE THEOREM

If fis continuous on [a, b] and f (a) # f (b), then for any value
c € (f(a),f(b)), there is at least one number x, in (a, b) for which
flp)=c.

since g(c) =/(f(a)) ~f(a)=a

v

+ BOARD, NDA, FOUNDATION

Ex_ample kKX Using intermediate value theorem, prove that

L,

Sol.

there exists a number x such that

3 1
220+ ———— =2005.
1 +sin x

Letf(x)=x + (1 +sin®x)2
. fis continuous and £(0) = 1 <2005 and f(2) > 22, which
is much greater than 2005. Hence, from the intermediate

. value theorem, there exists a number ¢ in (0, 2) such that

f(c)=2005.

DIFFERENTIABILITY
Existence of Denvatlve

Right- and Left-Hand Derivatives

A \Nf
Left scant | '

y=fx)

Right scant through A /((a +h), f(a+h))

’F T fa d
1(b) le
c
‘f (a) b y
. X |0 xx N xma X
(0 § X=a Xo Xx=b X e
Fig.3.11 (a) Fig.3.11 (b)
y
A
' f(b)
PSS
f(a)
P -
0 a b g
Fig.3.11(c)
y
f{b)
a .
[0 » <
\--—1{f(a)

Fig. 3.11 (d)

From Fig. 3.11 (c) and (d), it is clear that continuity in the interval
, b] is essential for the validity of this theorem.

xample KKXE Show that the function

Lo FO)=(x—a) (x— bY + x takes the value
for some value of x € [a, b].
Sol. f(a) = a; f (b) = b. Also fis continuous in [a, b] and

a+be[ab]

+b

Hence, using intermediate value theorem, there exists at

least one ¢ € [a, b] such that f (0= atb

through A f(a+h) - f(a)
= f@) T
= @ :
s A
% 7 a)-fla-h
a)—rla—
\‘i’,\\ - % | (a) _ ( )
- ¢ IAw A8 .
o)  pL < h—>]
— a-h l—
| a >
[ : ath I
Fig. 3.12

. The right-hand derivative of fat x = a, denoted by ("), is
lim f(a+h)—f(a)

defined by f* (a+) Py . provided the

limit exists, and is finite. :
When # — 0, the point B moving along the curve tends to .
4, i.e., B — A, then the chord 4B approaches the tangent
line AT at the point 4 and then ¢ — v

o= o J @R~ f(a)
= f'(a")= ll_I)l’(l) P

The left-hand dcﬁvative of fat x=a, denoted by f”(a "), is

= limtan¢ =tan y
h—0

defined by f(a” )= Il}in}) f(a——h)h:& provided the limit
- -

exists, and is finite. :
When 4 — 0, the point C moving along the curve tends to
4, i.e., C — 4, then the chord CA4 approaches the tangent
line AT at the point 4 and then

by 11 S (@R~ f(a)
/)= e
At A, f(x) is differentiable if both f’(a") — /(@) exist, equal
and both are finite.
In other words, f'(x) is differentiable at x = g, if a unique
tangent can be drawn at this point. :

Differentiability and Continuity

Iff(x) is differentiable at every point of its domain, then it
must be continuous in that domain.

Office.: 606 , 6th Ffoor, Hariom - Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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Proof : To prove that f is continuous at a, we have to show that
lim f(x) = f ().

We do this by showmg that the difference f(x) — f(a)
approaches 0.
The g1ven information is that fis differentiable at a, that is,

f@- i L0-1@

a
To connect the glven and the unknown we divide and
multiply f (x) — £ (@) by x — a (which we can do when x # a)

PACIRNAC)] (x) f (a)

exists.

= f)-fl@=—————(x~a)
Thus, using the product law we can write

il £ () - /(@)= im/ ” f SD=-S@ g

@S @

x—)a xX—a x—a
=f"(@)x0=0
To use what we have just proved, we start with f (x) and
add and subtract £ (a), we get

lim () = im{/ (@) +(/ (=) ~ f (@)}
= lim f(a)+ li_r)r‘lz[f(x)—f(a)] —F(a) +0=1(a)

Therefore, fis continuous at a.

How Can a Function Fail to be Differentiable
The function f(x) is said to be non-differentiable at x = a if
a. both Rf’(a) and Lf”(a) exist but are not equal,
b either or both Rf”(a) and Lf”(a) are not finite, and
¢. either or both Rf"(a) and Lf’(a) do not exist.

The function y = |x] is not differentiable at 0 as its graph
changes direction abruptly when x=0. In general, if the graph
of a function has a ‘corner’ or ‘kink’ in it, then the graph of
has no tangent at this point and fis not differentiable there.
(To compute f'(a), we' find that the left and right derivatives
are different.) -

If fis not continuous at a, then fis not differentiable at a.

. So at any discontinuity (for instance, a jump of discontinuity)

ftails to b€IFRBEAI600 | 6th Floor, Hariom I‘ owé(b ooutar R@a(T Y F& *)n((:)ﬁ?d @0
Ph.: 0651—2562523, o8 , 8

1. Addition of differentiable and non-differentiable
functions is always non-differentiable.

2. Product of differentiable and non-differentiable functions
may be differentiable.

3. If g(x) is a differentiable function and f (x) = lg(x)| is

4. If both /' (x) and g(x) are non-differentiable atx = a, then

Continuity and Differentiability 3.13 .

A third possibility is that the curve has a vertical tangent line
when x = g, that is, fis continuous at @ and Jlrlf)l'l | f/(x)|Fe
a
This means that the tangent. lines become steeper and

steeper as x — a. The following figures illustrate the three
possibilities that we have discussed.

Y
Y A ‘
] H !
= ]
| L_/
' .
I Ve
1 } —-X
; »X -0 I a
0| a : A discontinuity
(a) A comer (b)

{©

For example,
f(x)=x|x|is differentiable atx = 0.
f(x)=(x—1)jx—1|is differentiable atx=1.

fE@)=x-1) ,/ | log x | is differentiable at x = 1.

In general f{x) = g(x)lg(x)l is differentiable at x = a
‘when g(a) =0.
f(x)=x}x— 1] is non-differentiable at x = 1.

a non-differentiable function at x = a, then g(a) =0.

For example, |sinx| is non-differentiable when sinx =0 or
x=nmne Z.

f(x) + g(x) may be differentiable at x=a.

For example,
—sin+x, x<0

Fx)=sinlx|~Jx|= {

sinx—x, x20

{( cosx+1, x<0
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Sol. For continuity,

f@H= lim  sin(ln h?)
.. . _ - —
I'f y=f(x) is dlffereptlable. atx=a, thei] it is not necessary — 0 x (any value between—1 and 1) =0
that the derivative is continuous at x = a. .
?(/( For example, consider function » foH)= }llir% (—h) sin(ln #°)
DK foo= {* sin@/x), x#0 | | = 0 (any value between —1 and 1) =0
(/@ 0, x=0 - Hence, f (x) is continuous at x = 0.
/ Forx#0, - . For differentiability,
1 -
()= 2x sin (1/x) + x* (— Lz) cos (—) £7(0)= lim AGRRiV]
x x h—0 h
WINPT | 1 : _ N N
= f’(x)=2xsin ;—cos; , - limhsm(lnh )-0 _ limsin(lnhz)
' 0+k)— £(0) e e
“Forx=0, f(x)= I(————— : = any value between—1 and 1..
: : Hence, f/(0) does not take any fixed value.
h2 sin ~1— -0 1 : Hence, f(x) is not differentiable at x = 0.
= lim —h fimhsin—=0 [T KB Which of the following function is non-
h*’(; hl A0 h . differential at x=0?
2xsin—-cos—, x#0 : () fG)=cos x|
Thus f'(x)= ) .
A T (i) /)=
Now, f”(x) is continuous atx =0, if 7 (iii) (o) = | » _
a. lim f’(x) exists b lim f7(x) = £'(0) Sol. (i) v f(x)= cos x| = cos x which is differentiable at x = 0
x—0 . x—0 ) : > x2, x>0 f’( ) {2)6, x>0
‘ x)=x|x|= =f(x)= ’
Again, im f'(x) = lim(2x sinl —cos -1—) does not exist. @) fo)=xlx| -x, x<0 —2x,x <0
x—0 . xo0 X X , e ‘
o f@Y=£"0)=0
Since, lil’l’(l) cos— does not exist. Hence f(x) is differentiable at x = 0.
X X N 3
: o . _ x, x20 3x%, x>0
Hence, f“(x) is not continuous gtx =0. : | (i) f(x)= 3= {_x3' <0 =f'(x)= {—3x2 Y <0
. r n . sge .n 1) ono -o . ov 4 . , . > . 2
Differentiability using First Defi _1?1 n of Derivatives FOY=1©)=0
1ve i JRREIM Discuss the differentiability of Hence f(x) s differentiable at x = 0.
' o IR I KIKLA Discuss the differentiability of
. 2 K )
EBE 20 ()
f®=9 x E}tX—O. X F6)= (x—e)2’2 (=) | xteatx=e.
0, x=0 , : :
L 0, x=e
- Sol. For continuity, lim f(x) = lim st . e
x=0 h—0 Sol. f(e"= }lm(x)(e +h—e) 2~
. 12 —>
= lim S —o _ -
=0 h o 7 = lim(h) 2~
- Hence, f(x) is continuous at x = 0. h=0 1
2 ' 1 —
AISOf’(0+)=1imf(h) SO _ iy Sy =0x1=0(asforh—0, —— —>—c0o=>2 * —>0)
’ h> h0 K2 o h '
1
’ 2 Y= ki — -2k = =
andf’(O‘)= lim S=h) - f(0) i SRR _ f@)=Ime=m 27" =0x0=0
' 0 B ’ Hence, f (x) is continuous x = e.
Thus f (x) is differentiable at x= 0. Y
2k
BRI Discuss the differentiability of - f (€)= f (e+h) f(e _ = lim hx27 -0

h—0 h

)=
Offl ce.

{YS]I’I(IH x ) x#0 atx=0.

0606 6th quor Hariom Tower, Clrcé?ar Road Ranchi-1,
Ph 0651- 2562523 9835508812 8507613968
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1
Fey= tim eSOy, 2T 20
h—0 —h h—0 —h
= lim27 =0
h—0

Hence, /' (x) is non-differentiable at x = e.

JRCTI R A function f(x) is such that f (x + %) =

Ix] V x. Findf’ [%) ,if it exists.

Y

Sol. Given that'f(x+§) = g —|x]

| r h)_ '15) T, T
=f,(£]=1imf(2+ f(z =2 ) 2_-

2 h—0 h h ‘

4

o D) 2t
andf,[%_}’l'iné 2 2) 27175

= f ( )does not exist.

- Differentiability using Theorems on Differentiability

IPRTPRRL] Discuss the differentiability of /()= x|+ 1.

Sol. f(x)= |x|+|x~1]
f(x) is ¢ontinuous everywhere as |x| and |x — 1| are
continuous for all x.
Also |x| and |x — 1| are non- dlfferentlable at x = 0 and
x =1, respectively.
Hence, f(x) is non-differentiable atx=0 and x = 1.

Discuss the differentiability of £ (x) = [x]
+|1-x],x e (-1, 3), where [.] represents
greatest integer function.

Sol. [x] is non-differentiable at x = 0, 1, 2 and |1 — x| is

. non-differentiable at x = 1. Thus, f(x) is definitely

non-differentiable at x=0, 2. Moreover, [x] is discontinuous

- atx =1, whereas |1 — x| is continuous at x = 1. Thus, f0ois
discontinuous and hence non-differentiable at x = 1.

Example EWP] Discuss the differentiability of /(x) = (x* ~ Dix?

—x- 2|+ sin (Jx|).

Sol. f(x)=(Z-1)x*—x—2|+sin (}x])
: = (=) + e+ 1] 2] +sin(x)
(x+ 1) |x+ 1] is differentiable at x = —1
[x — 2| is non-differentiable at x =2
sin{]x|)is non-differentiable at x =0
Hence f(x) is differentiable at x =—1 butnot at x=0 and x =2

BN ERIER] Discuss the differentiability of f(x) = |x| sin x
+ 1 2] sgn(x—2) +{x—3|

= 0, though Ime non-

Sel. |x] si differential at x
. dlffereéflfl kGE: = @Q@n (ﬁt(h Floor

ariom Tower, chular? a% Rahchl 1
39

I—\ |

Continuity and Differentiability 3.15

2-x)(-1), x<2

Ix—2|sgn(x—-2)= {0, x=2 =x-2,xeR
(x-2)1), x>2
‘which is differentiable

Ix — 3] is non-differentiable at x = 3, hence f(x)is non-
differentiable atx=3

Différentiabili‘ty using Graphs

_ E\ample k¥Rl Discuss the differentiability of

a. f(x)=sin|x|,
b f(x)=[log,ixl, .
¢ flo)= max{sec Ix, cosec™ 'x},
d y=sin~ (sm x), and
e. y=sin" Usin x].
£ f(x)=max{x*— 3x+2,2 == 1}
Seol.
a. f(x)=sin|x|

Fig. 3.14
Clearly from the graph, /() is non- -differentiable at x = 0
b f(x)= Ilogelxu

Fig. 3.15
Clearly from the graph, f(x) is non-differentiable at x=0,
1.
¢. f(x)=max{sec” 1y cosec™ 1x}

y=secx

y = cosec™'x

y -'. N B
1 — > X

° \23?5
VJE"

Fig. 3.16

Clearly from the graph, f(x) is non-differentiable at x = V2.
d y=sin"(sinx)

Ph.: 0651-2562523, 0835508812, 85076
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3.16 Calculus

Clearly from the graph, f (x) is non-differentiable at Ex NPT Discuss the differentiability of £() = Lt

x= (2n+l)§, neZ.

e. y=sin"|sinx| ' Sol. We have f(x)= {

S i 5 ' >
= on I ‘™ T ‘3n
2 y 2 5}
Fig.3.18

Clearly from the graph, f(x) is non-differentiable at

x="2 nez. » Fig. 3.21
2

_ P . tx=0.
£ From the graph f(x) is non-differentiable Clearly from the graph, f(x) is non-differentiable atx =

W] _ ! : L R ELTIREYR 1ff(x) = max {x* +2ax+1,b} hastwo pomts of
\ / ] non-differentiability, then prove that a*>1-b.
3
' Sol. f(x) = max {x* + 2ax + 1, b} has two points of non-
dlﬂ’erentlablhty if
1 =x? +2ax+ 1 and y = b intersect at two points
' or x2 +2ax + 1 = b has real and distinct roots
21 7 ) or x*+2ax + 1—b=0 has real and distinct roots )
B = 4*-4(1-b)>0 = da’>1-b
Fig.3.19 SPYSNSPEWPY Test the continuity and differentiability of the
@) atx=1, ) 10 _ o
(i) where x2 Ix+2=2-(1 x), whenx<1 . function f(x) = || x + - [x] by drawing the

(i) wherex*—3x+2=2—(x—1), wherex> 1 graph of the function when 2 <x<2, where []

/7 Hence f(x) is discontinuous atx =1, and x = 2 — /3 and - ~ represents greatest integer functlon
=1+42 ‘ Sol. Here,/(x)= (x+5)[x],

L Example 345 Dlscuss the dlfferentlablhty of 7 (
[ o :

-2<x<£2

f(x)=maximum {2 sinx, 1 -cosx} Vxe (0, m).
Sel. f(x) =max{2 sm x, 1 —cos x} can be plotted as shown in

x+%)(—2) , 22x<-1

Fig.3.19. (x+l)(—'1)|, -1<x<0
A 2
B P SRy .......... 1
; = f(x)= 1 x+5 Q)f, 0=<x<l
...... LS N 1
(x+5)(l)l, 1<x<2
x T } »X .
(o} : .
2 7 Zx2, x=2
z-cos~(3/5)
Fig. 3.20 (—@x+1), -2<x<-I
Thus, f(x)=maximum {2 sinx, I —cosx} is not differentiable, . | < /
when 2 sinx=1— cos x - x+5 , —lsx<-1/2

= 4sin’x=(1 - cos x)? 1
= 4(1 +cosx)=(1-cosx) _ . = f(x)= 1 (x+1/2), —53x<0
= 4+4cosx=1-cosx : 0, 0<x<l
= cosx=-3/5 . u
= x=cos” (-3/5) . X+, 1<x<2

eégx is not differentiable at x = 7 — cos™' (3/5),

f.ce.: 606 6th Floor, Hariom Tower, ClrcdllarlRoad, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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Continuity and Differentiability 3.17

x<1

1 : P ‘ E\ample35} Thefunctlonf(x)— x-1, 1€x<3.

px* +gx+2, x>3
Find the values of the constants a, b, p and ¢
so that all the following conditions are satlsﬁed
a. f(x) is continuous for all x.
h f7(1) does not exist.
¢. f'(x) is continuous at x = 3.
Sol. f(x) is continuous Vx € R.
Hence, it must be continuous atx =1, 3.

s )—hn}ax(x D+b=b

‘which could be plotted as ’ : - . ax(x—1)+b,

Fig. 3.21 clearly shows that f*(x) is not contimious at FfahH= lig}(x—l) =0 ,
X
x={-1,0, 1,2} as at these pomts the graph is broken. f (x) CNowf(ID)=f(1% (for continuity atx =1)
is not differentiable atx = {— , 0,1, 2} asatx={-1,0, v =b=0 )
_ . f@)= hm(x—l) =2
1, 2} the graph is broken and atx =--1/2 there is a sharp .
edge. _ f3H= hm( X +qr+2) =Op+3g+2 ,
Differentiability by Differentiation = | . Nowf (3_) ”f (39 (for continuity at x=3)
x<1 _ : =9 +39=0 . @
Example3.49 Rig{69 { B ' [2ax—a, x<1 '
+bx+c x>1 f'(x)—_—— 1, 1<x<3
- then find the values of b and ¢ if f (x) is ‘ 5 . 3
. ) dlfferentlable atx=1. . ) p J:h+ q} (;C)>d .
. : Now given that f’(1) does not exist
sol-f@=10 L=t LU = (Y2, (1)
o Cx? +bx+c, x>1 2x+b, x>1 : = 1#2a—a
o f(x) is differentiable at x=1 c @ =>1 azl. o exi
Then, it must be continuous at x =1 ' . is}) (g?’l_v)eix; (;t.})f (3) exists..
for which lim f(x)= lim f(x) : " g ' = 1=6p+gqg ' )
x> - x-1" .

Solving equatlons (1) and (2) for p and g, we get

- = 1+b+ce=1 ' _
= b+c=0 Q. . (1)\/ p=1/3,q=-1.
Also /(1M =£(1") RO RErA Discuss the differentiability of

linl ‘I = : ’? - . .
= B /=l ) Lo =5
= 2+b=1=b=-1 tx
=c=1 i [from equation (1)] : - 2tan—1x, _155{51‘ s
o . Find the values of a and b if Sol. f(x)‘= sin~} (__Zx_z)= n-2tan"'x, - if x>1
=1 . N a+sin!(x+b), x=1. . . . +x —n~2tén—1x if x<-1
fx)= is differentiable. ’
X, : x<1 )
_ atx=1 ' : , 22, “1<x<l .
Sol. f(x)= {Hsm—l(ﬁb)" N | | : l+ch . .
I CAE x<] - =>f@=y-7———, ifx>1 : -7(1)"
VAV W » S | 1’+2x '
= f@=I-G+8? L e Tt .
e ll;e \ atx <= 11 o =>f(—n——1f’(—1+) landf'(1)= Land/"(1)=—1.
f(1+)= F(17) = a+sin(1 +Z)=1’ : W - Hence, f(x) s non-dlfferentxable atx=x2].
2x
Alsof (1= (1= =1 =>b——1 Graph of f(x) = sin” ‘& 2(}_
1+x .
Office.. 666<1 *8th Floor, Hariom Tower, Circular Road, Ranchi-1,

= From equatlon( ), a=

h.: 0651- 2562523, 9835508812, 8507613968
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v { - C,l_.early, A is discontinuous atx*=lorx=%1.

Fig. 3.23

Students find it difficult to remember all the cases of

sin”! ( 2x2 ) in equation (1). .
I+x

Then, use the following short-cut method to check the

_ differentiability.

Differentiate f(x) w.r.t. x, we get

2x
d .
(1+x2)

Y

| ( - )2
\’1— 2
, 1+x%;

2(1+x%)— 2x(2x)
(1+x%)
JQ+2 —ax?
__20-x)
A+x2)[1-x7 |

Sub]ectwe Type

. Consider f(9=

. A function f(x) defined as
| x*+ax+1l, xis rational
J®=y R
ax” +2x+ b, x is irrational

is continuous af x = 1 and 2, then find the values of a and b.

. Discuss the differentiability of f () = [x] + « / {x} ,where [.]

and {.} denote the greatest integer function and the
fractional part, respectively_.

x ‘ x
{ +x) I+x)(1+2x) . (1 +2x)(1 +3x)
to infinity. Discuss the continuity atx = 0.

P {f()-2) x+ 243 —3- ff(x) 0,Vxe R.

. Iff(x) be a continuous function for all real values of x and _
“satisfies '

1

3.

n

Hence, f(x) is non-differentiable at x =+1.

e g
plication; Exerc

Discuss the continuity and differentiability of f(x)= |x +1
+1x|+|x—1}, Vx € R; also draw the graph off(x)

" Find x where f(x) = maximum { /x (2.~ X), 2 — x} is

non-differentiable.
Discuss the differentiability of functlon fx)=x- |x -x l
Discuss the differentiability of f (x) = |[x]x] in -1 <x < <2,

- where [.] represents the greatest integer function.

Discuss the differentiability of f (x) = cos” 1(¢C'S x).
Dlscuss the differentiability of f (x) = max {tan” Ix, cot™ 'x}.
ax” +1, x<1

Find the values of g and b if f (x) = { )
x*+ax+b, x.}l

is differentiable at x=1.

f1-x2
. Discuss the differentiability of f(x) = cos ! ( v } .

1+x2

Which of the following function is non-differentiable in
1ts domam?

a flx)=
¢ fo)= x-‘logx

) )

b. f(x)=log x|
d f()=(x—3)*"

" 10. Discuss the differentiability of f(x)= Ix2—4] —12|.
11. Which of the following function is not differentiable at

. x=0? |
10,
(i) f{x)=min{x, sinx} @) f()= {xz.
(i) f(x) =x*sgn(x) .

x20

o x<0

EXERCISES

5. Ifg)= {

[f(x)], xe(0, n/2)u(r/2, T)
x=m/2 :

. . . < n
—_ x. .
2(s1nx sin” x)+ | sin x —sin” x| ne N

and f(x)=

2(sin x —sin” x)— | sin x —sin” xl

where [.] denotes the greatest integer function. Prove that

g(x) is continuous at x = 72 when n > 1.

. Lety=f(x) be defined parametncally asy=1+t|t],x

=2¢t-|t|,te R.

Then at x =0, find f(x) and discuss the differentiability of

J&)

. Iff{x) be a continuous function in [0, 27] and £0) = f27),
then prove that there exists point ¢ € (0, 7) such that

f©=flc+m).

. Test the continuity of f(x) at x =0

el
if ()= (r+1) M x 20,
x=0

@ﬁ‘i’é@‘“ﬁ%(\@th Floor, Hariom Tower Clrcular Road, Ranchi- 1
Ph.: 0651- 2562523 9835508812 8507613968
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=7 <1

9. Discuss the 'differentiability of sin (7w (x — [x])) in
(~m/2, m2), where [.] denotes the greatest mtegral
function less than or equal to x.

Jx(1+xsin(1/ x)), x>0

0. Letf(x)={—(Cx) A +xsin(l/x)), x<0.

L| 0, - x=0
Show that f'(x) exists everywhere and is finite. except atx

=0.

11. Discuss the differentiability of
SfG)=min{lx}, x-2|,2—p-1]}.

12. Letf(x) be a function satisfying f(x + y) =f(x) + f( y) and
f(x)=xg(x) forallx,y € R, where g(x) is continuous. Then

prove that f(x) = g(0).

13. ()= x-3, x<0
X,
—3x+2 x20

gx)sf (|x D+ |f(x)l. Discuss the dlfferennablhty of g(x).

andlet

14. Discuss the continuity and differentiability in [0, 2] of f(x)

(12x=3][x], x=1

=5 . [7x
sin| — |, x<1
(2) ,

where [.] denotes the greatest integer function.
15. Letf(x)is defined as follows: ‘

(cosx—sin x)°®%*, - <x<0
f&x)= a, - x=0
N l/x +e2/x +63/x 0 I N
| T2 b <x<m Sie

T Iff(x)is contmuous atx=0, find zand b.
16. Given a real-valued function f(x) as follows:
L& x? +2cosx—2

2 , for x<0

X
fx)="- 1/12, for x=0 R
) . . x B Y -
smx—-log\ze cosx)’ for x>0
6x

\/ Test the continuity and differentiability of f(x) at x = 0.
17. -Find the value of f(0) so that the function i

L ~—x -1/x
) (f__:l—_xz_—aj , —-1<x<0
=3

. iscontinuousatx =0
PRIE SN TE N ) .

O<x<l
an/x

b
+be™

. Find the value of @ and b if

.
L : 1/(x+2])
i ae ~1
. W, 3<x<-2 .
fx)=< b; x=-2 iscontinuous at x=-2.
\ :
sin g 16 ;0 2<x<0
x +32

Continuity and Differentiability 3.19

Objective Type ' Soluﬁéiis di{p&jé 3._36 ’
Each question has four cheices a, b, ¢, and d, out of which only
one is correct.

1.. Which of the following functions have finite number of
points of discontinuity in R ([-] represents greatest integer
function)? ' x|

a. tan x h x[x] c. — d sin [7x]

2 X

— 4= .
2. The function f(x) = is
X—Xx
a. Discontinuous at only one point
b. Discontinuous exactly at two points
¢. Discontinuous exactly at three points

d None of these .

3

. T R . 7
3. Iff(x)= an( 4 x) , (x # 7/4) is continuous at x = /4,

cot 2x
Y .
then the value of /(Z) is
al h 12 . 13 d-1.
4. Th ﬁm t _(3"_—-_1)2_ # 0, is continuous
e cmnf(x) Snx. n(+x ),x R ‘
atx=0. Then the value of f(0) is
a 2log3 " b (log,3) _
c. log 6 d None of these

(=]l
\A Iffx)=1 1+x x#-1 , then f([2x]) where [ -] represents
' L., ' 1; o ox=-1
the greatest integer function is
a. discontinuous atx=—1 b continuous atx=0
c. continuous.atx=1/2  d continuous atx =1

x_4 +a, x<4
|x—4]
- 6. Letf(x)= a+b, x = 4. Then f(x) is coritinous .
' x—4 atx =4 when;
+b, x>4

fx—4]
a a=0,b=0 ha=1,b=1
c.a=-1,b=1 da=1,b=-1

7. Iffix)= x_e__-i-z_cos_Zf ,x # 0, is continuous at x = 0, then
x i

a f(0)=5/2 b [f(0)]=-2
c. {f(0)}=-05 d [0 {f(0)}=-15

where [x] and {x} denote the greatest mteger and fractio-
al part function, respéctively.
Let Six) be defined in the interval [0, 4] such that

L {1-x, 0<x<l1
b ofo)={x+2, 1<x<2
4-x, 2<x<4 X
then number of points where f{f(x)) is discontinuous is” -

19. Letf R@ﬁa@@mﬁﬁ6l<6ﬂml€?mmsﬂemrqtom Towek,1ICircular Road, \Ranchi-1,
F (s differentizble atx = (o) - ()55 2562523, 9835508812 8507613968 & None of these
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- 9. The value of f(0), so that the function’
-1

2x —sin” x | ! ..
f&x) = ————— is continuous at each point in its
2x +tan" X
domain, is equal to
a 2 b 173 c. 273 d-1/3

10. Which of the following is true about
(x-2) x -1 %2
fx—2]{ x*+1

3

= Cox=2
5

a. f(x) is continuous at x = 2.
b f(x) has removable discontinuity at x = 2.
¢. f(x) has non-removable discoﬁtinuity‘ atx=2.

f)=

‘d Discontinuity at x = 2 can be removed by redefining

function at x= 2.

\/ ( - )27[ .
¥it5 x) = n_)w r— 1)2,, is discontinuous at
“a x= 0 only b x=2 only
c. x=0and2 d None of these
8F —4* —2% +1 £>0
12. Iff(x)=1 %2 7
le*sinx+mx+Alnd4, x<0
-is continuous at x = 0. Then the value of A is
a. 4log 2 b 2log, 2
c. log 2 d None of these

acosx —cosbhx

13. Iff(x)= 5 ,x#0andf(0)=41is continuous at _
X
i =0, then the ordered pair (g, b) is
a (£1,3) b. (1,£3) ¢ (-1,-3) 41,3
_ ' oo fx+2, x<0
\)(If "f(x)={—x? —2,” 0 < x <1, then the number of points of
| x, x21
" discontinuity of | f{x)] is
a l " h 2
c3 ' d None of these

15. Letf: R — Rbe given by f(x)=5x,ifxe Qand f(x)=x*+
. . 6ifxe R~Q, then .
a. fis continuous at x =2 and x =3
- b. fis not continuous atx=2 and x = 3
¢. f’is continuous at x =2 buf notatx=3
d fis continuous at x =3 but notatx =2
16. The function f(x) = |2 sgn 2x| + 2 has
a Jump discontinuity b. Removal discontinuity

; 3 2 . ..
Letf{x)= ’}1_{{10(5‘“ x)™, then which of the following is not
true? '
a d1scont1nuous at infinite number of points

o

c. Infinite discontinuity ~ d. No discontinuity atx=0

-+ BOARD, NDA, FOUNDATION:-

b Discontinuous at x =

B

. . T
¢. Discontinuous at x =——
d None of these
18. “Let f'be a continuous function on R such that

2 B
. Thén the value of f(0) is

2 n
1/4n)=(sine®)e " +
Sf(1/4n)=(sin€") 1]

a l : hi2 c.0 d. None of these

—bx+25
19. If _—
) S ) x*~7x+10

the value of f(5)1s

for x# 5 is continuous atx =35, then

f

. a0 bS5 c. 10 d 25
\AO. Which of the following statements is always true? ([.]
L - Tepresents the greatest integer function)
/ a, If f(x) is discontinuous, then | f(x)| is discontinuous
b If f(x) is discontinuous, then f(}x]) is discontinuous
¢. f(x) = [g(x)] is discontinuous when g(x) is an integer
d None of these
21. A function f(x) is defined as
" [sinx,
fx)= {

coS X,

x is rational | .
.. is continuous at

x is irrational s

b x=nx+n/8nel

d x=nn+n/3,nel

[cosmx], 0<xs1
12x-31{x—2], 1<x=<2

a x=ng+n/4nel
- c. x=nxt+mn/6,nel

%\The number of points f(x) =
P .
is discontinuous at ([.] denotes the greatest integral
function)
a. two points " b three points
\/ c. four points " d no points
23. A point where function f{x) is not continuous where.
L4 /0)=[sin [x]) in (0, 2m); [] denotes the greatest integer <x is
a (3,00 b.(2,0) ¢ (1,0) d.None ofthese :
24. The function f(x) =sin(log, |x]), x#0,and 1 if x= 0
a. is continuous at x =0
- b has removable discontinuity atx =0
¢. has jump of discontinuity at x =0
d has oscillating discontinuity at x =0
5. The function defined by f(x) = (-1 )[*;] ([.] denotes the

"l sreatest integer function) satisfies
a. discontinuous for x = n'®, where n is any integer

b f(3/2)=1
¢ f/(x)=1for-1<x<1
d None of these
6. The function f(x) = {x} sm(n‘[x]) where [.] denotes the
,L_Q greatest integer function and {.} is-the fractional part
function, is discontinuous at
a. allx
€. 1O X

bh. all integer points
d x which is not an integer

ffice.: 606 , 6th Floor, Harlom Tower, Circular Road, Ranchi-1,
Ph.. 0651—2562523, 9835508812, 8507613968
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%The function f(x) defined by 7/,

Lo

—2x+5), %<x<1andx>l

108 4,3 (x*
f( ) g(4 3)(
|4, x=1

a. is continuous at x = 1.

b is discontinuous at x = 1 since [ does not exist
though f(1°) exists.

c. is discontinuous at x = 1 since f 1) does not exist

though S(1%) exists.
d is discontinuous at x = 1 since neither /(1) nor f(17)

exists.
/Let /() =[x and g(x) = { 0.
L* x? , xXeR-

the following is not true ([.] represents greatest integer
function)

a lli)r} g(x) exists but g(x) is not continuous atx = 1.
x .

XeZ

h Iim f (x) does not exist and f{x) is not continuous at

x= 1
¢c. gofis a dlscontmuous function.
d. fog is a discontinuous function.

x
TS X #0 :
29, f(r)=12* +1x1 thenf(x) is
] N X = .
a. Continuous but non-differentiable at x = 0
h. Differentiable atx=0
¢. Discontinuous at x =0 —

d None of these
\/3/ Let a function f(x) be defined by Jf)=

. L | which of the following is not true
a. Discontinuous-at x =0
b. Discontinuous at x=1
¢. Not differentiable at x=0

© d Not dlfferentlable atx=1

Iff(x) x> sgn x, then
Ly

x=|x-1]

a. fisderivable atx=0

. b. fiis continuous but not derivable at x =0
‘c. LHD.atx=0is1 '
d RH.D.atx=0is 1

%Letﬂ ) _{mm({x X)x=0"

[ max {2x, x* —1}x<0
following is not true.
a. f(x) is continuous at x =0
b f(x) is not differentiable at x =1 _
c. f(x)1is not differnetiable at exactly three point
‘d None of these

. Then which of the

. Then which of

, then

Continuity and Differentiability 3.21

c. differentiable atx=0

d differentiable atx=27 ‘
34. Which of the following functions is non-differentiable?
qu a fX)=(e—Dle=—1|inR -

~ox—1
b /@)= X2 +1

inR

x=3]-1], x<3

atx=3

/@)= 'f;[x]—z, x23

where [.] represents the greatest integer function
d f(x)=3(x=-2)" +3inR

+

\/ The number of values of x € [0, 2] at which f(x)=

x——
2
L © |x—1}+ tanx 1s not differentiable at

a0 b1
c3 d None of these ..

36. The set of points where x? |x] is thrice differentiable is.
a R b R-{0,%1}
‘¢ R-{0} d. None of these

Which of the following function is not dlfferentlable at -
x=1?

a f)=-1jx-1) x-2)|

b f(x)=sin(x—1)—|x—1|

c. fx)=tan(x—1)+|x—1|

d. None of these

. 11 ] ‘ :
L1 _
38. f(x)={xe [x M/ x #0 . The value of a, such that f(x) is
a, x=0 : ’

differentiable at x =0, is equal to
a l h -1
c¢.0 ' d None of these

: 2
39. Iff(x)= {a: o<l is differentiable atx = 1, then
: X taxtb,x>1 ¢
aa=1,b=1 ha=1,6=0
c.a=2,b=0 . d a=2.56=1
40. Iff(x)= a|smxl+beM+c|x| is differentiable at x = 0, then
aa=b=c=0 h @a=0,b=0,ce R
\/cchaeR d c=0,a=0,be R
41. The number of points of non-differentiability for
L0 f9=max (1], 12} is
a4 h3 c.2 d>s

\%/Lt( . [sin2x, 0,x<m/6
” ot/ ax+b, w/6<x<1

\

If f(x) and f'(x) are

—\ continuous, then

33, The function f(x) = sin”' (cos x) i pa=lb=——+%  ba=-—L b---
c ctuion j{x —sm COS X) 18 —L,o= 7= 1T =" o - s
x V26 V2 2
a. not differentiable at x = — . .
eyl eat_6 Bth Floor, Hariom Towerq Cireulat ad dRaichibde
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A

3 2
%% <1 e
43. Iff(x)= {x ~ = thenf(x)is differentiable at
| |

x, x° 21 -

a (—oo,00)— {1} . B (o0, e0)~ {11}
C. (—o0,0)~{1-1,0} d (—o0,00)~ {~1}
44. 160 = (=4~ 657 + 1 1x— 6]+ - +x|x | then theset

of points at which the function f(x) is not differentiable is
a {~2,2,1,3} h {-2,0,3}
c. {~2,2,0} d {1,3}
45. If f(x) = cos 7 (|| + [x]), (where [.] denotes the greatest
integral function), then which is not true? :
a. continuous atx=1/2 . b continuous at x =0
c. differentiablein(—1,0) d differentiable in (19

\/6. Iff(x)={ex x>0

L N ax+b, x<0
-0 aa=1,b=1 b a=-1,b=1
ea=1,b=1 da=-1,b=-1

: -1/ .
CI@=1¢ 0 *0 pensis
0, x<0 .
|  a Differentiable atx=0

h Continuous but not differentiable at x = 0
~ ¢ Discontinuous at x =0
d. None of these

\/ o x-1, x<0
8. Iff(m)=1 , " then

x“=2x, x20
Ly

is differentiable at x =0, then

a. f(|x|) is discontinuous at x =0

b. f(|x]) is differentiable at x=0

¢. | f(x)| is non-differentiable at x = 0, 2
d | f(x)| is continuous at x = 0

. 5 o
49. 1f £(x) =_{” W7l 0<x<l
-[x2—2x], I<xx2 _
greatest integer function, then f(x) is
a. Differentiable for all x '
b Continuous at x = |
¢. f(x) is non-differentiable atx=1
d. None of these
Discuss the continuity and differentiability of f{x) in
10,2)

, where [.] denotes the

' ‘ log(2+x)—x"sinx
50. Letf(x)= lim 8@ *+¥=x"sinx

en
B3 1+ x>

a. fiscontinnousatx=1 h lim fx)=log3
x>1"
¢ lim f(x)=-sinl d Hm f(x)does not exist
x—1* x>0

“[x%sin| = |, x£0 :
5L If f(x) = (x) * is continuous but
0, x=0

non-differentiable at x = 0, then

' \\/52- S (x)=[sin x] + [cos x], x € [0, 27], where [.] denotes the

greatest integer function. The total number of points,
where f(x) is non-differentiable, is equal to

\/ a. 2 b.3" c.5 d. 4
_ 53. Ifx +4|y| = 6y, then y as a function of x is

L; Coa. continuous_ atx=0  b. derivableatx=0

c. é}—’ =% forall x

. dx
\/54/.. Let g(x) be a polynomial of degree one and f(x) be defined
L g(x), x<0
£ byfm= {

l x Isinx -
- () =f(-1), then g(x) is .
a (1+sinl)x+1 b (1-sinl)x+1
c. (I-sinl)x-1 d (1+sin1)x—1
‘ LSS. If f(x) =1 — x|, then the points where sin™ (f |x]) is non-
{ differentiable are ,
a {0,1} b. {0,-1} ec. {0,1,-1} d. Noneofthese
56. Given that f(x) = xg (x) / |x|, g(0) = £’(0) = 0 and f(x) is
continuous at x = 0. Then the value of f'(0)
a. Does not exist . bis=1
\_/ cisl dis0
57. The number of points, where the function f(x) = max
| (ltanx], cos [x]) is non-differentiable in the interval (—z, 7), is

d. None of these

. Iff(x) is continuous satisfying

a4 b 6 c.3 a2
' sinx; x<0 ]
\/98/. If £(x) = then g(x) = f(x]) is.
cosx~|x—1], x=0

L D non-differentiable for
a. No value of x b. Exactly one value of x
c. Exactly three values of x ~ d. None of these

2x—[x]+xsin(x—[x]); x#0

59. If f(x)"= {0

denotes the greatest integer function, then n cannot be -
, a4 h 2 ¢.5 do6
60. f(x)=max{x/n, sinrrx|},ne Nhas maximum points of non-
L differentiability for x € (0, 4), then n cannot be
+ a4
b 2
e 5

, where [.]

bl

\/6{ F() = [¥*1 - {x}% where [.] and {.} denote the greatest

L “integer function and the fractional part, respectively, is
- a. continuous at x =1, -1 ‘

b. continuous at x =—1 but not at x = 1

c. continuous at x = -1 but not at x =—1

d. discontinuous atx =1 and x =1

e

62. Iff(x)=[logx] + \/{log, x} ,x>1, where [.] and {.} denote
| the greatest integer function and the fractional part
function, respectively, then :

a. f(x) is continuous but non-differentiable at x = e

b f(x)is differentiable atx=e

i

"< Offide =68 , BtA Elodre HiaPiom Towe /@ fsaritud; Ranchi-1,
e Ph.: 0651-2562523, 9835508@12, 8507613968
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63. f(x) = lim sinz"(nx)+[x+%], where [.] denotes the

g  greatest integer function is
a. continuous at x = 1 but discontinuous at x = 3/2
b continuous atx=1and x = 3/2
¢. discontinuous at x = 1 and x = 3/2
\/ d discontinuous at x = 1 but continuous at x = 3/2
64. If f(x) = sgn(sin’x — sinx — 1) has exactly four points of
L discontinuity for x € (0, n7), n € N, then
! a. Minimum value ofnis 5
b. Maximum value of nis 6
¢. There are exactly two possible values of n
d None of these

1.2 _ . .-
65. If f(x) = {F ~x+3 xisational Lo inous at
T 12-x, x is irrational )
exactly two points, then the possible values of a are
a (2,%9) b (—e,3)

C. (oo, —1)u(3 o) d None of these
\/ 6. f(x)={x}>- {x’} ({.} denotes the fractional part function)
L a. f(x)is discontinuous at mﬁmte number of integers but
! not all integers -
b. f(x) is discontinuous at finite number of integers
¢. f(x) is discontinuous at all integers
d f(x) is continuous at all integers

1 - .
\,W/Let fx) = 8( )ﬁCOS; > ¥#0 , where g(x) is an even
0, x=0
function differentiable at x =0, passmg through the or1g1n
The f7(0) ,

a isequaltol
c. is equal to2

\/- 1—- 1 x? 1f—1<x<1
68. Letf(x)=

1 .18
1+log—- if x>1

h is equal to 0
d does not exist

Ly :
a. Continuous aﬁd differentiable at x = 1

b. Continuous but not differentiable at x = 1

¢. Neither continuous nor differentiable at x =1
d. None of these

69. Iff(x) 1-1-x? ,thed f(x)is
a. Continuous on [-1, 1] and differentiable on (-1, 1)
b. Continuous {1, 1] and differentiable on (-1,0) (0, 1)
¢. Continuous and differentiable on [-1, 1]
d. None of these

—
0. The setofall points, where f(x) = \/xz [x| - | x] -1 isnot

| o differentiable, is
a. {0} b {~1,0,1}
c. {0,1} d None of these
. Letf(x) be a function for allx e Rand f'(0)=1. Then g(x)

-L. =f(x]) -
a. is @Hftaan

1—cos2
cos2x atx=0,

6@6 o4t ha Fzhean, Hariom Tower @i iRagekP

Continuity and Differentiability 3.23
1

¢. is non-differentiable at x = 0 as its graph has sharp
tunatx=0
d is non-differentiable at x = 0 as its graph has vertical
tangent atx =0
72. A function f(x) is defined as

fl)= x7sm=, xv»;t 0, me N.The least value of m
0,  if x=0 '
for which f”(x) is continuous at x=0is :
a1 h2 ¢.3 d None
Ix ~1/x ‘ .
SR
3. f)=4. | +etl* . .Then
’ x=0

,

O
~ a. f(x) is discontinuous at x = 0
b. f(x) is continuous but non-differentiable at x =0
¢. f(x)is differentiable atx=0

\/ d F(0)=2
4, Ifflx)= {xz} —'({x})2 where {x} denotes the fractional part
L of x, then
$ a f(x) is continuous atx =-2 but not at x =2
b. f(x) is continuous at x = 2 but not at x = -2
¢. f(x) is continuous at x =2 and at x = —2
d. f(x) is discontinuous atx =2 and at x =2

, 1 _
%Let y=fx)=1¢ * i x#0 Then which of the following
\ : 0 ifx=0 _
" can best represent the graph of y =f(x) ?

e e

& Ao

N/,

0 0 S
\/6 Iff(2+x)=f(-x) forallx € R, then dlﬁ'erentlablhty atx 4
L implies differentiability at '
! ax=1
¢ x=-2

h x=-1"
d. cannot say anything.
, 3~{cot > 3
77. ()= » x
{x*}cos(e”™), if x<0
" then the value of f{0), (where [x] and {x} denotes the
greatest integer and fractional part functions, respectively)
a0 h 1
c. -1 d. none of these -
78. If both f{x) and g(x) are differentiable functions at x = x,,
then the function defined as A(x) = maximum {f(x) g(x)}:

a. is always differentiable at x =x
b. is never differentiable at x = x,

if x>0 L
is continuous at x=0,

A80xy)

R
b s differentiable at x F¥hnd BEBEIH62523, 98355088 PF BRI ETEgRE" ¥~ 1/ G = 8
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\/4 Number of points where the function . c. If fis continuous on [a, b], then there is a point ¢ in (a,
' - ' b) such th = d f(b) have opposite
L' 1+[cosﬂ}, I<x £2 Sl)g:;c at fle) = 0, then f{a) and £(6) PP
f&)= 1-{x} 0<x<l and f(1) = 0 is continuous d If f'has no zeros on [a, b}, then f(a) and f(b) have the
e - . same sign.
|sin x|, —1=x<0 3. Which of the following functions fhas/have a removable
but non-differentiable is/are (where [-] and {-} represent discontinuity at the indicated point ?
: greatest integer and fractional part function, respectively) 2 .
0 b1 _x-2x-38 .
a . _ . v a fx)=——7atx=-2 .
\/ e 2 -d. none of these : x+2
(x* +2x+ 3 +sinmwx)" -1 - x-17
Let x)= 11 , then = =
L /&)= °°(x +2x+3+sinzx)" +1° b /) |x—7|atx- 7
I a. f(x) is continuous-and differentiable for allx € R. 3
h. f{(x) is continuous but not differentiable for allx € R. c. ()= x_+64 atx=—4
¢. f(x) is discontinuous.at infinite number of points. ‘ 4
d f(x) is discontinuous at finite number of points. ‘ ' N
3 " . . . u = - _ x =
\,8/1 Given that. Hcosz—=ﬂx— and df@="g, ax=d
n=l & om ) : .
Ly Sm(2") Sx—4 for0<x<l
_ lim Z_tan( ), x€(0,7) _{E}- \/The function f(x) = {4x* —3x forl< x<2is
fE)=4{ "7 2" ' 12 L : 3x+4  forx>2
=, e x=Z ' " a continuous atx=1and x =2
/4 . 2

b continuous at x = 1 but not derivable atx=2
¢. continuous at x = 2 but not derivable at x =1
- d continuous at x= 1 and 2 but not derivable atx =1 and

Then which one of the following is true?
a. f(x) has non-removable dlscontmulty of finite type at
T

x=—. . x=2 ' .
2 . ‘ Whlch of the following is/are true for j(x) =sgn(x) X sinx
b f(x) has removable discontinuity at x = & N Qe a. discontinuous no where -
' . ' - 2 b an even function’
¢. f(x) is‘continuous at x = 7" - ¥ c. f(x)is periodic

~ & f(x) has non-removable discontinuity of infinite type d f()is differentiable ol

3 . . . I3 V
. T ‘ +sinzx| —~1
atz=7. o \/Iff(x)— lim |—a-ﬂ“—i—, x€ (0,6), then

1= | a+sinzx| +1
. L | a ifa=1,thenf(x) has 5 pmﬁts of discontinuity.
| Answers Type k b ifa=3, thep f(x) has no point of discbntinuity.
' ' ¢. if a=0.5, then f(x) has 6 points of discontinuity.
d if a=0, then f(x) has 6 poinfs of discontinuity.
/1 f(x) = sgn(x* — ax + 1) has maximum number of points of -

Multiple Correct :

Each question has four choices a, b, ¢, and d, out of which one
or more answers are correct.

1. Which of the statement(s) is/are incorrect ?

- ; ) discontinuity, then —
- L _ a. Iff+gis continuous atx =g, then fand g are continuous L | aae 2, : b e (coo-2)
atx=a. c. ae (2,2) \ d None of these
b If 11m (fg) exists, then both }gna fand xh_{)na gexist. \ /8/ If f(x) = [lx|], where [.] denotes the greatest integer
c Dlscontxnulty at x = @ => non-existence of limit. I function, then which of the following is not true?
d All functions defined on a closed interval attain a =0 a. f(x) is continuous V x € R.
_ maximuim or a minimum value in that interval. o b. f(x) is continuous from nght and discontinuous from
% A function fis defined on an interval [a, b]). Which of the leftVxe N. ~
L following statement(s) isfare incorrect ? ¢. f(x) is continuous from left and discontinuous from
1 a. If f(a) and f(b) have opposite signs, then there must - rightVxe L
be a point ¢ € (g, b) such that f(c) = 0. ' d f(x) is continuous at x = 0.
b. Ifis continuous on [, b], /(a) <0 and f(6) > 0, then’ /9/ /) s differentiable function and (f(x). g(x)) is differen-

thﬁf?““bca’é’ﬁg 8tR EiosH Uariom Towgetetradi #*Road, Ranchi-1,
Ph.. 0651-2562523, 9835508812, 8507613968
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a. g(x) must be differentiable atx=a.
b If g(x) is discontinuous, then f(a) = 0.
¢. f(a) #0, then g(x) must be differentiable.
d. None of these.
0. The function defined as

Lo ¢ |
cos?y  difx <0
f@)=lim [#y1+x" if 0<x<1, -
n—eo )

_' 1

14"

ifx>1

which of the following does not hold good? o
~ a. continuous at x = 0 but discontinuous at x = 1.
b. continuous at x = 1 but discontinuous at x = 0.
c. continuous bothatx=1andx =0.
d. discontinuous bothatx=1andx=0.
\/11/. Which of the following function(s) has/have removable

) discontinuity at x = 1?
-0

2

' 1 . x“-1.
* f(’_‘)"ln|x| hI®= 5
e foy= 27" a f(¥)¥-——-—\/x—+2i s
xt-x
.A . " t i ‘.
12. fx)= %]}—:II for f:[O, —;—)—>(—;—,3],where [.] represents

| the greatest integer function and {} represents the
fractional part of x , then which of the following is true.
a. f(x) is injective discontinuous function.
b. f(x) is surjective non-differentiable function.

c. min ( lim f(x), lim f(;c)) =/
d. max (x values of point of discontinuity) = fQ).

1, |x}21

n
0, x=0

L

a. is discontinuous at infinite points
b. is continuous everywhere

¢. is discontinuous only at x = 1 ,ne Z-1{0}
“n

d. None of these .

. ) -‘ 0, " xeZ
\}ﬁ( Let f(x) = [x] and g(x) = {xz eR-Z ([.] represents

L | - greatest integer function). Then

a. b exists (x) is not continuous at x =.1.
) %}fﬁétec.: tﬁg@g ( )t6tb-tFIct)or, Htarilom Tower
- fx) s mot contimvopsigt ¥ Tse 9560503 98355088

Y o 1 1 1
13. The function f(x)=y—> —<|xk ——1,n=2,3,...
. ) n n - -

Continuity and Differentiability 3.25

¢. gof'is continuous for all x.
d fog is continuous for allx.

/ xlogcosx -
/ — . x#0

15. Iff(x)= {log(1+x") then
Lo | 0, x=0

a. f(x) is not continuous at x =0.

b. f(x) is continuous at x = 0.

¢. f(x) is continuous at x = 0 but not differentiable at x =0.

. d. f(x) is differentiable at x = 0. ,
\/I{ Iffx)=x+ x| + cos([7*]x) and g(x) = sin x, where [.]
L denotes the greatest integer function, then :
0 a. f(x)+ g(x) is continuous everywhere.

b. f(x) + g(x) is differentiable everywhere.

¢. f(x) x g(x) is differentiable everywhere.

d. f(x) xglx)is continuous but not differentiable at x =0.

0, x=0

: \',n./lf )= {(sin-‘ )P eosl/x), x#0 4
L

> a. f(x) is contifinous everywhere in x & -1, 1).

b. f(x) is discontinuous in x € [-1, 1]. o

c. f(x) is differentiable everywhere inx € (=1, D.
d. f(x) is non-differentiable nowhere in x € [-1, 1].

b , x20 x}, 0
g = [ masw = {0
L'( ’ ’

and if f(g(x)) is continuous at x = 0 then which of the
following is/are true (where {x} represents the fractional
part function) B

a. if b= 1, then a can take any real value.

b ifb<-1,thena+b=1. .

¢. no values of a and b are possible.

d there exist finite ordered pairs (a, b).

x|-3, x<1 2—| x|, x<2

ool ="
A Iff(")_{|x_2|+a, x>1 48D {sgn(x)-b, x22

L | and h(x)=f(x)+ g(x) is discentinuous at exactly.onepoint
- then which of thie following values of a and b are possible
a.a=-3,b=0 b. a=2,b=1 a
c.a=2,b=0 d.a=-3,b=1

20. Let f: R — R be any function and g(x) = sz—) . Then
which of following is/are not true
a. g is onto if fis onto. '
b. g is one-one if fis one-to-one.
c. g is continuous if f'is continuous.
d. g is differentiable if fis differentiable.

vﬁ I£/() = { (gnlx) + ), 0 <x<2

sin x + |x =31, 2<x<4
Lt and { } represent the greatest integer and the fractional
part function, respectively.
a. f(x) is differentiable atx = 1.
" b. f(x) is continuous but non-differentiable at x = 1.

R R, Fdnchi-1,
“8507613968
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It 3 (cQtsx)/(coth) b. if both the statements are TRUE but STATEMENT 2 is
(—] . 0<x<Z NOT the correct explanation of STATEMENT 1.
2 2 c. if STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
2. ()= 1b+3: = is continuous at d if STATEMENT 1is FA‘LSE and STATEMEI_\{T 18
2 Statement 1: y = sin x and y = sin"x, both are
- n(altan );I) /b L differentiable functions. '
(I+]cotx ) » G Sx<T ' Statement2: leferentlablhty of () = differentiability of
-1
‘ y=f".
x= /2, then S S 2. Statement 1: f (x) = (2x — 5)** is non-differentiable at
aa=0 ba=2 c.b=-2 db=2 Ly x=sn
. Which of the followmg function is thrice differentiable at - Statement 2: If the graph of y = f (x) has sharp turn at
L ) x=0? . x = gq, thenitis non—dlfferentlable
a f(x)=p’ . b f(x) | \—d Statement 1: /(x)=sgn(x*—2x+3) is contmuous for all x.
¢ f)=pk |'Slll3 d f(x)=x|tan’x| """ Statement 2: @ + bx + ¢ = 0 has no real roots if b> —4ac <0.
. Let fix) = [sm x], then (where {-] represents the greatest 2"

| - integer function)
—0  a. f(x)is continuous at x =0
b f(x) is differentiable atx=0
¢. f(x) is non-differentiable at x =0
d f(0)=1
\/ Let f(x) = sgn{cos 2x — 2 sin x + 3) where sgn ( )is the
L signum function, then f(x)
I a is continuous over its domain
. has a missing point dlscontmulty
¢._has isolated point discontinuity
d. irremovable discontinuity
. A function f(x) satisfies the relation f(x +y) =f1 (x) +f(y)+
L x(x+y)V x,ye RIff (0)—-—1,then .
/ a. f(x) is a polynomial function
b f(x) is an exponential function
¢ f(x)is twice differentiable forallx e R

d f(3)=8
L % '

. i L
. X,
\}{Le_tf(x =<b, x=0,then
: ) ' |sinZ

' 2, x <0

| x

N | —

‘a SIx) is continuous atx =0 ifa=-1,b=
b f(x) is discontinuous at x =0 if b # %
¢. f(x) has irremovable discontinuity at x =0 if a # -1

d. f(x) has femovable discontirmity atx=0ifa=~1,b= %

Reasoning Type | :

- Each question has four choices a, b, ¢, and d, out of which onIy

: Solutwns on page 3.4

one is correct. Each question contains STATEIV[ENT 1and

STATEMENT 2.

a. if both the statements are TRUE and STATEMENT 2 is the
correct explanation of STATEMENT 1.

\,d Statement 1: f(x) = (sm7rx)(x ~n»s

‘ . -1, . .
4. Statement 1: f(x) = 11m 5 is discontinuous atx =1.
xoeo x™+]

Statement 2: If limit of function exists at x = a but not
equal to £ (a), then f (x) is discontinuous at x = a. .
5. Statement 1: f (x) = [sinx] — [cosx] is discontinuous at
x = 7/2, where [.] represent the greatest integer function.
Statement 2: If f(x) and g (x) are discontinuous atx = a,
_ thenf(x) + g(x) is discontinuous at x = a.
6. Statement 1: f(x)=sgnxis discontinuous at x =0 = f(x) -
= |sgnx] is discontinuous at x = 0.
Statement 2: Discontinuity of /(x) = dlscontmulty of | f(x)].
is differentiable at
=1.
Statement 2: Product of two differentiable functlon is
always differentiable.

1/x .
. e’ -1
- . - , x20 .,
8. Statements 1: The function f (x) = ¢ ¢!/* +1 ©1s -
' cosx x=0

discontinuous at x = 0.
_ Statements 2: f(0)=1. _
. 9. Statement 1: f(x) = sinx + [x] is discontinuous at x.= 0
" where [ . ] denotes the greatest integer function.
Statement 2: If g(x) is continuous and A(x) is
discontinuous at x = a, then g(x) + A(x) will necessarily be
discontinuous at x = a.

" .N\10. Statement 1:f(x)=|x|sinxis non-differentiable at x = 0.

Statement 2: If f (x) is not differentiable and g(x) is
differentiable at x = a, then f (x) g(x) can still be
differentiable atx=a.

11. Statement 1: Iff(x)is discontinuous at x = e and llgllz g(x)
=e, then lim f(g(x)) cannot be equalto f (lirn g(x)) .
x—a ] x—>a
Statement 2: If f(x) is continuous atx = e and lll;lzlz g(x)

e, then m f(g(a))= / lim §(0)-

12. Statement 1: Both the functions |In x| and 1n x are both
Q_ continuous for all x. ’
\/ Statement 2: Contmuxty of | f () | = continuity of f (x).

Offlce 606 6th Flobr Harlom Tower, Circular Road, Ranchi-1,
Ph 0651- 2562523 9835508812 8507613968
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13.

14.

o

16.

. Statement 1: f(x) = ||x|

Statement 1: f{x) = tan™ [

2x is
1-x*

nonédifferenﬁable atx==%1.

T T
Statement 2: Principal value of tan™ 'xare (— Py 5) .

Statement 1: If | £ (x)] < |x| for all xe R then | f (x)I is
continuous at 0.

Statement 2: If f (x) is continuous, then | f () is also'

continuous.

~3 x| +2]is not dlfferentlable at5
points. '

Statement 2: If the graph of f (x) crosses the x-axis at m
distinct points, then g(x) = .| f (x)| is always
differentiable at least at m distinct points.

Statement 1: The function f'(x) = a,el"| +ay| x|, where

a,, a, are constants, is differentiable at x=0if ¢, = 0.

" Statement 2: ¢ is a many-one function.

W\ 17

18.

19.

20.

23,

Consider [-] and {-} denote the greatest integer function
and the fractional part function, respectively.

Letf={a+ i} .
Statement 1: fis not differentiable at integral values of x.
Statement 2: fis not continuous at integral points. '

2m (nin‘x)}, and

n—ece

Statement 1: Letf(x) = lim {lim coS
. m—yc0
0, if tional ' :
g(x) = { fxisrational o h) = £ () + o) i

, if x is irrational

continuous for all x.

Statement 2: f (x) and g(x) are discontinuous for all x € R.
Statement 1: If '(x) exists then f”(x) is continuous.
Statement 2: Every differentiable function is continuous.
Consider the funcfions £ (x) = x> — 2x and g(x) =~ x .
Statement 1: The cornposite function £ ) =f (g(x)) is not

_derivableatx=0.

Statement 2: F'(0")=2and F’(07)=-2.

. Statement 1: If f (x) and g(x) are two differentiable

functions V x € R, then y = max { f (x), g(x)} is always

“continuous but not differentiable at the point of

intersection of graphs of f(x) and g(x).

Statement 2: y=max{ f(x), g(x)} is always differentiable in
between the two consecutive roots of 1 (x) — g(x) = 0 1f
both the functions f(x) and g(x) are differentiable V x € R.

. Consider the function

-~ flx) = cot™ (sgn[ [x]

, where {-] denotes the
2x —[x]

greatest integer function.

Statement 1: f(x) is discontinuous at x = = 1.
Statement 2: f(x) is non- _differentiable atx = 1.

Con e functi x)=sgn (x—1) and g(x) [x
iy éﬁh Gﬂie;éné E&s&lé@éﬂﬂﬂfﬁ om.Tower, Cineiar,

mon-
»
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Continuity and Differentiability 3.27

Statement 1: The function F(x) =/ (x) . g(x) is discontinuous
atx=1.
Statement 2: If f(x) is discontinuous atx =a and g(x)yisalso
discontinuous at x = a, then the product function f (x) g(x) is
discontinuous at x = a.

. 24. Statement 1: f{x)=min{sinx, cos x} is non—dlfferentlable

Coatx=m/2.
Statement 2: Non-differentiability of max {g(x), h(x)}
= non-differentiability of min {g(x) h(x)}-
25. Statement 1: If f(x) is a continuous function such that

f(0)=1andf(x)#x,Vx€R, then f(f(x)) > x.
Statement 2: Iff: R — R, f(x) is an onto function, then f(x)
= 0 has at least one solution. -

26. Statement 1: The function f (x) = [\[;] is discontinuous
O for all integral values of x in its domain (where [x] is the
greatest integer < x).
Statement 2: [g(x)] will be dlscontmuous forallx glven by
g(x) = k, where k is any mteger

Linked Gomprehenswn
Type
Based upon each paragraph, three multiple choice questions

have to be answered. Each question has four choices a, b,¢,and d,
out of which only one is correct.

For Problems 1 -3

L1

o

| a(l—x51nx)2+bcosx+5, £ <0 &

X

Let f()= {3, x =0, where P(x)

[z

is a cubic function and fis continuous at x = 0.
1. The range of function g(x) =3a sin x — b cos x is

x>0

a. {-10,10] "k [-5,5] ‘

e [-12,12] d None of these
2. The value of P”(0) is

a. log 9 b log 2

c 2 d 1l

3. If the leading co-efficient of P(x) is posmve then the
equation P(x) = b has
a. Only one real, positive root
b. Only one real negative root
¢. Three real roots
d None of these

For Problems 4-6
U Lot/ = X+2, 0<x<2
€
x x22
1+tanx, 0Sx<%

gx)=
Ranchi-1,

Ph.. 0651-2562523, 9835508812, 8507613968
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4. f(gx)is

a. discontinuous at x = 7/4.
h differentiable at x = /4.
¢. continuous but non-differentiable at x = 7/4.

d. differentiable at x = /4, but derivative is not
continuous.

5. The number of points of non- dxfferentlablhty of h(x)
=1/ (g is :
a 1 b 2 ¢ 3 d4
6. The range of A(x) = f(g(x)) is
a (= 00,0) b (4,c0)
C. (—o,4] d None of these
«\ For Problems 7-9 '
v Consider f{x) = x* + ax + 3 and g(x) = x + b and F(x) =
mL (X)+x2"g(x) e
"—>°° 1+x* )
7. If F (x) is continuous at x = 1, then
 a b=a%+3 bhb=a-1
c.a=b-2 d None of these
8. If F (x) is continuous at x =— 1, then
aa+b=-2 ha-b=3
c.atb=5 -d None of these
9. If F (x) is continnous at x == 1, then f(x) = g(x) has

a. imaginary roots b. both the roots positive
, . ¢. both the roots negative d roots of opposite signs
For Problems 10—12

N | o

7 [x], -2<x< —% . B
" Letf(x)= and g(x) =/ () +1/ ()],
2x% -1, —5<xs2

where [-] represents greatest integer function.

10. The number of points where | f(x)| is non-differentiable is
a3 b4 S 2 ds5
11. The number of points where g(x) is non-differentiable is
a 4 h3 c.2 d3
12. The number of points where g(x) is discontinuous is
“al h2 '
c.3 d None of these

For problems 13-15
Given the continuous function

x2+10x+8, x< -2

>

T+ BOARD, NDA, FOUNDATION-

Matﬁx-Match Type Solutions on page 3.53 "

Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, g, r, s in column IL If the correct
match is a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly
bubbled 4 x 4 matrix should be as follows

P g r s

®OOO
®OOE
®OOO e
®OO6

] [ ]

o

Column 2

,“,Coiumn 1‘

p contmuous in (—1 1)

1,1)
r kdiffereriii‘ahle m (0, 1) ‘

B q.“fdiffe'rehtigblei

: a(?f)-v—,:l.sm,z xis Y

-4 f)= cos™ x| s

s. not dlfferentlable at least at f
one pomt 1n (—1 1)

1 -
—— for | xI 2 1 :
X)L s dlfferentxable

e +b for|x| <1 o

. has eXactly 11 pomts of dlscontmulty,

,_evalueofnls P
(%) = ||xl 2} + a| has exactly three pomts
» of non—dlﬂ”erennablhty then the value of a 1s

y=f(x)={ax’ +bx+c, —2<x<0, a#0 3
x* +2x, x20 0" Consider the function f(x) =3 + bx + ¢, where D=b*—4c¢>0 .
If'aline L touches the graph of y = f(x) at three points, then ;Gdlllmﬁ- T Colmm2 B

* 13. The slope of the line ‘L’ is equal to

a.l b.2 c.4 d.6
14. The value of (@ + b + ¢) is equal to,
a 5v2 b5 c.6 d.7

15. Ify =f(x) is differentiable at x = 0, then the value of »
a is—1] b is2
c. 154 d Cannot be determined

. Office.: 606 ,' 6ch Floor, Hariom

2.5<0,c>0

Number of points of non-

Condition on b and ¢
T d1ﬁ’erent1ab1hty of g(x) =

|f (Dt

p-1 .
bc=0,b<0 - a2
’fic\;*c'%o,b;o Ir3
| d'b 20,c<0 5.5

ower, urcular ‘Road, Ranchl 1

Ph.: 0651-2562523, 9835508812, 8507613968
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56 +2
W Letf)=1{3-g7 " “70 T
.0, x=0

.} denote the greatest
-actionial part

j Integer Type

1. Number of points of discontinuity for, -f(x)=sgn(sinx),x €
[0,47]is ' '

If f(x) is a continuous function V x & R and the f)e

2.
3] . ,.
. (1, \/56), and g(x) = [szx—):l, where [-] denotes the

greatest integer function, is continuous V x € R, then the
Jeast positive integral value of a is. ‘ CF
Number of points where f{x) = sgn(x2 —3x+2)+{x-3],
x € [0, 4] is discontinuous is (where [-] denotes the
greatest integer function)

. Letg(x)= V_x+1- if 0<x<3 ,if g(x) is differentiable
' bx+2 if 3 £x<5

on (0, 5) then (a + b) equals

x2n—1

0

s

+ax? +bx

5. Letf(x)= lim -
T e XM

all x € R, then the value of a+ 8b is

CIf f(x)is continuou\s;f(xﬂ-r/

~

|Oes.

+ BOARD, NDA, FOQUNDATION

Continuity and Differentiability 3.29

o 2oy 0sx<d

Letflx)= andg(x)=(2.x+1)(x—k)+3,
—2-, 1€x<2

0 <x . Then g( f(x)) is continuous atx = 1if 12k is equal
to
L[ 7. A differentiable function f satisfying a relation f(x + ¥)

) H0)+ 20+ ) - 5 ¥ e Rand

lim g’i@———l = 2 _Then the value of [f(2)] is (where [x]
h -0 6h 3 :

represents greatest integer function) .
8. The least integral value of p for which f7(x) is everywhere

x? sin(—l—) +x|x], x#0
x

continuous where f) =1
0,
Number of points where f(x) = [x]+ [x + 1/3)+ [x+2/3),
then ([-] denotes the greatest integer function) is
~ discontinuous forx € (0, 3). ' :
U 10. Let f(x) and g(x) be two continuous

0 f(0) + %" g(x)

x=0

|09

: . ‘3
nctions and A(xY

= lim ) . Iflimit of A(x) exists atx=1,
n=e =T+ '
then one root of f(x) —g(x) =01is
f(x) ¢ .
. e at - . 1 .
[ 111. Given %')———— =1, Vuxye (—2-,00) where f(x) is
‘ (U)dt e

y : 1
continueus and differentiable function and f (—) =0. If
) e

e, x2k : o
gx) =1 , ; then the value of ‘&’ for which
> 0<x<k :

€
f(g(x)) is continuous V x€ R'is

1112

< . v
fx)= 1T (lnx):]nx) - V xe Ll, 3] is non-differen-
tiable at x = k. Then the value (;f [kz] is (where []

represents greatest integer function) _
N

(x * Q)/Ls/
con:tinuous atx =0, then the value of /(0) is
Number of points of non-differentiability of function f(x)
—max {sin”! jsin x|, cos™ |sin x|}, 0 <x<27is

. * tan(tan x) — sin(sin x)
If the function f(x) =

(013,

tanx —sin x

)14

 Archives | -, Solutions on page

Subjective

1. Determine the values of a, b, ¢ for which the qu‘.tloﬁ

Office.: 606 , 6th Floor, Hariom Totvlverf @ivenirroad "Hanchi-
| , : , , . Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 |
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3.30 Calculus
i +1) x]+si
sin[(a+1)x] smx; £ <0
X o
fx)= c; x=0. (IT-JEE, 1982)
2\/2 _ 172
(x+bx )3/ x . x>0
bx’'?
, 1+x, 0<x<2 o
\ 2. Let f(x) = * x . Determine the function
\/ 3-x, 2<x<3

g(x)=1(f(x)), and hence find the points of dlscontlnulty g

of g, if any.
x2 .
— ,08x<1 ‘
O 3 Ly 2 ; (OT-JEE, 1983)
- ' 2x2—’3x+5- ,1€x<2

discuss the contmu1ty of f, " and f” on [0, 2].
4. Letf(x)=x>~x*+x+1and

. [max.f(¢); 0<t<x foro<x<1
gk)=

5. Let j (x) be defined in the Jinterval [-2, 2] such that

_2_ l"
S(x)= { o 0<x<0 and g(x) =f () + | f(x)].

Test the differentiability of g(x) in (-2, 2).
(IT-JEE, 1986)
6. Let f (x) be.a continuous and g(x) is a discontinuous

- function, then prove that S () + g(x) is discontinuous at .

x=a. - (IIT-JEE, 1987),
7. Let f(x) be a function satisfying the condition fx)=f()
for all real x. If (0) exists, find its value.

(OT-JEE,1987)
8. Letg(x)bea polynomlal of degree one and f(x) be deﬁned
g2(x), x<0
by f(x)=1{(1+x\*  , find the continuous
. . » (—) y X2 0 ’
2+x
. function satisfying /"(1) = f 1.
(IT-JEE, 1987)‘.
9. Find the values of a and b so that the function -
x+a+/2.sin x, 0<x<n/4

SIx) = {2x cotx +b,
acos 2x — bsmx 7:/2<x<7r : i
for0<x<u. (IT-JEE, 1989)

10. Drawagraph of the function y =[x} +|1 — x|, — 1 <x<3.
Determine the points, if any, where this function is not
differentiable. (IIT-JEE, 1989)

/4 < x < 7/2 is continudus

.

1 —cos 4x

x2

11. Letf(x)= 1 a, x=0

1 i
Offfcels 606 |

,x<

!

x>0 (T- JEE 1990)

3-x; I<x<2 O
Discuss the continuity and differentiability of g(x) in (0, 2).

. </;‘

BOARD, NDA, FOUNDAT ION_

Determine the value of g, if possible, so that the function
is continuous at x = 0.

{1+ {sin x [} %<x_<0' -
12 Letf()=|b;  x=0
tan24/tan3x, 0<x<Z
] 6

- Determine a and b such that £ (x) is continuous at x = 0.
| © (IIT-JEE,199%4)
_(L+ 1)
13. Letf(x)={xe ™ */ x 20
' 0 ,x=0
Test whether
a4 (x) is continuous at x =0
f(x)is differentiable at x=0

Determine the values of x for which the following function
fails to be continuous or differentiable:

(IT-JEE, 1997)

. 1--x 5 x<1
F@={1-x2-x), 1<x<2
- 3-x x>2

Justify your answer. (IXT-JEE,1997)

. Let e R. Prove that a function f: R — R is differentiable

" atx=qifand only ifthere is a function g : R — R which is
continuous at a and satisfies f(x) —f (o)) = g(x) (x— ) for all
aeR. . (UT-JEE,2001)

x+a if x<0

6. Letf(x)= {I;‘f—llif £>0 an

x+1 - if x<0

8) {( ~1)* +b ifx20,

negative real numbers. Determine the composite function

gof. If (gof) () is.continuous for all real x, determine the

values of a and b. Further, for these values of @ and b, is
gof differentiable at x = 0? Justify your answer.

(IT-JEE, 2002)

e

where a and b are non-

\\/17. If @ function f: [24, 2a] — R is an odd function such that

S @) =f(2a—x) forx € [a, 2a] and the left-hand denvatxve
atx=ais 0, then ﬁnd the left-hand derivative at x =—a.
({IT-JEE,2003)

4 @g; £7(0) = lim nf( ) and f(0)=0. Usiﬁg this, find .

n—yca

g 1
lim [(n +1) zcos‘l (1)— n), cos™! 4| <.
n—eo T n ‘n 2
| (UTIEE, 2009)

\\/ 19. Ifjc]< =~ and f(x)isa dlﬁ'erentxable function at x =0 given

bsin™ ctx ,' ——1—<x<0
‘ 2 2

by f( )= 5, x=0
dx/

6th Floor, Hariom Tower, Cir ular Road ORéﬁ@hl 1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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Find the value of a and prove that 64 5% = 4 — ¢*

(IIT-JEE 2004)
L.20 Iff (x=y)=1(x) g(»)-f(») g(x) and g(x—y) g g~
S&x) f(y)forallx,ye R.

If right-hand derivative at x = 0 exists for f(x). Find the

derivative of g(x) at x = 0. (IT-JEE, 2005)
Objective | , o
Fill in the blanks

(x—l)2 sin 1__ | xi,if x#1
01. Let f(x) = T (x-1) be a real-

\/ —1’ ifx=1

valued function, then the set of points where f (x) is not

differentiableis . (IIT-JEE, 1981)
(x3 +x° —16x+20) ) ’
, ifx#2 ) )
2. Letflx)= (x- 2)2 if f(x) is conti-
k, C ifx=2
« nuousforallx,thenk=___ . ([lT-JEE 1981)
\/O 3. A discontinuous function y f () satisfying Z+yt=4is
givenby f(x)= — . (OT-JEE, 1982)
4. Let f{x) = x|x|. The set of points, where f (x) is twice
differentiable,is . ({IT-JEE, 1992)

B \> 5. Let f{x) = [x]sin ([—-75_—1]], where [-] denotes the greatest -
, < +11

integer function. The domain of f is —__ and the
points of discontinuity of fin the domain are

' : (IIT-JEE, 1996)

6./Letf (x) be a continuous fllIlCthll defined for 1 < x < 3.

If f{x) takes rational values for all x and f'(2) = 10, then

asy=— (IT-JEE, 1997)

Multtple choice questions with one correct answer

\ 1. Forareal numbery, let{y] denotes the greatest integer leSS
WV than or equal to y. Then the function

tan (7 [x - 7))
+ [+
a.” discontinuous at some x
h continuous at all x, but the derivative f’(x) does not
exist for some x

c. f(x) exists for all x, but the derivative f'(x,) does not
exist second for some x '

f)=

~ d f7(x)exists forall x
o2 Let [.] denote the greatest integer functxon “and
fx) = [tan x], then (IT-JEE, 1993)

a. lim f(x} does not exist
x—0 :

h f(x) is continuous atx =0
¢. f(x) is not differentiable at x =0

1s (IT-JEE, 1981)

+ BOARD, NDA, EFEOUNDATION

Continuity and Differentiability 3.31

. The function f(x) = [x] cos (Zx — 1) ., where [.] denotes

<.

the greatest integer functlon is discontinuous at .
(IIT-JEE, 1995)
a allx
b. all integer points
€. N0 X
d x which is not an integer

4. The function f (x) = [x] — [x?] (where-[y] is the greatest

. \> integer less than or equal to ), is discontinuous at

, (IIT-JEE, 1999)
* a. all integers
h all integers except 0 and 1
c. all'integers except 0
d. all integers except 1
¢ The functionf(x) = 2-1) |x2 3x+2| + cos () is NQT
\f dxfferentlable at

-1 b O c.l a2
\6. The left-hand derivatives of f (x) = [x] sin (7x) atx =k, kan
\/ integer, is ~ (OT-JEE, 2001)
- a D) k-Dr b D\ k=Drm
¢ )fkr . d ~DfY%n

7. Letf:R—>Rbea function defined by f(x) =max {x, x 3.
The set of all pomt where f(x) is NOT differentiable is

(IT-JEE, 2001)
a {-1,1} ' ‘ b {-1,0}
“c {0,1} - . d {-1,0,1}
8. Which of the following functions is differentiable atx = =07
(IT-JEE, 2001)
a. cos () + x| b. cos (jx) - x|
. sin () + il d sin(e) -l

\‘)9. The domain of the derivative of the function

tan”' x  if [x|<1

= is -JEE, 2002)
A PRI @r-EREY
a. R—{0} b R—{1}
c. R—{-1} d R—{-1,1}
\90. The function given by y=|lx| - 1] is differentiable for allreal
numbers except the points _(OT-JEE, 2005)
a {0,1,-1} b. £l
¢ 1 . d -1

‘ull. If f (x) is a continuous and differentiable function and

f(i/n)y=0Vn=1landne [, then (O T-JEE, 2005)
a. f(x)=0,x€ (0,1]
h £(0)=0,1(0)=0
c. f(0)=0=1"(0),x< (0,1]
d £(0)=0and f”(0) need not to be zero

Multiple choice question with one or more than one correct
answer

1/1fx + | ¥ =2y, then y as a function ofxis

4 /@ffice.: 606, 6th Floor, Harlom Tower, Circular Road, RanchlﬂlTJEE 1984)
Ph.: 0651- 2562523 9835508812 8507613968 '
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a. defined for all real x
b. continuous atx =0
¢. differentiable for all x

-d such that Q = l forx<0
dx 3
2. The function f(x) =1 +|sin x| is
a. continuous nowhere
b. continuous everywhere
c. differentiable nowhere -
d not differentiable at x =0 _
e. not differentiable at infinite number of points
\\/ 3. Let [x] denotes the greatest integer less than or equal to x.
' If £ (x) = [x sin 7], then f(x) is (IIT-JEE, 1986)
a. Continuous atx=0 b. Continuous in (-1, 0)
c. Differentiableatx=1 d Differentiablein (-1, 1)
e. None of these

(IT-JEE, 1986)

\0/4.' The set of all points, where the function f(x) = m';"ﬁs
differentiable is (IT-JEE, 1987)
a. (— ©9, °°) b' [0’ °°) "'. 4
c. (_—oo’ O)U(O, o0) d (0, o0)
' | % =31, Cx21
5. The functionf(x)=1{x2 3x 13 is
o ek e .0 |
4 2 4 o
(IIT-JEE, 1988)

b. differentiable atx=1
d differentiable atx=3

a. continuous at x =1
¢. continuous atx =3

6. Iff(x)= x—;—z,then in[0, 7] (UT-JEE, 1989)

a. both tan (f(x)) and _f%x_) ére continuous

b. tan (f &) is continuous but f~1(x) is not continuods
¢. tan (f-'(x)) and f~'(x) are discontinuous
d None of these

~ 7. The following functions are continuous on (0, 7)
Y : (UT-JEE, 1991)
a tanx !
b | tsin L _ Qy
0 t : :
1, 0<x< }Zt_
- 4
C. .

.2 3 .
2sin—x, —<x<7
9 4
xsin JE, 0<x< d
d ‘ 2
T . T
Zsin(r+x), —<x<7®
AV Y .
8. Let A(x)=min {x, x%}, for every real number of x, then
' (IT-JEE,1998)
a. h is continuous for all x '

b. his differentiable for all x
c. ¥(x)=1,forallx>1.

a O fpesfege B S Hariom Tower, Circular Road,
Ph.: 0651-2562523, 9835508812, 8507613968

11.

12.

13

Match

A

. Letg(x)=xf(x), where f(x)=

Iff(x)=min {1,x*,x’}, then

. Iffx) =

+ BOARD, NDA, FOUNDATION

0,x<0
. Letf(x)= { 5 then for all x (ITT-JEE, 1994)
: x°,x 2 0 - P
a. f"is differentiable b. fis differentiable

c. f7 is continuous d fis continuous

XS X Atx=0
05 x=0

(IIT-JEE, 1994) _
a. g is differentiable but g’ is not continuous . ‘
b. gis differentiable while fis not : '
¢. both fand g are differentiable
d g is differentiable and g’ is continuous

The finction f(x)=max {(1—x), (1+%),2},x& (o2, )8

a. continuous at all points

b. differentiable at all points

¢. differentiable at all points except at x =landx=-1

d continuous at all points exceptat x =1 and x = — 1,

. where it is discontinuous ’
_(IIT-JEE,2006)

a. f(x) is continuous Vx € R ~J

b f/(x)>0,Vx>1

¢. f(x) is continuous but not differentiable V x € R

d f(x) is not differentiable at two points

b4
xS—— L,
2 ¢ -"‘.: .

V1
_x,_._z.,

n .
—COS X, —E<x»s 0, then

0<x<l1

S ox>1

x—1,
In x,
a. f(x) is continuous atx =— 2
b. f(x) is not differentiable atx=0
¢. f(x)is differentiable atx =1
d f(x)is differentiable at x = 32

w

ATIEE2011)

. LetfR—>Rbea function such that f(x + ) = f(x) +f(y),
" Vx,ye RIff(x)is differentiable at x = 0, then

a. f(x)is differentiable only ina finite interval containing
Zero i
b. f{(x) is continuous V x € R
¢. f(x)is constant Vx € R ,
- d f{x)is differentiable except at finitely many points
(ITJIEE 2011)

the following type

Match the functions in Column I with the propertiesin
Column I .

In the following, [x] denotes the greatest integer less than

or equal to x. (IXT-JEE, 2007)
Column X Column 11 -
a.xjx| p. continuous in (-1, 1)

b. | x| q. differentiable in LD
c.x+[x] r. strictly increasing in(-1,1)
d.jx-1 s. not differentiable at least at

one pointin (-1, 1)

Ranchi-1,
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B Subjective Type

_ 'x2 4ax+1, xis rational
L f&)=3 , N
' ax® +2x+b, x is irrational
is continuous at x=1 and 2 _
= x =1 and 2 are.the roots of the equation P+ax+1
=a+2x+b
or(a—l)x2+(2—a)x+b—l=0
472 3 and 2712
a-1 a-1
= a=12andb=0
. Let k be an integer
fE) =k fk-0)=k-1+1=kf(k+0)=k+0= k

=>f(k 0)_}I%f( -h) A0
(k 1)+J -k
h—)O

lim 1 h 1 _1_
h—>0——h(l+«/__) 2
f(k h) f® k+h—k

h—)O h

=400

fk+0)=

Thus, (x) is continuous for all x but non-differentiable at
all integral values of x.
. Forx#0

1Y (11 1 1
={1- +| = +| = -
J&) ( 1+x) (1+x 1+2x) (1+2x 1+3x)

( 1 1 1
oot - =1-
1+(n-Dx 1+nx 1+nx

= f(x)=lim El——l—)=l—0=landforx=0,f(0)=0
n—yoo 1+nx . :

- 1, 0
=>f(x)={0 if_o

Clearly, f (x) is discontinuous at x = 0.
. Asf(x) is continuous for all x € R.

Thus, 1inJa3 fx)=r (@)
xz__gﬂg_—_?’ ,jc;e\/g

where f(x)= -
—-X
» 2 -
Now, lim. f(x) = lim. 5;2%_2?
@ 3-9(3-%)
x_)ﬁ (\/§ x)

ANSWERS AND SOLUTIONS

5. Whenxisina nelghbourhood of 7/2, sinx is very close to

. Also, lim

+ BOARD, NDA, EQUNDATION

Continuity and Differentiability 3.33

1 but less than 1, then

2(sin x—sin" x)+|sin x—sin” x|

=+ 2(sinx—sin” x)—|sinx—sin" x| -
=3

2(sin x —sin” x) +(sin x —sin " x) — 3 (exactly 3)
ok * 2(sin x—sin" x)—(sin x —sin " x)
2

2(sinx —sin” x)+ | sinx —sin” x|

x_)g‘ 2(sin x—sin" x)—|sinx —sin" x|

. . n e
_ 2(sinx—sin” x)+(sinx—sin" x) _ 3 (exactly 3)
x_)%" 2(sin x—sin” x) - (sin x —sin" x)

"Then, g(x) is continuous at x = 7/2.
. Asy=F+1 and x=2¢-t|.

Thus when£2>0 -
—x=2—t=t y=F+0£=27
x=tandy=2¢

= y=27,Vx20

when <0

—x=2t+t=3t and y=£-£=0
=y=0forallx<0

2x2, x=20

Hencef(x)={ 0. %<0

" which is clearly continuous for all x as shown graphxcally

in Fig. 3.23.
¢ y
« _OI — X
Fig. 3.24
Also(9)= 4x, x>0
S0/ 0, x<0

= f/(0")=0andf"(01)=0
= f(x) is differentiable at x = 0.

. Leig(®) =f(®)-f(x+m , 6y
atx=m, gm=f(m)—fQn) - V)
atx=0, gO)=£0)—f(n) (3)

'Adding equations (2) and (3), we get

g(0) + g(m) = f(0) -/ 2m)

= g(0)+g(n)=0[Given 1 (O) = f (27:)]

= g(0) =-g(n)

= g(0) and g(n) are opposite in sign.

= There exists a point ¢ between 0 and 7 such that

ﬁf% [v-H @6 6th Floor, Hariom Tower 281 s Basd Banchi-1,
Ph 0651- 2562523 9835508812, 8507613968 ‘
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),
g

°

Fig. 3.25

From équation (1) puttingx=c
ge)=f(c)-flc+tm)=0
Hence, f(c) =f(c + ).

8. LHL.= lim f(x)
x~0-
= ,lg(n)f(o—h)
= 1im(0—'h+1)

1 1 :
= hm(l h) . ( )
= }ll_)r%(1—h) =(1-0)

RHL.= lim f(x)
x—0+
= }l,gtl)f O+h)
i)
= lim(h+1) \A-A
h—>0
A 2
= 1im(h+l) h

11m (h + 1) 1

Alsof(0)=0
= LHL.=RHL. 21(0)

7, 0)
g

_+_1)
jo=hl" (0-h)

2=1

hm(l P

Hence, f (x) is discontinuous at x = 0.

9.
y
1 I\ 1
1 1 !
[ 7 I
I [ [}
I’ Il I’ - .y 2 n{x}
7 1 i
1 ! i
1 7 I
1 1 [ “ .
lI II ll / — Yy =sin (IT.{X})
,I I’ II B , - -
I’ 'I ,I 1 - .
1] ;T ’ K
II I, - ,l I
[ 1] 2 1 'l
r ’ I 1)
J) II i
X
-2 -1 0 I 1 2
y '
Fig. 3.26

From thﬁﬁph é(x) 8 ch dlté%rﬁmﬁlg) 2(15 %c

+ BOARD, NDA, FOUNDATION

10. f(0) = limvA (1 +h-sinl)
h>0 h
=0x[1+0x(any value between—1 and 1)]=0

17 = R3]
= lim [—JZ (1 +hsin %)]

h—0
=—0x[1+0Xx (any value between —1 and )] =0

707 - 1 f(h);f(O) |
1
v [l+h sin Z] -0

h—0 h
‘ 1+hsinl
=
= lim[—l—+ hsin—l—] =o0+ () = oo
r-0) B h _

Hence, f (x) is non-differentiable at x=0.
1.~ fG)y=min{} , x-2|,2-x— 1]}

. Draw the graphs of
y=khy=pk-2fandy=2—|x-1|
y=WK -
----- ey =[x 2|
————y=2-x-1]
Y
: RN : : : .

................ froe 2 i A
: : /0 : : !

: : ) S z :

: : S ¥ N\ i, P
....... .1;_/‘ \,,'
. : AN N !

: NS NG :

: : 0 Yoo LN :

: /1 SELENG :

X + F— 1 e I\ X
2 s/4-¥2 |0 1 2 512 3\ 4
L/ PN
Q7. .p. P I SO SUPRS SRR S
7 : ) N\

y

Yy Graph of y = f{x)
y H

2

/1

x” X
-2 1 -1/2 |0 1 2| 52 |3 4

L
yl

Fig.327
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f(x)=min {}x], x—2|,2—|x— 1|} is continuous Vx € R

5

5.

12. f(x+y) = f(x)+f(y)andf(x) xg(x) forallx,ye R,

where g(x) is continuous.

f(X+h) f(x)

and non-differentiable at x = —l ,0,1,2,

We have f'(x) =
f (X)+f -1 (X)

h—)O h

= th(—h—)

k0 h

im 20 _ i g = £(0).-

[+ g is continuous at x = 0]
0 1x13 0 IxkkO
13 S = {|x|2 B|x]42, |x[20
where |x| < 0 is not possible, thus neglecting, we get

= fG)= -3 +2, k20

h—-)

'x2+3x+2, x<.0'--
.:>f(|xl)={x2—3x+2, x20 -0
jx=3]1, x<0
x2.—-3x+2|, %20
B-x),  x<0
_ (x2—3x+72), 0<x<l - N
|7 -3x+2), 1<x<2
-(x2—3x+2), 2<x
- Now from equations (1) and (2), we get
g)=fD+Ie
x2+2x+5, x<0
x> —6x+4, 0<x<1

~ Also, | f(x)|={|

8= 0, 1<x<2
2%t —6x+4, x22°
2x+2, x<0
Crn 4x-6, 0<x<l
PEDTY o jexe2
4x-6, x>2

= g(x) is continuous in R — {0}
and g(x) is differentiable in R — {0, 1, 2}.

. (mx
14. fo0= sm(—z—), 0<x<l
12x-3][x], 1£x<2

sin(?), L 0<x<] .

=4(3-2x)[x], -1<x<3/2

Continuity and Differentiability 3.35

sm(ﬂx), 0<x<l1
2
| 3-2x, 1<x<3/2

(2x-3), %s;«z

L 2, X = 2
Graph of y=£(x)
2 [ ]
1 /\/"
0 T a2 2
 Fig. 3.28

From the graph it is clear that f(x) is discontinuous atx =2.
Also, f(x) is non-differentiable atx=1,3/2,2.
15. Here, f(x) is continuous atx = 0.
= RHL.(atx=0)=L.HL. (atx— 0) =£(0)
Mt 1 A [ oo
[z

oo

an] 1 1 }
e —+—7+1
{eZIh S

.= liII(l)
h— a -
P {—-+b}
e

RHL.(atx=0)=lm—s7———
RHL.(atx=0) h‘i’(‘, 22" 1

M
again, L.H.L. (at x=0) ‘

= lim(cos & +sin h)™**** &
h—0
—L ’ .
= lim{l +(cosh+sink— D} {(1)eo form}

sinh

lim{cos h+sin h—l)(—;)
h—0 \

1
. .2 N _
> e}lnglo{ 2sin h/2+25mh/_2cosh/2}{ ——ZSinhIZcoshIZ}

= b coshlZ =gt @
andf(0)=a
=>a=e_lf—— % ora=¢landb=e
sinh— Jog(e" cos h)
6h>

16. /(0")= lim

cosh _ e (cos h—sin h)
: e" cosh : ) o1
= lim o (Using L’Hopital’s rule)
h—0

" cosh—(1-tank)

ﬁ%]’ 65)6"%1h Floor, Harlom Tower* %lrcu%r Road, Ranchi-1,
Ph.: 0651- 2562523 9835508812, 8507613968
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3.36 Calculus

. —sinh+sec’h 1
=Jim— =
>0 12 12

2
£(09)= lim h +2;408h 2

2 ;4 .
h +2 l—h—+h -2
21 41 1
= lim — =

h—0 n 12

= f{x) is continuous at x = 0

smh log(e cosh) 1
BE 2 5
h—0 h
g B gy 12
- ]im2smh -2log(e” cosh)—h
B0 124
lim 2cosh—2(1-tanh)—2h
B0, 36h*
- im cosh—(1— t2an hy—h
h~>0 1842 -

. —sink+sec? h— ' | ’
= Jim S22 TS ! (Using L’Hopital’s rule)

(Using L’Hopital’s rule)

(Using expansion

formula of cos )

(Using L’ Hopital’s rulé)

h—0 36h -
. —cosh+2sec’ htanh . 1 :

= 1 =,__ t 4 3 ?
lim - 36 36 (Using L’Hopital’s

|  K+2cosh-2_ 1
f(o)_hmf( - O Y

. 1242 +24cosh—24—h4 N
= llm
h—0 _12;,5

2 4
12h2 +24[1—h—+’; } 24-p*

= lim =0
A0 -124°
Hence, f(x) is contmuous but non—dlﬁ'erentlable atx=0.

17. Atx= ORHL
-k

- lim & et 4Pt g h - lim ety +1 1
0 gt bt k0 gV +b b
and LH.L.
_ e"+ht—a ”h
k0 h
_ K\
= 1im(h+e ) =>a=1 (for1=form)
h—0 h
(),
e R (using expansion of
p
1
= f(0)=¢" =5
18. Atx=-2,

SD=b

rule)

19.

Objective Type
le f(x)= tanx is discontinuous when x=02n+ )2, ne Z

+ BOARD, NDA, FOUNDATION'_

RHL.= lim f(x)=lim f(-2+)

- lim [(—2+h) —16)
h—>° (—2+h) +32

{hm }
k025 + (<2 +h)°

2 =2 -(2) }
M (-2 -2

h=2*-=2*
- (r=2)-(2)

" e (-2 ~(2°
h-2)-(-2)

4( 2)4 l}
( 2)5 -1
in 23
5 (16)} . 3) - @
LHL.= llm f (x)= h_z;% f(=2-h) '
1/(|—2—h+21) -1

[ | ,1,1_,0 o _ plF2-h+2)

al/h 1

= limx
B0 2 — gt b

~1/h
a—e _a-0 0
= lim—— - 3
},l_r,%ze—llh -1 0 1 a . . ( )

From equations (1), (2), and (3), we get .

a= sin(—z—) andb¥ —sin(z)
‘ 5 - 5

Since [f (x)] <x%,Vxe R
~atx=0,|f(0) <0

=/ =0 | M

SO i f(h) £O) _ - f;h) | (2)

Now, [/®< ) (-.- <)

SEE —f%s ||

» 20 @
U sing Sandwich theorem)

. From equations (2) and (3), we get /(0) =0, i.e. f (x) is
dlfferentlable atx=0.

£ (x) = x[x] is discontinuous when x = k ke Z
J(x) = sin [nmx] is discontinuous when nmx =k, k€ Z
Thus, all the above functions have infinite number of

points of discontinuity.

But f(x)= '— is discontinuous when x = O only.

Office.: 606 , 6th Floor, Harlom Tower, Circular Road, Ranchi-1,
- Ph.. 0651- 2562523, 9835508812, 8507613968
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2.c. Wehave f(x)=

3b. f(x)=

= g(E)- s
x-—)z

4.b.

5b

- 6.d.

We have f (x) = { 1+x

4—x*

x(d - x* ) :
Clearly, there are three points of discontinuity, viz., 0,2, 2.

cot2x

, (x # 774) is continuous at x = 7/4

% cot2x

T _ o
Now by applying L'Hopital’s rule,

—sec? (E - x)
——___-4 =

1
,,__,;4'_ —2cosec?(2x) 2

Given f (3:) is continuous at x = 0
= lim f(x)=f(0)
. x>0

S s\
=l O

. A(s‘—l)z |
= /)= lim (gﬁ) EM) — (In 3y

X

X
-] x|

#-1 -

1, x=-1 ‘
1, x<0, (- f(CDH=1 is given)
“1l=x 0 so

1+x .x

1, [2x}<0

= (2] = {1-[2x] ,'[2ﬂ>0
1+[2x]’ -

1, x<0
, 0<x<l1/2
=10, 1/2<x<l1

~1/3, 1Sx<z

2

Clearly, f(x) is continuous for all x < % and discontinuous

atx=-1—,1.
2

We have,

- LHL.= lim f(x)
x—4

= lim /(4=h)

B—0|4—h—4|

: .2 2
10 lim (x-2) [x —1) — lm (x-2) (x -1

+ BOARD, NDA, FOUNDATION

Continuity and Differentiability 3.37

= lim(—£+a)=a—1
0\ A
RHL.= lim f(x)
x—4"
= lim f(4+h)
}{lglof( +h)
% 4+h-4
0|4+ h—4|

=f(@)=a+b :
Since f (x) is continuous at x =4, therefore

lim f(x)=f(4) = lim f(x)
x4 x—4
,=>,a—1=a+b=b+1=>b=—1 anda=1.

+b=b+1

 x—e" +1—(1—cos2x)

74 lim :
x=0 _ x '
—_&+1 (-
=1im[x e2+ _a vco252x)_‘\
x—0 X X
x+1-|1+x+— | .
='1i1ﬁ _ 2 ) 2sin"x)|
x-0 2 X o
(Using expansion of €)
L _ L
5 o 5
é—z;hence for continuity f (0)=—E
. ; 51 _1
Now [f(O]=-3 (0} = -5~ 3"

Hence, [£(0)] #(0)} ="3i =-15.

8b. f(x)is discontinuous at x =1 andx=2
= f(f(x)) may be discontinuous when f(x) =1 or2

Nowl-x=1 = x=0,wheref(x)is continuous

x+2=1 = x=-1¢(1,2)

4-x=1 = x=3€[2,4] Noke tuat it
powl-x=2 = x=-1¢[0,1] Con be
x+2=2 = x=0¢ (1,2}, di -
C4-x=2 = x=2€[2,4] 1S Cow tianou g

Hence f{f(x)) is discontinuous atx =2, 3 ok y= |
9b. The function f is clearly continuous at each point in its ade.
domain except possibly at x = 0. Given that f(x) is
continuous atx = 0. :

Therefore, f(0)= lim f(x)
o - x—=0

 2x-sintx

= lim —————

x=02x +tan x
2~ (sin” x)/ x

m . =
x—0 2+ (tan~ x) X

1
3

Ne—~

2 | x=21 2 +1) =2 (x=2) x? +1

- im3fficd 1 606 , 6th Floor, Hariom Towers @g{ﬁ%ﬁ%oad, Ranchi-1
850 "
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3.38 Calculus

_ lin (x-2) [ x*-1 _ x+2, x<0
-2 [ x-2] 2% 41 | 14a. f(x)={-x* -2, 0<x<l
. s
_ (x 2) [ x? x-1 3 . * x21
x—>2'(2 x) (x?+1 75 . -x-2, x<-2
- Thus, LH.L. #RHL. : ; 17| = x+2, -2<x<0
Hence, the function has non-removable discontinuity - . TP 40, 0<x<l
atx=2.
. A% x21 .
[(x 1) ] -1 . discontinuous at x =1 .-, number of points of discont. 1
IL.c. j(x) h_‘}i o T 15.a. f(x)is continuous when 5x =x’+ 6=>x=2,3.
| [(x 1)]+1 . | | - 4 x50
1 , 16.a. f(x)= 2|sgn(2x)|+2— 2, x=0
= lim —2> 2 A [(x 1) ] . . 0, x<0
noe v - ’ B Thus, f{x) has non-removable discontinuity at x =0
' 0, if |x|<l
[(x Dl : 17.4. Since fim " = {1 ff |x I_ :
~1, 0<(x—-1)2<I1 - e LoifxEl
2 : : , . . o |0, if |sinx|<1
=140, (x-1)"=1 v E R f(x)=hm(s1nx) = 1 if [sinx=1
_ 2 ,
L & - >l - Thus, f(x) is continuous at all x, except for those values of
, x<0 , ' " xforwhich|sinx|=1,ie,x=k+1) = ke Z
0, x=0 -18.a. Asfis continuous sof(0)= lim f(x)
’ ’ x>0
=<-1, 0<x<2 .
d-7 = f(0)= lim f(1/4n)
0, x= 2 . ) n->oco
L x>2 i o 1 04121
Thus, f(x) is discontinuous at x=0,2. - ® - EIL (sine’) e 1+1/n%) 0+1=1.
12.c. f(0)=0+0+Aln4=Aln4 : ) 2 '
: . \ ; x .—bx+251
RHL.= lim f(x)=lim f(0+h) - R 19.a. f(x)= ——— ,x#5
© X0+ h—0" - . : x‘=Tx+10
. | . | )
=lim 8" —4" —2" +1h‘ - : f (x) is contmuous atx =35, only if 1lim ____bx__+1%
—5 —_
A0 K . : is finite. *ET=Txd
( -2k =1y ' : Now 22— 7x+10 - 0 whenx — 5. ‘
- ;1,1_,0 hh ' o Then we must havex2 bx +25 — 0 for which 5= 10
h_1Y. h ' _
= lim 4 -1 lim ,2 -1 . Hence, lim —— —10x+25 =lim 2= 5=0."
o\ A h—0 h i x05 x° =Tx+10 x>5x-2
. ’ 20.d. Refertheory. ]
=.In 4in 2 : ' @ -21.a. f(x)is continuous at some x where sinx = cosx or tanx = 1
f(02.=R_H.L. . : Corx=nat+mw4,ne I
o D Ash2 | J © 22b. Considerxe [0, 1].
13.b. We must have lim 25°5% —2 cosbx _ 4. o From the graph given in Fig. 3.28, it is clear that [cosm:] is
: -0 x : : discontinuous at
2\ . 2.2 . x=0,1/2 )]
a(l—x—)—(l—éij - _ y
: 21) - 2 ' ‘ .
= lim =4 ) .
x—0 xz L . .
[ S
lim (a _1) E A2 i =4 \.\\
x—0 x2 2 2 B \O l)':\ 1 4"‘
. 2 ,2 O\\‘ ’y
= a=1 and a b 4
2 2

=>a—1andb2—9

= o= idfeas 606 , 6th Floor Hariom Tower, Clrcularm)ad Ranchl 1,
' Ph.. 0651- 2562523, 9835508812, 8507613968



23.d.

24.d.

25.a.

26.c.

274d.

28.c.

Now considerx € (1,2]
SOy =[x-2]12x-3|
Forxe (1,2);[x—-2]=-1andforx=2;[x-2]=0

Also|2x—3|=0 =x=3/2
= x=3/2 and 2 may be the points at which f (x) is
discontinuous Q)
1, x=0
0, O<x<—
(=41 1 <x<l1
f x) 1 > 2 -
: —(3-2x),1<x<3/2
—-(2x-3),3/2<x<2
.0, x=2

Thus, f(x) is continuous when x € [0, 2] - {0, 1/2, 2}.
For0<x<1,f(x)=[sm0]=0, 1<x<2, f(x)=[sin1]=0
2<x<3,f(x)=[sin2]=0, 3<x<4, f(x)=[sin3]=0
4<x<5,f(x)=[sin4]=-1
Hence, there is discontinuity at point (4, —1)
We have xli_)r{)l_ f)= }111_1)1(1) sin(log, |-/ {) = 'llli)l'(l) sin(log, #)
which does not exist and oscillates between —1 and 1.
Similarly, lile+ f(x) liesbetween—1 and 1.

Cox

f(x) = (= ¥V is discontinuous

whenx’=n,ne Z=x=n"

) o-

Forxe (-1,0), f)=(-1)"'=-1
= fx)=0
Forxe [0,1), flx)=(-1)°=1
= [x)=0
JG)= {x}sin(z[x])
= {x}sin(integral multiple of )
=0
Hence, f (x) is continuous for all x.
We have lim f(x)= }l'irl'(l) fQ-h)
x—-t g
_ i JoB(4 ny _
h—0 log(1—-4h)
o log(4+ W) _

50 log(1 +4h)
So,f(l ) and £ (1) do not exist.

lim g(x)=1andg(1)=0.
x-1*

and, hm f(x)—hmf(1+h)—

Since, lim g(x)=
x-1"

So, g(x) is not continuous at x = } but lin}g(x) exists.

We have lim f(x)=lim £(1~#)= lim{1 - ]=0

and, 11m f(x)—hmf(1+h)-11m[1+h]—1

Office. 606 6th Floor Hariom Towert @ ke
Ph.: 0651-2562523, 9835508813"%

29.c.

30.b.

31.a.

32.d.

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

Continuity and Differentiability 3.39

So,vlirr} f(x) does not exist and so f (x) is not continuous
X .

atx=1.

We have gof (x) = g(f(x)) = g([x]) =0,V x € R
So, gof is continuous for all x.

We have fog(x) = f (g(x))

f(0), =xeZ { 0, X€ez
fG2), xeR-Z |[x*], xeR-Z
which is clearly not continuous.
=l h
f(0+0)= lim f(k)
=lim ———— = lim =1
0242 +h  h-02h+1
—h
0-— _hm —h —_—
andf(0-0) = lim f (k) = lin 02h2+| Y
=lm __;_ lim ._ — = —
h——>02h‘+h h—02h+1
We have
lx—1] x+x—1’ x<l,x=0
x—|x— X
e ah, €
—_—, x21
x
2x—1, x<Lx#0
_] x
l, ' x21
x

Clearly, f(x) is discontinuous atx =0 as it is 1ot defined at
x = 0. Since f (x) is not defined at x = 0, therefore S
cannot be differentiable at x = 0. Clearly f(x) is
continuous at x = 1, but it is not differentiable at x = 1,
because Lf’(1)=1 and Rf'(1) =—1.

3

x, x>0
Wehavef(x)=¢ 0, x=0
-x*, x<0

>

Clearly, f (x) is continuous at x = 0

d S
(LH.D.atx=0) {— (—x3)] =[-3x"] 0=
dx x=0
Similarly (R.H.D.atx=0)=0
So, f(x) is differentiable at x = 0.
\ /
y= 2 1 -—\ —y=X
1
1-42 —y=x
0
2 XN ¢ A 2
Ly =2k
] / >
Fig. 3.30

is everywhere

=20, 1.
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JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

R. K. MALIK’S
NEWITON CLASSES )
3.40 Calculus

33.b. Since both cos x and sin”'x are continuous function,

fx)= sin™ (cos x) is also a continuous function.
Now,

—-sinx —sinx .
£e)= =
Vi—cos?x Isinx|

Hence, f(x) is non-differentiable atx=nm, n e Z.
34.d. f(x)= (" -1)je” -1
= (" -1)i€" —1]||¢" +]]
= (& +1)(&" -1)|¢" -1|
Now, both & + 1 and (¢* —1)|&" —1]| are differentiable
[as g(x)|g(x); is differentiable when g(x) = 0]
Hence, f (x) is differentiable.

£ —'

never becomes.zero.
_Hence, f(x) is differentiable.

is rational function in which denominator
1

| x=3]-1], x<3
x:
/@) Zx]-2, x23
3 .
|3—x-1], x<3

3.2, 3<x<4
3

_flx=2], x<3
x—2, 3<x<4
=x-2,x€[2,4)
Hence, f(x) is differentiable at x = 3.

=323 2@ =2 (-2

‘which is non-differentiable at x = 2.

Here f (x) is continuous and the graph has vertical tangent
at x = 2; however, graph is smooth in neighbourhood of
x=2,

35.c. is continuous everywhere but not differentiable

1
X ——
2

1 . .
at x = > jx — 1] is continuous everywhere but not

differentiable at x = 1, and tan x is continuous in [0, 2]

T
exceptatx= E

)

Hence f(x) is not differentiable at x = %, 1, —.

[\84

36.c. Letf(x)= x” x| which could be expressed as

_x3 y

f)=4 0,

x3, x>0

x<0 -3x2,
x=0=(x)=3 0,
3x2,‘

x<0
x=0

x>0

S/ WEFREE" 806 , 6th Floor, Hariom T owek misiketH

37.¢

38.d.

39.c.

40.b.

—6x, x<0
ffx)=450, x=0
6x, x>0

So, f"(x) exists for all real x.

-6, x<0
f7x)=30, x=0
6, x>0

However, f"”(0) does not exist since f (07) =6 and
£7(0%) = 6 which are not equal. Thus, the set of points
where f(x) is thrice differentiable is R — {0}.

FO=-D)|(x-1)(x-2)|
S =02 =D ](x=1) (x=2)]
=(x+ 1) [(x-1R-1]]}x-2]
which is differentiable atx =1
For f(x)=sin(x— 1N —Ilx—1]

sinh—h~0
1 = lim e~ =0
SO
B sin|—h|—-|-h| sinh—h _
‘)= =1 =0
SO =
Hence, f(x) is differentiable atx = 1.
Forf(x)=tan (Ix—1})+x—1|

t h-0
rah= lim—an—h+—~—=2

h— h

8 tan| =h|+|-h]| _ tanh+h
‘a)= =-2.
S()= Iim h lim =

Hence, f (x) is non-differentiable at x = 1.
Clearly f(x) is continuous at x =0 ifa =0

)
N /0+0) lmhe hoh -0
= 1 P
OWf ( h—0 h
he 2!h _
_ im0
h—0 h
f 11
R I
‘0-0)= lim—=1
f0-0- g
Thus, no values of a exists.
ax® +1, x<1 _
fx)= 2 is differentiable atx =1
+ax+b,x>1

Then f(x) is continuous at x = 1
=f(17)=f(1)=a+l=1+a+b=b=0.

[2ax, x<1
Alsof ()= 12x+a x>1

Wemusthavef(l Y= (1" =2a=2+a=a=2.

Isin x| and &M are not differentiable at x = 0 and |x| is
differentiable at x =0.

Therefore, for f (x) to be differentiable at x = 0

an, R@&@ Rarchi ;ébl number.
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42.c.

/

: y=12
x—] . , —>x
2 - ° 2
Yy
Fig. 3.31

Clearly from the graph, f (x) is non-differentiable at five
points,x=-2,-1,0,1,2.

Clearly, f (x) is continuous for all x except pos51bly at
x = 7/6.

For f(x) to be continuous at x = 7:/6 we must have
hm )= hm 3 f(x)

x—7/6
= lim sin2x= hm ax+b
x—nl/6 x—7n/6

= sin (#/3)=(w6)a+b

\/_=%a+b ~ o

For f(x)tobe differentiable at x = 7/6, we must have
LHD.atx=m/6=RHD.atx= /6

= lm 2cos2x=lima’
xonl6 x-nl6

- =2cosm3= a=a=1

Putting a = 1 in equation (1), we getb = (\/_ 3/2)-=ml6.

43.b. f(x)is clearly continuous forx € R..

................ o
y
Fig. 3.32
70 3x? R ¥ <1
)=
» 1, x?>1
thus f(x) is non-differentiable atx =1, -1.
44.4. ad is always differentiable (also at x = 0)
1+ x| , .

Ao (x-2) (x+2) | -1 (=D =3)]

is not differentiable at x = 1, 3.

JEE (MAIN & ADV.), MEDICAL: -
+ BOARD, NDA, FOUNDATION -

Continuity and Differentiability 3.41

45b. f(x)=cos m(pxi+[x])
| cosm(=x+(-1)),
- { cos(x+0),
-1<x«0
={ cosmwx, 0<x<l
Obviously, f(x) is discontinuous at x =0, otherwise f(x) is

continuous and differentiable in (-1, 0) and (0, 1).
46.¢.- For £ (x) to be continuous at x =0, we have

FO)=f(0)=a(0)+b=1 = b=1

-1<x<0
0<x<l

—COSTX,

24k
: fB-f© _ . b
/| = = 1
SO = i
R4k _ Bh_y
=1 = lim h+ 1 1
oo h 70 h(h+ 1)( )
" f0)=a
Hence,a=1
47.a. Clearly f(x)is continuousatx=0
~1/h?
oty 1s € -0 1/h
Nowf(0)= lim ———= 0§ R

2

= im——/—h—2 (applying L’"Hopital’s rule)
3 QUK _ ,

Alsof(07)=0
- Thus, f(x) is differentiable at x=0.
|x|<0

|x|=0

lxl—la
|xP -2]x],

where |x| < 0 is not possible thus, neglecting we get,

48.c. f(x)= {

fQxD=|xf-2lx], 1x|20
O )
x*+2x, x<0
=1, )
x°=-2x, x20
(x= 2x+2, x<0
= Sl 2x-2, x>0
Cieaxly f(Ix]) is continuous atx= 0, but non-differentiable at
x=0. :
fop= b <O
xp)= _
|xf? —2]x|, 1x|=0
“1-x, x<0 )
g@=1f(x)l={-x* +2x, 0Sx<2 @
xt-2x;,  x=2

Clearly | f(x)| is discontinuous at x = 0, but contmuous at

Sof@fsfrmeffe@@@ﬂe@m Fk)or Hariom Towerx=Circular Road, Ranchi- 1,
Ph.: 0651- 2562523 9835508812, 8507613968
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3.42 Calculus-

-1, x<0
Also,g’(x)=<2x+2, 0<x<2
2x-2, x>2

VA ig mondifferentiableat x =0 ant o =2
49.c. Since1 Sx<2=0<x-1<1

= -2 = (-1 1= (- 1) -1=0-1=-

1—-4x-2, 0'Sx<l'
2
f(x‘)= 4x2—1, —;—Sx<1
-1 1<x<2
graph of f(x): -

A

2N
4Lk —o0
Fig. 3.33

It is clear from graph that f{x) is discontinuous at x= 1 and

not differentiable at x = % andx=1.
50.c. For|x|< l,xz"—->0asn—_>ooandfor|x[> 1, 15" > 0as
n—eca. So

log (2 + ), '|x<1|

X2 log (2+x)-sinx _

S@)=1 11

2 —sinx, if |x|>1
n—yeo " 11
% [log (2 + x) —sin x], |x|=
Thus,

m f(x)= lim (-sinx)=-sin1

x—1+ x—1

and lim. f(x)= lim log (2 +x)=log3.
x—>1- x—1 .

sl.c. f(0)= lim M

h% sin (l) : I

= 11m-——h— = lim #* ' sin (—-)
h—0 h T k-0 h

This limit willnotexistifa—1<0=a<1.

Now lim f(x) = lim x* sin(l) =0ifa>0.
x—0 x—0 X

Thus, a € (0, 1].
’ 52.c. {sin x] is non-differentiable atx— —=.m2n
and [@ﬁih@@n«ﬁ@@n}xﬁtﬁht F—l (1)

Ph.: 0651-

53.a :

' 3r
Thus, f(x) is definitely non-differentiable atx =7, > 0

Also, f(%j; 1, f(%-o) =0
1

M=, f(2m-0)=—

Thus, f(x) i$ also non-differentiable at x = lzz- and 27.

We havex+4 |y|=
x—-4y=6y, if y<0
{x+4y=6y, if y=0
—x, ifx20 l, x>0
= y= Srw=42
—x, ifx<0 —, x<0
10 10

“Clearly, f(x) is continuous at x = 0 but non-differentiable

'Mx—O

54.b.

55.c.

56.d

lu'n sinx log|x|

f(O )__ hm lxISll'lI

lim——lng
- ex-wcosecx =eO =1
f(0)=g(0)=1
Letg(x)=ax+b
=b=1=gx)=ax+1

(Using L Hopital’s rule)

Forx>0,f’ (x) = gl [cos xIn(x )+ ____Su;x]

f(1)=1[0+sin1}=sin1
fED)=-at1=a=1-sinl

gx)=(1-sinl)x+1
Given that f(x)=|1 — x|
x—1, x>1
) ] 1-x, O<x<l
=)= 1+x, -1<5x<0
-x-1, x<-1

Clearly, the domain of sin™ (£ | x|) is [—2,»2].
= It is non-differentiable at the points {-1, 0, 1}.

f(x) is continuous at x=0 = Jlrl_f)l(l)f (x)=f(0)

. I ) D
= f(0)= lim f(th)—}!gr[l)W—}llg(l)g(h) g(0)=0

ho(h)
h 0 h
Nowf(04) hmM = lim ‘nl
i ED o g2
h—0 ‘h h—0 h
=g'(0)(asg(0)=0)=0
0= f(0 h) /(0)
—hg(—h)

gamom Tower, Clrmrar—ﬁoaéﬁ“é’aﬁchl 1,
5
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Continuity and Differentiability 3.43
61.d. f()=[1-{x}?
_ g(h)g(O) . g
~ lim -£'(0)=0 fED)=1,fE17)=1-1=0
Hence,f(O)e)ustsandf(O)=0. fH)=1,f1")=1-0=1
5. . f(H)=0-1=-1
y=ltanx] ¥y y=l|tanx| Thus, f(x) is discontinuous at x = 1, -1.
N y :
62a. f(e)=llogel +{log. & =[] @ =1+0=1
feh= lloge']+ flog, '}
= hm[l +h]+\/{1+h} = 1 +0=1
f&)=llog.e1+ log. )
= lim{I-A}+/{1-h} =0+1=1
. h—0
Hence, f(x) is continuous at x =e.
R f (e+h) f(@
Fig. 3.34 Nowf'(e)=1
The functions is not differentiable and continuous at two L bl —
points between x =—7/2 and x = 7/2. Also the function is 1 m[ ] h{> }
: . 3 T B0
' t tm = — = —_——, 3
not continuous at x 2a1_1d x Hence, at four B il 1
points, the function is not differentiable. = ,1,11,% }1113(1’-_}1- =
sin x|, |x]< 0 Hence, f(x) is non-differentiable at x =0.
58.c. f(X)= v _1 >0 ! i :
- leos(x)—llx|=1), |x12 63.a. f(x)= lim (sin’ (7)) +[x+—]
‘= fl)=cos(@—|ii-1l,xe R " 24
[as |x] <0 is not possible and [x} 2 0 is true Vxe R] Now g(x) = lim (Sin2 (n'x))n is discontinuous when
which is non-differentiable at x = 0 and when|x|—1=0or @2n+ 1)
x==x1. _ : smz(n:x)—lormc (2n+1) orx="—
it{yence, F(Ix]) has exactly three points of non—differentiabil_— Thus, g(x) is discontinuous at =302,
' 59.(-1.. f(2+) =2+2sin(0)=2 "Also A(x)= [x +%] is discontinuous at x = 3/2.
f@2)=3+2sin(1) 0 3 1
Hence, f(x) is discontinuous at x = 2. Butf(3/2)= lim (sin2 @Gn/ 2))" +|:§ + 5] =1+2=3.
- . C.p—eo .
Alsof(01)=2(0)-0-0sin(0-0)=0 ' . ‘
. : . . n 1 . .
andf(0)=2(0)—(-1)-0sin (0—-(-1))=1 1312Y= lim (sin2 ((37:/_2)*)_) +[(%) +ﬂ =0+2=2.
_Hence, f(x) is discontinuous at x = 0.
x Hence, f(x) is discontinuous at x = 3/2. -
‘60.b. f(x)= max {—, |sin 7zx|} " Both g(x) and h(x) are continuous at x = 1, hence f (x) is
" continuous at x=1.

y .
: 64.c. f(x)= sgn(sin’x — sinx — 1) is discontinuous

W * when sin’x —sinx—1=0
1
' ++5 . 1-+5

Ol' 1 2 3354 or sinx = 1£V5 or sinx = ——ZJ— .
) i i inui take value 4
Fig. 3.35 For exactly four point of discontinuity, 7 can

Thus for the maximum points of non- d1fferent1ab111ty,

. graphs of y=-— and y=isin mcl must 1ntersect at maximum

mlmlre fots V@@B°°®§W*F1 bof>*Hariom Tower C?lL

Hence, the least value

or 5 as shown in the diagram

T/&sin b

—&

n\_/277:
cular

3z S5

anchl 1
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© 66.a.

67.b.

68.b.

69.b.

is continuous when x* —ax +3 =2 —x or
Z=(a=Dx+1=0

which must have two distinct roots for (@ — 1)>— 4>0
= (a-1-2)a-1+2)>0

= ae (—o,-1)U(3,)

Hence check continuity atx=Fk, ke Z

For positive integers.

S ={k)*- {#} =0 ,

SE)= Y - {(K)}=0-0
FEY=FP-{(E)}=1-1=0

For negative integers,

J®)= K~ (K} =0

JEY={FY - { (Y} =0-1=~1
fE)=EY ()} =1-0=1

Hence, f(x) is continuous at positive integers and
discontinuous at negative integers.

g(x) is an even function, then g(x) = g(-x) -
= g®)=-g(=x)=g0)=-¢(0)=g0)=0

h

_ . g(R)eos(ym) ., g

,11_1;1(1)—_ P —}1’1_r>I(l)g(0)cos(1/h) 0
Ff(D=1-+41-1% =1

f(l_)— hm (1—\/1——;) 1 .

f(1+)= lim (1 +log ) =1+log 1=1
x=1" 1
Hence, f(x) is continuous at x =1

f(1+h) JAU)

fan=1
1
1+log — —1
TR
= hm
Y h
=—1im%1-_+—h)=—l
h>0 h

F)= i LUR=S0)

2—h

_ 1—\/1—(1~_h)2—1= lim e
hl_l_’)]'(l) y - ‘h—)O -\/Z

Hence, f(x) is non-differentiable at x = 1.

We have f(x)= V1-v1- x2

The domain of definition of f (x)is [—l 1].

- Forx#0,x#=£1, we have

- 70d.

71L.b.

T.c. /(0= ii_r)no

R. K. MALIK’S
_NEWTON CLASSES
3.44 Calculus
_ 2 —ax+3, x is rational Sy — 1 >
65 76 {2—x, x is irrational 7 \/1—\ll—x2 V1-x?

Since f(x) is not defined on the right side of x = 1
and on the left side of x = —
Also, f'(x) >cowhenx - —1"orx — 1"
.So, we check the differentiability at x =0.
Now,LH.D.atx=0 .
' i £ =S(©)
1—)0' " x-0

tim £ 0=~ £(0)
h—_>0 - —h

=.ﬁm\/1—«/1-h2 -0

h—0 -h

hm_\/l—(l—_(l/Z)hz+(3/8)h4+--')
h—0 h

im fl;§h2+ N
—0\2 8 V2

=—l
Sir‘niiaﬂ' RHD.atx=0is 28
y, R.H.D. U8

Hence, f(x) is not differentiable at x = 0.

fx)= o -1

= |x|—jx|-1=-1 |
Hence, differentiable for allx.
h sinh (0)
(0= iy LUD-li0A ]
LB, s
>0 h -0 A

S =hD-|sin(=h) I —f(0)
—h
AORIICN
h—)O ~h
=—1+1=0
Thus g(x) is differentiable and g(0)=0.

g'(0)= hm

sm h
h—>0 h

" h" sin'l
h

mustexist=>m>1

g .- 1 -
m lsu,l__xm 2

X

1.
mx cos—, if x#0
X

form>1,h’(x)= _
0, : if x=0
Now lim A( ')— lim fmh'"_1 sinl—-h”‘_2 cos—l—)
ow hl—lano x ,—h—>ok ho " h

limit exists if m >2
.meN=>m=3

73 Atx=0,
Office.: 606, 6th Floor, Hariom TowerLHEH ¢ |aft)R®§ﬂ,0RianChl 1
"Ph.: 0651-2562523, 9835508812, 8507613968
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o, olh _ ik
= lmh°| ————+
B0 | g Vh 4 llh

-2/h
= limhA° (——e 1

w0 et 41 J

0(g=3)-0
0+1

RHL.= lim f(x)=lim f(0+h)
x—0+ h—0
' m. oV
1 2 € .
hlf)l'(lsh ( +e—-1/h )
‘ 1—e2hY
= limA?| ———
hl_I)I(l) . (1 +e—2/h )

_ 0(1 0) 0
: 1+0
and £(0)=0
= LHL.=RH.L.=£(0)
Hence, f (x) is continuous at x = 0.

AlsoL.H.D.= }II%M

AndRHD.= lim IM;):_L@

LM g Vh
" W = A

= lim—
h—0 ~h

“1/h -0

1—e2/h

=—limh———-=0.
e

, Hence S (x)is dlfferentlable atx=0andf’(0)=0,
-74.b f(2)=0,
f2H={4"}—{2"}?=0-0=0
fO)={43- (7)Y =1-1=0
Hence f(x) is continuous at x =2
f=2)=0,
f(2H={41-{-2"¥?=1-0=1
Hence f(x) is discontinuous atx =—2
= 11m e =0

B

75. ¢ Obviously hr{)l e

hence@ff%txrﬁ@@au@th Floor, Hariom TOWGI'

Continuity and Differentiability 3.45

'e“”'z b

SO = lim=—— = I~
— 2 . . 3
B VR
B0 1R 2 hs0 hzel/"
- h3

1
Hence fis differentiable at x = 0. Also liTm e 1
x>

76.¢ f2+x)=f-x) : : 0y

Replace x by x — 1, we have f(2 +x— 1) =f(-x+1)or

SL+x)=f1-x)
Hence f(x) is symmemcalabout lme x=1

~ Now putx =2 in (1), we get f(4) =f(-2), hence differen-

71.

78.¢

tiability at x= 4 implies differentiability at x —> 2 -

. 3
a xli)ron+(3—|icot 12xx D G- [cot'l (—oo)]) G-[=zD

lim {x*}cos(é”) = (xli)rgl_{x })(xll)rg_cos(e" ))
= (0)(cos(e™)) =0

Thus f(x) has irremovable discontinuity at x-= 0, hence

-£(0) does not exist. .

H4  wX_ 37rl4 5ml4 /6ni4 Tnid /21

Fig. 3.37

’ Cons1der the graph of f(x) = max(sin x; cos x), whlch is

79.b

80.a

non-differentiable at x = 7/4, hence statement (a) is false

From the graph y = f(x) is dlfferentlable at x= /2, hence
statement (b) is false.

Statement (c) is always true.

Statement (d) i 1s false as consider g(x) =max(x, x 2y atx=0,

for which x =x* at x = 0, but f (x)1s dlfferentlable atx=0

1+[cos -7t2—x] 1<x<2

o= o[- i<x<2
TN, 0sx<l ={l1-x, - 0Sx<l
Isin 7x|, ~1<x<0 |-sinzmx, —15x<0

f(%) is continuous at x = 1 but not differentiable
P +2x+3+sinmx=(x+ 1)*+2+sin. wx>1

L f)=1 v xeR

8l.c

. x x X x sin x
Given that cos— €C08— COS—3 +~- COS - =—""7 "~
2 2° 2 2" x
2" sin
2"

M
Taking loganthrn to the base ‘e’ on both sides of equation
(1) and then differentiating w.r.t. x, we get

SCitsdlal R &Ram):hl 1,

Ph.: 0651- 2562523 98355088122 8807513968
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3.46 Calculus
x
2"
. him Z—tan———hm X —cotx |=| ——cotx
n—e n n—oo]| X X
tan 7—"

We have f(x) =

Clearly lim f(x)= lim (l - cot.x) =2 f(f)
ik X n
' 2 2

Hence f(x) is continuous atx =

MG

| Multiple Correct

Answers Type

1 a,b,c,d.
a, b, and ¢ are false. Refer to definitions.
for d, fmust be continuous = False
2. a,c,d.
a is wrong as contlnulty is a must for 1 (x).

b is the correct form of intermediate value theorem.
y

| \\u—f(x) =x ‘
X" 3 |O. ———
y

Fig. 3.38
¢, as per the graph (in Fig. 3.34), is incorrect.

Fig. 3.39
d is wrong if fis dlscontmuous
3. a,c,d.
B x? -2x-8 (x+2)(x—4)
f== x+2 x+2

“Hence f(x) has removable discontinuity at x =—2.
- Similarly f(x) in options (c) a.nd (d) has also removable
discontinuity.

x-=17 1, x<7
f()—|x 7| {1 x>7

Hence f(x) has non-removable dlscontmulty atx=17.
4. a,b. ‘
fD)=1; f(ﬁ 1f(1)—1

f)=5;7019=5

7(2H=10, f(2)=10

=x—4, x#-2

FeOiter- 606 , 6th Floor, Hariom Tower, Cir

5. a,b. :
f(x) = sgnfx) sinx
F(0")=sgn(0") sin(0)=1x(0)=0
F(0")=sgn(07)sin (0)=(-1)x(0)=0
Also/(0)=0
Hence, f(x) is continuous everywhere.
Both sgn(x) and sin(x) are odd functions.
Hence, f(x) is an even function.
Obviously, f(x) is non-periodic.
_ Nowf(0+)— 11m f( )hf(O)
sgn(h)sinh—0 _ .. sin h

= 1i lim=—=1
}15‘1) h hx;r(x) h

—h) sin(—h)—0
arldf’(0+)= llm Sgn( ) Sm( )
—0 —h
 lim —1x (-sinh) -1
b0 ~h

- Hence, f(x) is non-differentiable at x = 0.
6. a,b,c,d.

Given function is discontinuous when at+tsinwx=1.

Nowifa=1=>sinAx=0=>x=1,2,3,4,5
Ifa=3=sin 7x=-2 not possible..
Ifa=05=sinzx=0.5

=x has 6 values, 2 each. for one cycle of period 2.

If 0=> i4 +1=:~x——1-321211
N 2'2°2°2°2°2
Hence all the options are correct. -

7. a,b.
For maximum pomts of discontinuity of
f@)=sgn (@ -ax+1),
P —ax+1=0 must have two distinct roots,
forwhlchD a*-4>0
= ae (—oo, —2)u(2 o).

8. b,d. | .
. y ’ .
44 ...... T
IR I T S
PSSR Py ...... o——o
5 S G I S S0
) : : . .
3 2 a4 [|© 12 3
y
Fig. 3.40
9. b,c.

Option (a) is wrong as f(x) = sinx and g(x) = bx,
g(x) is non-differentiable at x = = 0, but f(x) gx) is
differentiable at x=0.

10. b,c.

f(oH)= [ ILm (cos2 x) ]
411‘1 A Ragl, Ranchi-1,

"Ph.: 0651- 2562523, 9835508812, 8507613968



£(0h= [hm (1+x ) "}=1

—0

Also f (0) =1 = discontinuous at x =0
Further, /(1) =1;/(1)=0;f(1)=1

= discontinuous at x = 1.

1. b,d _
. 1
a. hm =00 d lim =—00,
x-1 In | x| x—s1" I | x|
hence f (x) has non-removable discontinuity.
2 ‘
b. lim % = 2

ox-l x -1 3 '
- f(x) has removable dlscontmulty atx=1

. N . . .
c. lim [TZH }= 1and lim (TZH ]= 0.
-1 x=17

Hence, the limit does not exist.
| 1m‘/x+1 —2x -1
) x—1 ' x-2 —-X 2\/5
. f(x) has removable discontinuity atx =1.
12. a,b,d.

(Rationalizing)

x +1

F6) E, 1S x <2
x _

——3—,2Sx<§
Lx—l 2

* Clearly, f(x) is discontinuous and bijective function

hm f (x)— hm f(x)=2

(hm f{x), lim f(x))= %#f(l)

x—-I"
max (1,2)= 2—f(1)
13. a,c.
1 |xiz1

Fe)= 12, Leprrtn-23,.

14.

15.

JEE (MAIN & ADV.), MEDICAL
-+ BOARD, NDA, FOUNDATION

Continuity and Differentiability 3.47

x<orx=1

RN
2 2

(—1 ~1j (1 l)

, xel—,— V| T
372

[y
™

TOl— &l

11

N
NIL
‘l
o
[
N =1
g

Y

Fig. 3.42

The function fis clearly continuous for |x| > 1.

~ We observe that

Jim f@=1, lm_ f(x)——

x—>-1

Also, xll,r?_f( )—;2- and hm f( )—( +1)

- . . 1
Thus fis discontinuous forx=+—, n= ,2,3..
n

Hence a and ¢ are the correct answers.
a,b,c.
Since, hm g(x)= hm g(x)=1 and g(1)=0.

So g(x) is not continuous-at x = 1 but Mg(x) exists.
We have lim f(x)=lim f(1-h)= hm[l—h] =0
x-1 h—0- h—0
and lim f(x)=lim f(1+%) = lim[1+A]=1
x—1t h—0 h—0
So, lm} £(x) does not exist and hence f(x) is not conti-
X! .
nuous atx =1 '

We have gof (x) = g(f (x)) = g([x]) =0, Vx,€ R

So, gofis continuous for all x.
(1@, xeZ
We have fog(x) — flgx)= {f(xz ) xcR-Z

0, xeZ
- {[xz], xeR-Z
which is clearly not continuous.
b,d:
log'cos x
x—>0 log(l+x )

We have lim fe-f (0)
x-0 SX— 0

log(1—1+cosx) 1—cosx

. Of bce 6@6 "6th Floor Hariom Tower , Ciicular-Road; Ranchi-1,
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16.
_ f(x)=x+pxd+cos 9x, g(x)=sinx

log{l—-(1 —coéx)} 1—cosx

= lim

~ x>0 . 1-cosx Tog(1+x%)
. a2 X
..-__“mb"l[l—(l—cosx)] 2sin _2' 2 ) l
-0 —(l—=cosx) 4(5-)2 10g(1+x2) 2
2

Hence, f(x) is differentiable at x = 0.
Hence, b and d are the correct answers.
a,cC.

Since both f(x) and g(x) are continuous everywhere,
£ (x) + g(x) is also continuous everywhere

fx)is pon-differentiable and x=0.
- Hence f(x) + g(x) is non-differentiable atx =0

. Now h(x)=/(x) X g(x)

17.

18.

f@=1"

SO)=lim

© f(cos 9x)(sin x), x<0
(2x+cos9x) (sinx), x=0

Clearly, h(x) is continuous at x =0
Also

h’ == .
) {(2 —95sin9x)sin x +cosx(2x +c0s9x), x>0
H(0)=1, h’(O*) =1

cosxcos9x—9sinxsin9x, x<0

- =f(x) xbg(x) is differentiable everywhere.

a,c.
(sin'l J\t)2 cos (—1—), x#0
x -
0, . x=0
. : e o1 0N2 1Y)
lim f(x) = lim(sin™" x)” cos (—)
x>0 x>0 X

=0 X (any value between -1 to 1)=0
Hence  f(x) is continuous at x =0

© (sin” A)? cos (%)— 0
Tk

R |
- (lim - h) (lim sin™? h) (lim cos(—l-'))
0 -h h—0 =0 . \ h

 =1x(0) x (any value between—1 to 1)=0
Similarly, /"(07)=0.
Hence, f (x) is continuous and differentiable in [-1, 1]and
{(-1,1), respectively. '
a,b. _ :
Forb=1, wehave f(g(0)) =/(sin(0) + )=f(1)=1+a

Alsof(g(0"))= uj.gf(sinﬁ N=f(1)=1+a
andf(g(07))= xli_)rgl_ faxH=f)=1+a
Hence, f(g(x)) is continuous for b= 1
Forb<0,

f(g0)=f(sin(0) + b)=f(b)=2~b
(@)= lim f(sinx+b)=f(b)=2-b

For continuity at x = 0, we must have 2 — b = 1+aor
a+b=1.

f(x)is continuous for all x if it is continuous at x =1
forwhichij-3={1-2| rucia==3

g(x) is continuous for all x if it is continuous atx =2

for which2—|2| =sgn(2)—b=1-borb=1 '
Thus, f(x) + g(x) is continuous forallxifa=-3,b=1.
Hence, f (x) is discontinuous at exactly one point for
options a and b. :

a is not correct as f (x) = x from R to R is onto but its

. . 1.
reciprocal function g(x) = —is not onte on R
x

b is obviously true. :
Also g(x) is not continuous, hence not differentiab_le
though f (x) is continuous and differentiable in the above

For continuity atx = 1
lim f(x)= 1in}+ (Fsgnlx]+ {x}=1+0=1
x— . .

lim /()= lim (2sgn [x]+ =1 sgn (0)+1=1

Also, f(1)=1 ‘
-~ LHL.=RHL=f(1). Hence, f(x) 18 continuous at

Now for differentiability,
= i, |
. 1+ A+ {1 +h} -1
_ g Q) sgn i+ A+ L+ R

fa+mn-rd
h

E>0 . h
2 - 2
, =1im(1+h) +h 1=1imh +3h=3
>0 h : Y h
i i LA D)
andf" (1= hhino —h _
='ﬁm(1—h)2sgn[1—h_]+{1—h}—1
ho0 ‘ - h
¢ 2
- ~h-1
g =ML h
h—0 —h
. W —=3h
= lim =3
r—>0 —h

A=)
Hence, f (x) is differentiable atx=1.
Nowatx=2, :

lim f(x)= lirr; (xzsgl[x]+{x})%4xo+1
x—=2 x—2" -

fx)= lm (sinx+]x-3[)=1+sin2
o =V

Hence, LHL=RHL.
Hence, f(x) is discontinuous at x = 2 and then f (x) is also

waSf5i58.5,606,, 6t Filaor, Hariom Tower piskisamiRoad; Ranchi-1,
x—0" %?1 %6151-2562523, 9835508§12, 8507613968



=11 =1
h—0
7[+ .. tan £+h b
f(— = lim| 1+ cot(£+h)u al (2 )I]/
2 7 h—0 2 ,
. acoth ’
= lim(l+tan 2) 5
h—90 .
o ehm(l+tanh 1)“°°”'=‘ 'ea/b

Also f(%) =b+3

© f(x)is continuous at x = #/2

23.

24,

= 1=b+3=¢"’=b="2anda=0.
b,c,d - '
x>, x<0 —6,x<0
fe)y=pI= { f"’( ){ :
X3, x> x>0
Hence j’ ”(0) does not exist
. _
) -x7,x<0 —24x,x<0
Jo)=2k|= = f"(5)=1 :
x , X 2 24x, x> 0
Hence f*"(0)= 0 and exists. |
Similarly for f(x) = [x|sin’x and ()= xltan’ 3x), alsof° ’”(0)
" =0 and exists.
ab

sin*x e (0, 1) forx € (-2, w2),
J(x)=0forxe(-m'2, /2)

- Henice f(x) is continuous and differentiable at x=0
25,

b,d
f&x) =sgn(cos 2x—2 sinx + 3)
' = sgn(l - 2sin’ — 2 sin x + 3)
= sgn (- 2sin’x -2 sinx + 4)
f(x) is discontinuous when — 2sm x—2sinx+ 4 0or
sin’  +sinx—2=0

*or(sinx— 1)(sinx+2) =0 or sinx=1

. 26.

Hence f(x) is discontinuous.

a,c,d

Differentiating w.r.t. x, keepmg y as constarit, we get
FErN= @+ 20+

Nowputx=0

FO=rO+y =y -1

s =2 -1

3

f(x)= — —x+c¢

Alsof(0+0)—f(0) +f(0)+0 . f(0)=0

3

x
w fx) = = —x,f(x) is twice differentiable for all x € R and

f(g)Q?fhc;Q 606 , 6th Floor, Hariom Tower,
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a,b,c,d
e +a 1

a=-1

lip 19~ i,

. 1 1
ifa=-l,then lim f(x)= —, im f(x)==
: A= TS5

~ f(x)is continuousatx=0if b= -

C.

X

If a #~1, then lim ¢ ta
-0 2x-

does not exist

-. x=0is a point of irremovable type of discontinuity

d

-

1
1 = th 1- = —
ifa=-1, then J‘1l>1(1).]’_(x) 5

. b# —;— = removable type of discontinuity atx=0

‘Reasoning Type

l.c.

3a.

4b. f(x)= Hm ad
n—eo

S.c.

Statement 1 is obviously true.
But statement 2 is false as f(x) = x° is dlfferentlable
but f x)= = x"? is non-differentiable at x = 0.

1(x) = x' has vertical tan entatx = 0.
g

2b. f()=(2x=5" =)=

3
5 (2 x— 5.)2/ 5
Statement 2 as it is fundamental concept for non-differen-
tiability.
But given function is non-differentiable at x = 5/2, as it has
vertical tangent at x = 5/2, but not due to.sharp turn.
The graph of the function is smooth in the neighbourhood
ofx=5/2. N\ N
Statement 2 is true as it is a fundamental concept.
Also f(x) = sgn(g(x)) is dlscontmuous when g(x) =0.
Now the given function f{x) = sgn(x* — 2x + 3) may be
discontinuous when x? — 2x+ 3 =0, which.is not p0531b1e
- it has imaginary roots as its discriminant is <0.

2n

-1. .. .
o is discontinuous atx =1
x+1

-1, x* <1

=41,
0, =1

=f(H=1andf(1")=-1
'Hence, f (x) is discontinuous at x = 1 as the limit of the
function does not exist.
We know that both [sinx] and [cosx] are discontinuous at
x=72.
Also f(x) = [sinx] — [cosx] is discontinuous at x = 7/2.
Asf(2)=1-0=1andf(#m2")=0—(-1)=1
f(@#@27)y=0-0=0.
But the difference of two discontinuous function is not
necessarily discontinuous.

Circular Road, Ranchi-1,
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6.c. We know that sgn(x) is discontinuous at x = 0.

1
Al = ={ 77
_SOf(x) |sgnx} {0’ 20
x=0.

. i (=L, x<0 e . .
Consider g(x)= { 50 Here g(x) is discontinuous at

x =0 but |g(x)| = 1 for all x is continuous at x = 0.
Hence, answer is ¢.

7b. f (x) = (sinmx)(x — 1)'” is continuous function as both
(sin7x) and (x — 1)” are continuous.

But (x - 1)!? is not differentiable atx=1.

However, /(1) = lim M—_&

~lm sm[n’(l m)(1-h-1)"° -
h—0 - —h

sin(nh)(—h)”s - -0

" =lim
) h

A1 - tin LD 0
1/5
- lim sm[n’(l +h)}1+h-1) T 0
10 “h
. 1/5
- lim —51n(7th)(h) -0
h—0 h
Hence, f(x) is differéntiable atx =1, though (x 1)” 5 isnot
differentiable atx=1.
. However, statement 2 is correct but it is not a correct €x-
planation of statement 1. :
8.b. Statement 2 is true as cos 0 =1

: Mx _y Vh _ ik
Now lim Z ! = m & ! fmlz¢ =1
. x-0+e o | h—0 ¢ +1 h—01 +_e_
1% : ~Uh _ »
and lim & =) = fm&——L =g

x50 el/* 11 b0 A4y
‘ThusLHL.#R.H.L. :
Hence, the function has non-removable discontinuity at
x=0. :
Hence, statement 2 is nota correct explananon of statement 1.
9.a, lnn (sin x+[x]) =0, 11m (sinx +[x]) =
» Thus limit does not ex1st hence f(x) is dlscontlnuous at
x=0.

Statement 2 is a fundamental property and is a correct
04/ explanation of statement 1.

}Qtd. F(x)=|xdsinx _ .
|0 =h|sin (0—~) -0 lim ~hsinh

- = 1.
LHD. 1m _h . Ja i 7
RHD |O+h|sm(0 +h) -0 - lim hsmh=0-
h—>0 h : >0 h

= fx)is differentiable atx=0.
11.d. Statement 1 is incorrect because if hm O(x) and hm f(g(x))

approach e from the same side of e (say right 51de) and

I BRI ISEY A 8 Towerfguie A

. Consider f(x) = {___

which is discontinuous at |

I, if x20

1, if x<0

Hence | f(x) | = 1 for all x is continuous at x = 0 but f @) is
discontinuous at x = 0. :

. Statement 2 is obviously true.

is non-differentiable atx =+ 1 as

Butf(x)=tan™

X : .
2 is not defined at x =+ 1. Hence statement 1 is truebut -
statément 2 is not the correct expla.natlon of statement 1.

|fGI< I
= 0<[f(x)|<xf ‘
= Graph of y = [f(x)| lies between the graph of y=0 a.nd

y=H
Alsolf(O)I SO=>f(0)=O
Also from Sandwich theorem, lim 0 < lim | f(x) | < lim | x|
x—0 x—0 x—0
= lim|f(x)|=

=y f (x) is continuous at x = 0.
Also statement 2 is correct but it has no link with statement 1.

. Seethe graph of f(x) = IIxl? -3 x| +21,

_2 —1 |o 1 2 X

Fig. 3.43
which is non-differentiable at 5 points, x=0,+ 1, +2.
However, statement 2 is false,

asf(x)= x> crosses x-axis atx =0,
but | f )= bl is dlfferentlable atx=0.

. Statement 1 is correct as eI M is non—dlfferentlable atx=0.
. Letx=k ke Z=f(k)={k} + J{k} =0
fEH=0+0=0,f(k)=1+1=2.

Hence, f(x) is not continuous at integral points.
Hence, correct answer is a.

. We know that 0 < cos® (n! 7x) <1

Hence, lim cos”™(n'zmx)=0 orl,as

0 < cos? (n ' mx) <1 or cos’ (n! 7rx)—1
Also, since n — oo, then n ! x = integer if x € O and
n!x=integer,ifx e lrratlonal

(1, if xis rational
Hence, /(x) {0, if x is irrational
= h{x)=1 when V x € R which is continuous for all x;
however, statement 2 does not correctly explain staternent 1
as the addition of discontinuous functions may be
continuous.

, . 1 .
194. Considerf(x)=4" "% *7 O hich is differentiable at
1o, x=0
e is not continuous at x = 0.
eR@a smanchi-1

Statement2is correct. By - )65 - 2562523 9835508812, 8507613968



~ 20a. F)=f (g(X))

=>F(x) 2+2d
, 2x-2,x<0
= F'(x)=3_..
. 12x+2, x>0

Hence, £/ (0" =2and F'(07)=-2.
- Hence, both statements are correct and statement 2 isa
correct explanation of statement 1.
21.d. Statement 1 is false, as consider the function
f(x)=max {0, x°} which s equivalent to '

[0, x<0
f&)= {x3, X ZO '
Here f (x) is continuous and differentiable at x=0.
However, statement 2 is obviously true.
w4, x>1
22b. f(x)=|n/4, x=1 [mthemterval(l— 8,1+8)]
/2, x<l1

Hence,. f is dxscontmuous and non- derlvable but
non-derivability does not imply discontinuity.

23.c. F(1)=0,F(1" ;.’25 and F(1) =_§4£

= F is discontinuous

1, if x20
Butforf(x)= -1

P g if x20
if x<0®™ 8()= 1, if x<0

then f (x) glx)is continuous at x = 0.
24.c. ' y=cosx

y =sinx

y
Fig. 3.44

From the graph, statement 1 is true.
-Consider f (x) = min{x, sinlx} is differentiable at x = 0,
though g(x)= max{x smlxl} is non- d1fferent1ab1e atx=0

{’Ifrc'fc})r
651- 2562523 9835508812 8507613968
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26.c.
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y y=f()
A y=x
- 5 » X
. | Y
Fig. 3.46

Since f (x) is a continuous function such that f(0) =1 and
f)#x,VxeR
The graph of y =f(x) always lies above the graph ofy=x.

" Hencef(x)>x.

Hence, f(f(x)) > x (as f (x)is onto functlon f(x) takes all real
values which acts as x).
Statement 2 is a fundamental property of continuous

* function, but does not explain statement 1.

Statement 1-is true as Jxis monotonic function. But state-
ment 2 is false as f (x) = [sin x] is continuous at x = 32,
though sin(37/2) =—1 (integer). )

- Linked Comprehensmn i

For Problems1-3

1.b,2.a,3. b
a(l—xsmx):bcos_;+5, £ <0
' ‘ R A
Sol. f(x)= 73, _ _ x=0
) Vx
{1+(P(x))} , x>0
L\ x ) -

where P(x) = ag+ a;x+ ay’ +as

f)=3

', RHL. = lim(l +ayh +ash?)V
h—0

RHL.= xliﬁ f&x)

: 1/h
 lim f(O-+h) = lim f () = lim {1+(P§1 ))}

- fis continuous atx =0
.. RH.L. exists.
For the existence of RH.L., a5, a; =0

(17 form)

ﬁﬁ(1+a2h+a3hz ARl
= €

LHL.= hm fx) = hmf(O h)
a(l—(=h)sin(-h)) +b cos(—h) +5

/II

= lim
h—0 (~h)?
h2
a(l—h(h)) +b(1 _ET) +5
- E—rf(l) K2 '

b
For finite value of LH.L.,a+b+5=0and - a—a 3

Hariom Tower, Giraul e :Raad PRanchi-1,
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Now g(x)=3asinx—bcosx=-3sinx+4cosx (g(x), x<-1
which has the range [- 5, 5]- ’ ' N+ g(-1
A_lsoP(x) =a3x3-_!-(loge3)x2 . : .L(_)—zg(__)_ =-1
P"(x)=6ayx+2log,3 v s
= P"(0)=2log3 =1/, “l<x<1
Further, P(x) = b => ayx> + (log 3)x* =— 4 has only one real JM)+g) v=1
" . root, as the graph of P(x) = af + (logt_,3)x2 meets 2 ’
7 y =—4 only once for negative value of x. Lg(x) x>1
For Problems 46 ' E If F(x) is continuous V x € R, F(x) must be made continu- 7
4.¢,5.b,6.c. ousatx==1.
: . ' g ' =_1,f(=1 1 l-a+3=b-1=
Spl.-Fbr05x<%,g(x)=l+tanx E(f‘zongnmtyatx Lf( )=g-1)=>1-a o
. T : For continuity at x =1, f (1) = g(1)=>1+a+3—1+b '
vxev[O,Z):IHanxe[l,Z) _ = a—b=-3 . [0))
: soﬂg(x)) =f(1+tanx)=1+tanx+2 ' Solving equations (1) and (2), we geta=1and b=4

f)=gt)=>P+x+3=x+4=’=1=x=%1

and forx & [Z’ ”) »gx)=3—-cotx For Problems 10—12

; r 10.a,11.d, 12.b.
- 3 2 (=] Y
xe[4 75) =3 -cotxe [2,00) Sol.
so 3 —cot 6—(3—cot
(g6 =/ 3 -cot) =6 ~( x)n | P O WP
© {3+tanx, 0<x<— ‘ [x], —ZSXS—E 1
Let h(x) =/(g(x) = R /=1 =1 -1 lsx<-o
3+cotx, £<x<'7r" _ ox*-1, —-—<x<2 1
4 ‘ - - 2 2x2 -], ——<x<2
.Clearly, f (g(x)) is contmuousm[O ) L 2
+ (
Nowh’(z j= 11m+(—cosec xX)=-2 , 2, . 2<x<-l
Y : 1
Z T [f@l=41, —ISxS—E
K (E )= lim_ (sec’ x) =2 : ‘ ' | : \
- ) L|2x2—1|, —§<xsz'
“Sof(g(x)) is differentiable everywhere in [0 m) other than (2, - 2<x<~1
ax " 1, —1s;:s—l
[3+tanx|, o-gx<z =W ) 1 1
= . 1-2x°, ——<xs—F=
|F e ¥, RSEE L
[3+cotx], —<x<m .- - » ' .
4 2x* -1 —L<x<2
which is non-dlﬁ'erenUable atx= 774 and where 3 +cotx= i SN Y -
0orx=cot(-3) : ( 7
- - -2< -1
Forxe [0, Z),3+tanxe [3,4) % 2'_ _Ix_l( )
Tz faxh=3-1, xS —= =2xF -1, —2<x<2
Forxe[z,ﬂ),3+cotxe(—oo,4] : : - 2
2
Hence, the range is (— o, 4]. : : 2{x|" -1, —-—2—<|x|S2
For Problems 79 : . o - '
7.a,8.¢,9.d. 2x°+1, 2<x<-1
: 2n ) ' . 2 _ . _l
SOL F(x): lim&zlzi—ng—(x_) 2x > I<x< 2
n—yoo +x :
=g)=f{xD+ /()= 5 1 1
2 0, ——<x <=
f(x), 0<x“ <1 7 > «/E
_f@re® L : 1
a 2. - - 4x* -2, ——=<x<2
L 2

fice. 6(‘)6> 6th Floor, Hariom Towex-x@ﬂquafﬂeadgﬁaﬁdml]f =2
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17 . 2 1 7).
gl-= |=lim 2x" ==, g|—— |= lim 0=0
2 x—)—l 2 2 x—>—]

2 2

(1- 1 *) .
gl—= |= lm 0=0, g|—= |= lim @x -2)=0.
L\/E x_)% 4 \/’2“) x_)%( ) .

e 1
Hence, g(x) is discontinuous at x =—1, ~=-.

g(x) is continuous at x = T

g (5483

Hence g(x) is non—dlﬂ‘erentlable atx=—=

&l

For problems 13- 15
13.¢,14.4,15.b
Sol.

x> +10x+8, x< -2

Sx)= ax* +bx+ec¢, —2<x<0,a#0
x% +2x, x<0 ‘
For continnous atx=0 = ¢=0
Continubusatx=——2 = 4-20+8=4a-2b
= 2a-b=-4 Q
Now let the. }me y=mx+p is tangent to all the three curves
Solvingy=mx+pandy= P+ 2
X+2x=mx+p
2+@2- m)x—p 0
D=0 :
(2-m)y’*+4p=0 (3}
Again solvingy=mx+pandy= x2+10x+8
£+10x+8=mx+p
= 2+ (10— m)x+8—p 0
D0=>(10m) —4(8-p)=0
= (10- m):—(2—m)> =42
‘= (100-20m)— (4 4m)=32
= m=4andp=
Hence equatxon of the tangent to first and last curves is
y=4x—1 3
Now solving this with y = ‘ax® +bx (as c= 0)
ad+ bx=4x—1 = a’+({B-4x+1=0

D=0 :
= (b-4)’=4a
Alsob=2a+4 (from (1))

. 4a*=4a = a=landb=6(asa#0)
f(©0)= lim(2ax +b)=b
x—0 .

fO)=limQ2ax+2)=2 = b=2

Matnx-Match Type §

1. a —)p,q,r,b—)p,r,s,c:—)p,r,s,d—»p,r,

» @it ale’

JEE (MAIN & ADV.), MEDICAL
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' Fig. 3.47

b f(x)= Jlxl is continuous
y
................ 2__
y=y-x § y=x
................ R R s
L Ly e 2
Y
Fig. 3.48

Clearly from the graph, f(x) is non- dlfferenhable atx=0.
c flx)= |sm x| is continuous

Fig. 3.49
Clea.rly fromthe graph f(x)is non—dlfferentlable atx=0.

d f(x)=cos !x| is continuous
y

Fig. 3.50

Clearly from the graph, f(x) is non-differentiable atx =0.
2. a o>rns;b—p,geop,qdop,r
a. The given function is clearly continuous at all point:

ODBTT?“FTﬁﬁ'ffe’F‘ItﬁPlfom TOWGr G‘L j&ﬁisyblgaa nmme beed o check it
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- 3.54 Calculus

Puttinga=—-1/2in (1) we get b=3/2 = |k| =1 =k=%1

lim fi)= lim £0)=/(1) .
*= = b Iff(x)=sgn(x’—ax + 1) is discontinuous then x*—ax+1

’ 2 1 = 0 must have only one real root. Hence a =+ 2.
= Him(ad+b)= lim— = ath=1 _(1) )
.-l =1 | x| ¢. f(x) =[2+3|n sinx], n € N has exactly 11 points of
Clearly, f(x) is differentiable for all x, except possibly at dlscontmmty inxe (0, 7). _
x=1 1. As f(x) is an even function, so we need to checkits The required number of points are 1 +.2. (3|"| -1
. differentiability at x= 1 only. _ —6n|—1=11=>n=1%2.
lim fx)-r@) - Lim f(x)-£Q) ' cd f) =il - 2| + a| has exactly three pbints_ of non-
PN x-1 x—1* x—1 : differentiability.
‘ 1 i | . £ (x) is non-differentiable atx = 0, Lxl ~2=0o0rx= 0,%2.
]:) lim £2_+_b_—l I l—x_l'_ ' Hence, the value of a must be positive, as negative value
e xl—rfll" x-1 of a allows ||x| - 2| + a = 0 to have real roots, which gives
2 ' - more points of non-differentiability.
. oax*—a . -1 : 1
- = lim =lim — = 2a=-1=a=-— ‘ 3. a —os,borecopd —4q
-1 x-1 x>l Xx 2
go)=x"+bx+c gy =" +blx| +c . £G0) =gl =x*+ b+l
b<0,c>0 N : :
y Y .
| R /
c=0,b<0

y
’ X'OM‘X
: h , . -‘ yr
VA VN
‘ ' — © X
Y

Flo 3.51
Offlce 606 , 6th Floor Hariom Tower, Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968




K’S JEE (MAIN & ADV.), MEDICAL
S .+ BOARD, NDA, EOUNDATION -

Continuity and Differentiability 3.55'

4, a—>q,s;bop,s;c—op,r; d Qs F(O+Rh)—-F(0
b—op,s;c—=p, 13 q _ RF'(0)= lim (0+h)—~F(0)
5e* +2 A0 h
—_, x#0 .
a f)=13-¢" | . i PLB=0
: 0, x=0 _ ' P h
sdhiy 540eVh ~ LF(0)=RF'(0)
i (0")= lim 7 = im——7—— =-3. o Hence, F(x) is differentiable at x = 0, then it is always
A0 3- A=03¢7 -1 : continuous atx =0.
Hence, f (x)is dlscontmuous and non-dlﬁ’erentlable atx=0. d Clearly -from the above discussion y = 5! f®is
5 Vx +2 discontinuous and hence non—dlfferentlable at x=0.
X— . 5, a —q,s;bop,r;e—p,r;d—
b g =xfe)=1{ 37> 7" DeSPORGERBETRE
. . 1
0, x=0. a. f()= lim [cosz(znx)] +{x+—}
: . . ‘ H—soo 2
Uk ~1/h !
f(0H= hth—Lz = limh SH2e =0x(-5)=0. Obviously, lim f(x)=0+0=0
3" 0 3e7Vh_] _ et
X—)—i_
5¢7Vh +2 ) B
fO)= l1mh - =0x(2/3)=0 And lim f(x)=0+1
1
x—==
Hence, f(x) is continuous at x = 0. z .
' ~h)—= ' ' - is disconti tx=—.
Lg'(0)= lim g(0-h)—g(0) f(x) is discontinuous at x 7
“h b f(x)=(logx) (= D'
—hf(—h) 0 o Obviously, f (x)-is continuous at x =1 -
TR | 1yt FAD =IO _ i log(1 +h)h"2 =‘0
=’1'i£%f(—h) '- v \ , S h— h—0 h
. 15
g S 2 042 2 | )= f( h) SO _ i loBA=BERT
0 3¢Vt T 3-0 3 ‘ 0 —h
Hence, f (x) is dlﬁ'erentlable atx=1.
o1 i SO =) | | .
Rg'(0)= lim . , S [
- , - c. f(x)=[cos2mx]+ {sin( )}
m-0 o | 2
= lim& '
=0 A T
' \Vh hm f(x)= hm[cos 27rx]+ hm sm(——)
Se'" +2 2
= hm f (h) =lim———— .
w0 3¢ \ =0+1=
— 5+2 Lk . : nx
h‘lﬁ‘, 3 e—l/h 1 . hm f (x) = hm[cos(27tx)]+ hm sin (7)
5 +0 5 : o =0+1=
To0-1 , . Alsof(1)=1+0=1.
-+ LF'(0)#RF'(0) .  f(x)is continuous at x =1
Hence F(x) is not dlfferemable but continuous at x=0, (i+ h
c. Forx’ f(x), - [cos 271:(l+h)]+ (
Let F(x) =x%f(x) 1= lim
>
- LF(0)= llmF(O h)h F(0)
5 ' cos 27rh cos
_ g IR0 i

Offiee 606 , 6th Floor; Hariom Tower, Clrcul’ar Road, Ranchl 1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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.3.56 Calculus

= lim

Simﬂmly, S (1)=0.

cos2x, x€@ t”
atl

sinx, xe¢Q 6

d-f(x)={

. . . . /4
f(x) is continuous when cos2x = sin x which has x = s as

one of the solutions. Hence, it is continuous.

. Also in the neighbourhood of x = —75,

~2sin2x, E_—--6<x<%
f&x)=

n
cosx, —<x<—+6
6 6

o o[ )

T

= f(x)ismot differentiable at x = z

| Integer Type -

1.(5) fx) = sgn(sin x) is dlscontmuous when sinx=0
= x=0, 7c,27r 3m4n

2.(6) &)= [f( )] is continuous if [f—ixl] =0 for V f(xj €

Q, J30 0), for-which we must have a> +/30
Hence the least value of a'is 6.
3.(4) sgn(x>— 3x +2) is discontinuous when x2 3x+2=0or
x=1,2
[x —3]=[x] -3 is discontinuous at x=1, 2, 3, 4 -
- Thus f(x) is discontinuous atx=3, 4 ‘

Now both sgn(x®—3x+2) and [x-3] are dlscontmuous at.

-ox=1 and 2.

“Then f(x) may be continuous at x = 1 and 2.
Butf(1)=-2. andf(1H=-1+0-3=-4
Thus f(x) is discontinnous at x = 1

© Alsof(2)=-1andf(2)=1-1=0
Hence f(x) is discontinuous at x = 2 also.

g(3-hn)-g03) _ hma,/4-—h—(3l.)+2) :

—h h—0 —h

4. .(2) g6)= A0
®
for existence of limit lim N™ =0
0 ,
- 2a-3b=2 @
b(3+h)+2 (3b+2) _

Nowg'3H= 1 ©)] )
, 6%f|ce}4°606 6th Floor, Harlom Tower gfH1€ Ixar
~ Ph 0651- 2562523 9835508812, 8507

1.08) f)=

Substituting 3b +2 = 2ain equation (1)

Y= ,/ -2a ~lim (4—h)—4 ='_a_
g( —h k0 Ry (4 [a-n+2)) 4
Henceg'(3)=g (3"

L-bma=tb | @
From equations '(2) and (4)
8b-3b=2

= b=zand a=§
: 5 5

= a_+b=2‘ .
(ax? +bx  for —1<x<l
ta—-b-1 =1
2.
58) f&)|a+b+1 .
: x=1
2
1 - forx>1or x<-1
Lx ‘
T : : a+b+l
for continuity atx=1 wehavea+b= -
hence,a+b=1 o
for continuity atx=-—1
a-b=-1 a-b=-1 @
‘hencea=0 and b=1 :
6. (6)
x . :
. g(—_l),os_x<l -M+3,’Osx<l
g(ftxn= o= 2

g(l),lgxgz 4-2k,18x<2
2

lim g(f(x))= 3,g(f(1))=4-2k and lim g(f(x)=4~

1
2k for g(f(x)) to‘be continuous atx=1,4—-2k=3=k= 5
f(JC+h) f(x)

f(x)+f(h)+2xh'(x+h)_%_(f(x“f(o)_%) ,
= lim -
h—0 - h

m_————f(h);f(o)vnf = f7(0)+ 25

h—0

1
: - _
3f(h)-1_ . 3 .. f(W)—fO)
hm=—r—=lm—"" =0 21

@2 ro-

WiN
W

L P@=3 RN |

oad ﬁ@meh;u 1,
3968
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f_(x)"—‘% + %x +%

25
%= =
= f2) 3
i p-(l.)'z
x? sinf —{+x°, x>0
x

8.65) /=1 » sin(l)_xi, <0

x -
0, - x=0

Nxp- 4sm( ) (p- 2)x" 3cos(l)

x
—pxP3 cos(l) T

x

1 .
+p(p-Dx”~ sm( )+2, - x>0
3 1

—x?~* sin (p 2)x” cos
pxP~ 3cos( )

+p(p-1)x"~ 2sm[—)—2, » x<0
x) - ,

S@)=5

RHL=LHL= £(0)=0 7
" sincoand cos e liebetween=—1 to 1. Forp>5, RHL =2

LHL=-2

f0)=0
Forp € [5, *2), /”'(x) is not continuous.

9.(8) Wehaveflx)=[x]+[x+ 1/3]+ [x +2/31=13x]

Which is discontinuous when 3x=korx=k/3,ke I
Hence points of discontinuity are 1/3,2/3,3/3, 4/3,5/3,6/3,
7/3,8/3.

L]

X2 f() + 5" -g(x)

10. (1) lim h(x) = )}l_r)n 11_1330 1 g(l)
. - 2n 2m

. lim A(x) = lim lim 2L (x)”z‘ “8X) _ 1
x-1 x>1" n—eo ¢ +.x )

. lig}h(x) exists = A1)=g(l)
= flx) Qg(x) =0hasarootatx=1

f(x)

j ddi
11. (1) Given 22— =1

j (Ut)dt

= &W- e/b') Inx—Iny

Continuity and Differentiability 3.57

Since](-l-) =0 = c¢=2
e

N (i (x+2); x>k
owfle() m@+x*); O<x<k
For continuity at x =k, '
In(k+c)= 1n(k2+c) = eitherk=0o0rk=1.
k>0 = k=1
- 12, (7) Letg(x)=(Inx) (Inx) --

0, l<x<e
g)=1, x=e -

o, xX>e
X, l<x<¢
" Therefore f(x)= [x/Z, x=e
’ 10, e<x<3
Hence f(x) is non‘-differentigble atx=e.

13.(2) 0)= lim tan(tan x) —sin(sin x)
-@ )= x>0 tan x—sinx

. tan(tan x) — sin(sin x)
= lim -
x—0 tanx (1 —cos x)x3
x x*
tan(tan x) — sin(sin x)

x—0 'x3 ‘

= 21lim

. o, s
ta’nx+tan'x+—2—tan5x+--- | sinySBE,SE X
15 | ETREE

‘ 3
= 2lim :
x—0 - x

( tan® x + sin® x]
(tanx—sinx) 3 3!
+

4.

= 21lim

x—0 3 3

X X

' tanx\(1—cosx) 1 1 1 1
=2lm ' +=+— =2[—+—:\=2
(G R R A

14. (7) sin”! |sin x| is periodic with period 7

y _ y= sin~|sin x|
oy < Vs ’ \¢ cos ™ Vsin x
y = :
: i
N4 _ -
&2 T 3ni2 2%
.
w2 T 3R - 2

= Offtees: 606(x)611h(‘l‘3168r Hariom Tower, Circular Roagl. Ranchi- 1,
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3.58 Calculus

Archives

Subjective - | S~

1. Atx=0,f(0)=c
700 =.L.H.L. = lim f(x)=1lim f(0—k)
_ Jjp Si0L@+ (0 R)] +sin(0— h).
h—0 0-h)
_ g =Sin[(@+ D ) -sink
h—=0 -~h . C
_ lim{(a+l) sin[(a+1)h]+sinh} ,
h=0 (a+Dh h
sin[(a+1)A] .. sinh
h

= (a+1)lim +lim
pa (a+Dh ko0 -

=(at+1)xl+1=ag+2
f(0HY=RHL.= lim f(x)"=1im f_(o+h)

h _)0 bh3/2 .
V2 4
- lim (1+bh)
h—0 bh

a+bh)"? "2 _ _1_(1)1/2—1' _1

S0 (1+bk)-1 2
w fx)i is continuous at x = 0.

@

&)

r§

- = LHL=RHL.=f(0) [ﬁ'omequations (1),(2)and (3)]

= a+2—- l=c =a= 3 ,be R, c= g
2 2’ 2 &
1+x, 0<x<2 \

3-x, 2<x<3

2. f(x)*{

JUEn= {3—f(x), 2<f(x)<3

(1+(Q+x), 0<1+x<2, 0<x<2
1+@-x), 0<3-x<2, 2<x<3
3-(1+x), 2<l+x<3, 0<x<2

0<x<1
1<x<2
2<x<3

1+f(), 0<f(<2 .

3-(3-x) 2<3-x<2, 2<x<3

= W= {4x 3,

+ BOARD. NDA, FOUNDATION

— 0<x<1
We have f(x) = 2 v
2% —3x+ 2, 1<x<2

0<x<1
l<x<2
Here f(x) is continuous everywhere,

asf(17)= l,im(Zx2 - 3x +§)
MO | 2

le
NI'—‘

= 2(1) 3(1)

Ty

andf(1+)='uxn[3‘i]: >

“Atx=] Lf—l Rf =4(1)- 3=1
' = fis dlﬁ'erentJable and hence f is continuous atx=1.

1, 0_x<1

which is discontinuous at x = 1.

4. Heref(x)=X-¥+x+1

‘ : 2 o . - - : _y' N | ' -
Offic}é.:‘ 608536th Floor, Hariom Tower, Circular Rgads Ranchi-1,
Atx=1.x=2. f(1C) isppont®Bs] - 2562523, 9835508812, 8507613968
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= f ’(x) = 3x% — 2x + 1 which is strictly increasing in (0, 2)
f(x); 0<x<i
- g)=

3—x; 1<x<2

[asf (x) is increasing, f(x) is maximum when 0 < ¢<x]

x> +x+1, 0<x<1
3 -X, 1<x<2

So g(x) {

' 3x -2x+1; 0<x<1
atso, ') = -1 1<x<2’

which clearly shows g(x) is continuous for all x € [0, 2],
but g(x) is not differentiable at x = 1.

: -1,-2<x<0
,5' f(x).— {x—1,0<x32

[ -L-25[x|50
NWf(IxD_{|x|—1,0<|x|s2

= f(x)=1x]~1,0<|x|<2

x—-1, —-2<x<0 _v
= 1
fUxD= { 1 0<x<2 M
-2<x<0
Al
so|f(x)|= {l _1l, 0<xs2
SR L, -—2sto : |
== -1.—'x, 0<x<l . o
x-1, 1<x<2 ,

Hence, g(x)=f(|x]) +1f®)|

-X, -2<x<0 \ /
= gx=40, 0<x<l [fromequations(1)and(2)]
2x-2, 1<x<2 :

) -1, —2<x<0
= g'®=40, 0<x<l
2, 1<x<2

. Clearly, g(x) is continuous but non-differentiable at x =0
~ and 1.
6. Given that f (x) is a continuous function, and g(x) is a
discontinuous function, then for some arbitrary -real
number a, we must have

lim f(x)=/(a) @
 and lim g(x) = g(a) | 0

Now, )ltl_I;Ile [f(x)+g (x)]

= lim 1(x) + lim g(x) #f(a) +g(@) -
equatlons (1) and (2)]

:%ﬁg@isﬁgﬁmﬁfﬁ oor, Hariom

Continuity and Differentiability 3.59

7. Given that f(x) is a function satisfying ,
fEx)=f(x),Vxe R )]
Also f7(0) exists
=(0)=Rf O)=Lf(0)
Now, Rf” (0)=1"(0)

f(0+h)-£(0)

SO
= tig LSO _ (g 0
again Lf"(0)=1"(0) '
0-h)-f(0) -
- f(-h)-
= lim / (h);f ©__ £7(0) (3) [Using equation (1)]
= f'(0)=0

ax+b xSO

8. Letg()=ax+h f(x)={ NG
) ( ) , x>0

24+x
lim /)= lim £ = @” =b=5=0
1/x .
= f0)= (“") , =2
+x 3

= 1nf(x)= —r[ln(1+x)—h1(2+x)]

.f'(x) 1 1+x 1
) me(2+x)+x(x+1)(x'+z)
SO _ i 1 '
=T "2
23,1
= /()= 31n2+9
fE1)=b-a
b- a—zln§+—l—
3279
o b=0a=-2lo-L

1
Hence, function f(x) = —(3 In= 5 + 9) -

_ x+ay2sinx, 0<x<n/4
9. Given that, f(x)={2xcotx+b, W/A<x<m/2 is
' ' acos2x—bsinx, T/2<x<7®

continuous for0<x <7

hm f= )— lim f(x)

Tower, Clidtita/Rbat J;zaﬁéﬁﬁf i)

Ph.: 0651-2562523, 9835508812, 8507613968
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3.60 Caiculus
\
n _ imZ22h, 3h 2
= Z+a=5+b §)) \ e""° 2 n3h3 _ 23
Ao T . . | n B )
50, _1)1;1/12_ fx)= x_lfglf VACI _ From equations (1) an3d (2) &= b &?
. : ) . = a=23andb=¢
= hm - (2xcotx+b)= hm ,(acos2x~b smx) - 13. See Solution to Question 38 in Objective Type Problems.
- 0+b —a-b or a+2b 0 ) 14, |
Solving (1) and (2) we have.a = 76 and b=—m12
10. See Solution to Example 3.41.
11. Giventhat NN P T
l__f.ozsix.’ <0 y / X
* s : 1Y T N\ey=sx
f(x)=< a,x=>0 , ‘ : o S R
X - N
x>0 7 Fig. 3.56
V16 +Vx —4 :
Here, LH.L.atx=0 ‘ 1-x, x<1 .
_ i 17008 4(0-R) i LTcos4h f)=4{(1-x)(2-x),1<x<2 | )
0 (0 - h) PRGN 3-x, x>2
: ' -1 x<1
2 sin® 2k ’
T, 4=8 - RHLax=0 ~ o) 12x-3, 1<x<2 @
P : : { ' -Xx, x>2
= lim — Y0P _ ' f@)=0,f1H=0 (from equation (1))
W0 6+ Jo+n-4 o £(2)=0, f(2H=1 (from equation (2))
i ' - Hence, f(x) is continuous at x = 1, but discontinuous at x =2
N/ (\/16 +h +4) ’ Alsof’(1)==1landf(1H=-1 . (fromequatlon(2))
o = lim _ N Hence, f(x) is differentiable at x= 1.
>0 16 +h 16 - Hence, f is continuous and dlfferentxable at all points
- [ ’ A’ exceptatx=2.
tim (Jio+ b h+e) 15. Letf: R~ R be differentiable at x= o R, then
= \/— 6+4=8 ' lim fO-/@ _ I -’(a) exists and is finite.
For continuity of function f (x) we must have Ay (x-a) , .
LHL.=RHL=£0). ie, Lf (@) =Rf () =f"(@) :
= f(0)=8=a=38 N . f()-f(@) SO =) _ oy
12. Given that, : :> xl:).llzl_ (x a) x!..)a.g. (x— ) . f ( )
[ +sinx )4~ z/6< x <0 o Jim @)= lim g()=/") : o
fH=y6 T x=0 a N’ [ )~ (@) =2x) G~ )
tan2x/tan3x, :
e 0<x<m/6 Againf"(0)= tim Jf(x)—f()
is continious at x=0 _ : (x—a)
= lim F(0—h)=£(0)=lim £(0 + A) = lim g(x) g(@) , 0
We have 0 : From equatlons (l) and (2), we get '
¢ 1 lim g(x)= lim g(x)=g(a)
kin (k) . x-0- x—-o+
lim (0 ~k)= lim [1+|sin (-R)[] LHL.=RHL.=g(c)
"0 ha_)o - = g(x) is continuous functionatx=a e R.»
: Y a ' . ' Conversely,
- hm [1 tsin k] = e . ) ‘ Assumne g(x) is continuous at x = ¢on R. _ _
andf (0) b . lim g(x) g(e) = a finite quantity €)

-Also @,ffji@e 606, 8thep oor, Hariom Towera“@‘ie@fﬂhﬂf-’?c)é@(ﬁﬁhchl 1,
- »Ph.: 0651- 2562523 9835508812, 8507613968



16.

- f(@)

’ forx;éa,g(x)"
(x-0)
_ From equations (3) and (4), we get
X o
m L) f(@) g(a)
x—->a (x ) .
= f(0)=g(c)=afinite quantity =
= f(x)is differentiable atx=0o€ R.
(gof) () =g(f(x)) _
_[fe+, if f(x)<0
(fx)-1)? +b, if f(x)=0
(x+a+], if x+a<0 andx<0
_|(x+a=1)*+b, if x+a20 andx<0
lx—1]+1, if [ x-1|]<0 and x>0
|0x-11-)%+5, if{x-1/20 aod x20
(x+a+1, if x<—a
_|x+a=D?+b, if —a<x<0
[x—1]+1, if xe¢
lax-11-12 +b, if x20
(x+a+1, ifx<-a 7
=:{(x+a-1’+b, if-a<x<0
A(x=1]-1)*+b, if x20

U .

-Since (gof) (x) is continuous for all real x,
. as (gof) (x) is continuous at x =—aq.

—a+a+1=(—a+a—1)2+b

= b=0

(I

17.

Also (goj) (x) is continuous atx= 0
(0+a-1*+b=0+b

a=1- '
Hence,a=1and =0 -

¢

x+2, if x<-1
Now, (gof) (x) = {x%, if ~1<x<0
' ((x—1]-1)%, if x20

(x+2, if x<-}
x?, if -1<x<0
X, if 0<x<l
(x-2)%, if x21

(x+2, if x<-1.

=13, if -l<x<l
L(x— 2)2 if x21
In the interval (-1, 1), (gof) x2, which is differentiable at
x=0.
Given.f(2a—x)=f(x),Vxe (a,2a) €))

@

18.

19.

f)=1

JEE (MAIN & ADV.), MEDICAL -
+ BOARD, NDA, FOUNDATION

Continuity and Different[ability- 3.61

fa=h)-f(-a)
-h
—f(a+h)+f(a)

h—>0 —h
[+ f(x) is an odd function]

i L@~ f(a)
h—)O h -
Now in equation (1) replacing x by a - h we get

Now f'(-a")= 11

= fla-h=fQa-(a- m)=f(a+h)

= f-a)= - f(a h) fla@) _ - fd)=0

To find,

[(n+1)—cos - (l)—n] ’

n—)oo n

= lim n [(1 + —1—) 2 cos”! (—1—) - l]
noe n,nm n :
o)

where f(x)= [(1 +X) % cos™ x — 1]

n-—oo

2
ks
' < - . 1 ,
. Using the givenrelationas lim nf (_r:) =f7(0),

_ the given> limit becomes

="(0)= gx_ :(1 + %) % cos™ x — 1].

aiv

i
1
Q
[}
w
®
|
— )
T
=
N
—_ .

—2 E_l]_l_i-_”_—z_
T2 T b 3
Given that,

b sin™ €rx S —l<x<0
' 2 2.

N =

L\

0<x<1/2

5-

. x

where|c|<1/2

f(x) is differentiable at x = 0, then f(x) will glso be
continuous at x = 0.

= lim f(0+h)=/(0)

andj@fﬁee, 1608 - Bt @l opr, Hariom TowerﬁOj:fxcéi%iﬁ%ogd Ranchi-1,
- ™ Ph* 0651-2562523, 0835508812 8507613968
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2 — f(] o .
o hm S8l LD xiss using 10 ~0andz =D,
r—0 ah 2 2 B-0 h
haidd _ _ 0 ’
Also L (0) —%{ 2 (0) which can be wntten as hm i(——)—f—(—l =Lf"(0)
L LOER-S O SOER - O I O=RO)
Y -h h o h -, fisdifferentiable atx=0.
e 1 ' ah ' By differentiating equation (3), we get
b sin-l( . )-5 S | 2@ g H=-2f D)
= ‘ hm - - = 'm __—; Forx 0
koo —h h—0 h = g0 g’ 0)=—-f0) S ©0) = g'(0)=0
262 _ 9 _p
= lim Ob]ectwe :
h—>0 2h-
For these limits to exist, we must have the 0/0 form and Fill in the blanks
hence using L’ Hopital’s rule, we get . . » (x _ 1)2 sin 1 1], x#l
(_ l) b 1. Given f(x)= x—1
2 c—h) -1 » x=1
A= ( Dy ) The doubtful points where f (x) is non-differentiable are

26120 0]y —
m 2 (a ) 1

lim

>0 -1 ¢ koo 4h
- \ o od2-1
= lim
r—>0 8(h/2)
' [Putting a = 1}
b 1 ' '
= 5 =§
2. 1<
. 7

) 2 _ 2
= 4b= 1—%=>16b2=4’—4—c— =642 =4—¢?

20. Given that

fe-»=fxg®) g ' !

gx-»)=gMgM+f®fG) , @
In equation (1) putting x =y, we get
F0)=fx)g(x)-fx)g(x)=f(0)=0
" Putting y = 0 in equation (1), we get
S =) g0)—-f(0) g ()
= f@)=1()£(0)
o =g0)=1

' “Putting x = y in equation (2), we get
g(0)=gx)gx)+f1 ({C)f )
= 1=[g@P+f@P ~ [using £(0)=0]
= [g0P=1-[/&)F ©)
Clearly, g(x) will be differentiable only if f (x) is
differentiable. ‘

-~ First, let us check the differentiability of f (x).
Given that Rf” (0) exists, '

f(O+h)—- f(0)

= lim —h_—exists

h—0
SO g - f(—h)g()

= lim
h—0

exists

 [sing fO)=0)

Office.: 606 6th Floor, Hariom Tower,

x=0andx=1
1 ' . '
Atx=0, (x—1)*sin y 4 is differentiable, but |x| is not,
. 4
Hence f(x) is rion-differentiable at x =0.
. 1.
- Atx=1, lim |:(x—-1)2 sm———]xl]
S x-1
= lim[hz,sinl— |1+h |] =—
>0 h
.1 :
And lim |:(Jc—l)2 sin———|x |]
x—1" x-1
Iim[(—h)z sin-l——l 1-h l} =-1
h—0
1+h 1
Alsof(l)—l —————f( )=/

h? sm——l1+_h|—(—i_) .

=k
hlg(l) h

= lim hsinl =-]
—0
Similarly f(17) =-1.

Hence, f(x)is non-differentiable at x = 0 only.
% +xr —16x +20
(x-2)"
k, x=2
Clearly, f (x) is continuous for all values of x except
possibly at x =2.

It will be continuous at x=2if J1(1_% flx)=r (2)

,X#E2

2. Wehavef(x)=

© +x2 —16x +20
= Iim 2 =
x—2 (x—.—2)

(x - 2)2 (x + 5)

= lim (x + 5)=7

x—2

{;u;cular R(%ad Ranchi-1,

Ph.: 0651- 2562523, 9835508812, 8507613968
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3. By choosing any arc of the circlex” +y* = 4, we can define £ (x) is continuous on all non-integral points.
a discontinuous function, one of which is : Forx=ne 1,
f(x) =,/4 —x? —2<x<0. lim.f(x)= lim [x]cos(zx—l)n
. > ’ " x=n- x-n— 2
_ _ \[4—x , —2<x<0 -1
Hence, f(x)={_ 42, (')SxSZ' =(n_'1)cos( )7;:0.
' - | ' 2x-1
- lim f(x)= lim [x] cos( X )n
: : __x2 " x<0 x—om+ x—mnt 2 )
‘ ‘4. We have -f(x)=x|x|=" ’ : -1
! : X2, x20 : =ncos( 5 )n=0
| " 2%, x<0 -2, x <0 : :
= f(x)= =f"x)= o -
A {2x,x20 /@ {2,3520' . Alsof(n)=ncos(—2-n—2—_1—)£=0. '
Clearly, f”(x) exists at every point except at x=0. ' . . . . ' s
’ t all integral ts as well. Thus, fis
~ Thus, f(x) is twice differentiable on R~ {0}. conjt‘;;lsu(;(\);n:::rl;sv:h:re Integral points as f
5. The domain of the given functionisx € R~[-1,0). e )
Possible points of di tinui £ the functi 4.d. Let kis integer
=s.1 points of discon nuity of the _ nction are ‘ f_(k)=0,f(k—0)=(k—1)2—(k2—1)=2—2k
x=integer~ {-1}. . . f(k+0)=k2—(k2)=0
£(0)=0,/(0+0)=0. That means f (x) is continuous at Iff (x) is continuous at x = &, then 2 ~2k=0
x=0. : ’ . -
, : ' = k=1 .
Letx—Io,whereIoii—r—l,O, | 5.d. f(x)=(x2—1)|x24-3x+2|+cos (Ix))
~ then f(Ip) =1I,sin———,- ' =[(x—1) x— 1] |x—2|+cosx
o (o +1) (x—D)|x— 1} and cos x are differentiable for all x.
_ . T ‘But |x 2| is non-differentiable at x = 2
. f(IQ ~0)=(p-Dsin -]; ’ . Hence, f(x) is non-differentiable at x = 2.
. — T . 6a. LHD.atx=k '
Iy +0)=1I;sin— ’ . _ _ :
0 0. Iy +1 - : ‘ = lim __’_——f (k) f (k h) (k= integer)
Thus, f(x) is discontinuous at x = Io. ' > Sl h o
6. Asf(x) is continuous in [1, 3], f(x) will attain all values i [k] sin kx — [k—h] sin (k—-h)m
between (1) and f(3). As f(x) takes rational values for all h—0 _ \ h
x and there are innumerable irrational values between f(1) ) —(k—l) sin (kn: _ hn:) . B
and f(3) which implies that f(x) can take rational values for = }111)1(1) 7 [sinkz=0]

all x if f(x) has a constant value at all points between : _
/ 3 ~(k=1)(-1)*"' sin hre

x, 0<x<l

x=1andx=3.Giventhatf(2_)=10,th¢nf(1.5)=10. = lim xx=m(k-1) 1k
Multiple choice questions with one correct answer nd h=0. hr : '
Ctn(m[x-x]) . Yo - y y=e
1d. f(x)=————( 2 ) : ' o SIS TP ST S
1+ [x] ' | e T I e
_ By definition, [x — 7] is an integer whatever be thevalueof . _ ......... ,,,,, I EER e
x and so 7fx — 7] is an integral multiple of 7. ’ :
Consequently, tan (7 [x—z])=0,Vx. . —t il ; - x
And since 1+ [x]? # 0 for any x, we conclude that f (x) =0. ' 2 - 12
Thus f (x) is constant function and so it is continuous and g
differentiable. ' : : :
2b. 0<tan’x<1when Eox<E g VAN —2'}- """""
ot | Fig. 3.57
i3 /2 : ig. 3.
’-=>f(x)——0—z<x<z ) . : : x, x<—l ~
Hence, f(x) is continuous and differentiable at x =0, also : B —1<x<0
f©®=0. ' From the graph f(x) = max {x, X3} = ’

-3.c. When x is not an integer, both the functions [x] and
, 3
x°, x21

cogé' %f i Elér-_aﬁ@@.t,in@tth Floor, Hariom Tower, @fFMHPtR@gdt’i%—dq? 2pd1.
Ph.: 0651-2562523, 9835508812, 8507613968 :
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8.d. f(x)=cos (|x[) + |x| = cosx + x| is non-differentiable at
x =0 as |x| is non-differentiable at x = 0. Similarly

1 (x) cos ([x[) — x| = cosx x| is non-dlﬁ‘erent:able atx=0.
S@)=sin|x|+|x|= { nx-x,x<0
» +smx+x,x20
, —cosx—=1x<0
= =
f~(x) {+ cosx+1, x>0
which is not differentiable at x = 0,

f)= Slnlxl"|x| { sin x + x, x <0
sinx—x, x>0
_ , —cosx+1Lx<0
= x)=
. f() {+c0sx—l,x20
. fisdifferentiable atx=0, v
3 ' tan” x, if|x|<]
~ 9.4. The given functionis f(x) =14
. E({xl—l),if [x]>1

| %(—x—l), if x‘<.—1
= f(x)={tam'x, if-l1<x<i
%(x_—_ 1), ifx>1

Clearly, f'(x) is discontinuous at x = 1 and —1 and hence
non-differentiable at x = 1_and —1. Hence, Sfx) is
differentiable for R— {-1, 1}.
10.a." f(x)=||x|—1]is non-differentiable when |x| =0 and when x|
—-1=0o0rx=0andx=+1.
Alternative method '

The glaph of y = ”xj,— l| isas follows

y=1hi-1}

. Fig. 3.58

~ Which has sharp turn at x =— 1, 0, and 1 and hence not
differentiableatx=-1, 0, 1.
11.b. Given that f(x) is a continuous and differentiable function

and f(l)=0,x=n,nel
x

r0=7(2)-

* Since RH.L.=0, . £(0)=0 for f(x)to be continuous

i AiSO f’(O) :,111_1;% f(h’)l :({(O) =,llu% féh) =0

[Using /(0)=0]
[ A07)=0]

Hence, £(0)=0, f(0)=0

Multiple choice question with one or more than one correct answer
1l.a,b,d. _

Giventhatx +|y|=

-Ify<0 thenx—y 2y=>y x/3=>x<0

Ify=0,thenx=0.
Ify>0 thenx+y= 2y=>y =x=x>0
x/3,x<0
Thus, we can define f (x) y=
x, x20
ajz_ 1/3, x<0
de |1, x>0

Clearly, y is continuous but non-dlﬂ‘erentlable atx=0.
2. b,d,e.

y y=1+ |sm.x|

.........................

Nia -

Fig. 3.59
|sinx| is continuous for all but not differentiable when '

sinx = 0 (where sinx Crosses x-axis) orx =nfm, n € Z.
3. a,b,d.

 Fig. 3.60
From the graph, 0 <xsinmx < 1, forx € [- 1, 1].
Hence, f(x)=0,xe [-1,1].

4. a

- X
f&) = 1+[x]

probably at x = 0.
Forx=0

is. differentiable everywhere except

1(0) = (Q h) f(0) _ ..'H—h;o_

h——)O

- 0+h)—f(0 e
RFO)= lim ZOER =S (O) 1+
. k0 h h—0 h
L (©)=Rf (0) |
= fisdifferentiable at x=0.
Hence, fis differentiable in (— oo, o0).

Office.; 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



5. a,b,c. .
| ﬁ—§+—13 <1
lx-3, x2>1 4 ’J_C
f(x) xz 3x 13 = 3_x, ISX<3
———+—,x<l]
4 4 x-3, x23
izc___’ x<1
=f®= 1 l<x<3
1, x>3

Fig. 3.61

- Clearly, f ) is'non-‘differeptiable atx=3.
For x = 1, where function changes its definition .

[ 22 3x’13] 1 3 13
Py=timl - 2242 | =2 242 =
f()x+1[4 5 4] 4 2 4 2
(1+)=11m|x—3|=

L (10)=-1,Rf(1")=-1
Hence, f(x) is differentiable at x=1. -
Hence, f(x) is continuous for all x but non-differentiable at

x=3.
6. d
xe 0, 7= ——e[—l, 5—1]

! 2 vhich i ti ( 2
—_—=— ich is continuo —oo0, 00
o=k inuous in ) {2}.
tan( f'(x)) is continuous in (—g, %)

f l(x) =2(x+1) which is clearly continuous but
tan (f ~1 (x)) is not continuous. :
7. b,c. ’
On(0, n),
‘a.tanx =f(x)
we know tan x is discontinuous at x = /2.

x (0
=J tsin L—Jdt
0 t

1
= f’(x)=Xxsin | — | which is well-defined on (0, 7r)

: 0,
- =>f W=1
Qﬁjmg dﬁ%npﬁtehs koheasys b ardpm Tower, Cir. L{ |-;L
Ph.: 0651-2562523, 983550881 % §76f3§ Q% }RQ 91’!
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Continuity and Differentiability 3.65

1, 0<x<3n/4
c. f(x)=

In/4< x <.

b

Clearly, f (x) is continuous on (0, 7) except possibly at
x=37/4, where

LHL. =lim f(:”—n. —h) =lim 1 =1
h—0 4

x—0
lim2sin 2 (—E )
x—0" 9 4

<L

2

= lim 2sin (£+2)=25in£=2 -1
B0 6 9, -6

Also f (3—::-) =1.

RHL.=1lim f (37-5 +h) =
h=0 4

[

: 3z '
AsLHL.=RHL.= /(T) . f(x)is continuous on (0, 7).

xsin x, O<xS7r/2
o d = ' '
,f(x) %sin(n +x), % <x <7

Here f (x) will be contmuous on (0, 7) if it is continuous at
=7/2. Atx=m/2,

HL.=li Z—h
P

= lim (E—h) sin (E —h) -z sin
0 \ 2 2 ) 2

T_Z
2 2
P S T
I1L.= ki hid — lim=sin{T+—+h
RHL.= ’lll_r)r(l) f(_z + h] o 2 ( 3
T . Ty —® . W 7
=Zsin|w+—|=—sin-=——
2 ( 2) 22 2
AsL.HL.#2RHL. . f(x)isnotcontinuous.
. a,¢cd. »
. x, Af x<0
From the figure, it is clear that & (x) = {x’,if 0 <x <1
C x, if x21

Flg 3.62

From the graph, it is clear that A(x) is continuous for al
xe R, K(x)=1forallx>1, and A is not dlfferentlable at

x=0and 1.

9. b,c,d.

x<0
f®=
0.

50
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366 Calculus ' , .
Atx=0,Lf'=0=Rf’ ' 12. ac
= fis differentiable. ) _ From the graph, f° (x) is continuous everywhere but not
Clearly, f” is non-differentiable. . differentiableatx=1.
- o \.2-‘. ........ ,,,,,,,,, \\
) 7 . 2 e \ ..... \\\ .......... 2
y=0\;\ ..... , ..... L I o, .......... _ \\\ 1
—PA—y — N
2 a4 ° o ¥—} >
: : 2
.................... . T P
. Y’ ..... ORVUONOY ST N
_ Fig. 3.63 - ,
- 10. a,b. : o . F1g365
. x2sin(L), x0 ) 1 | [Using /(0)=0andg (0)=1]
‘We have g(x) = ) ) _ 13.a,b,c,d
’ 0, x=0 lim_ f(x)=0
n
. xs-%
Ifx#0 g(x) xzcos(l)( ! )+2xsm(1} 7 . -2 .
: i = —-——|=0
=— cos( )+ 2xsin (1) Im}r* J(x)=co8 ( 2 )
X I—)—T ) ‘ )
which exists for Vxz0 ' ) :
Ifx=0, : a [~y x<—m/2
; 2 . - . i o
then g/(0) = lim g(x) _ g(0) _ im > sin(1/x)=0 )= sinx, —m/2<x<0
ST 0 x=0 x—0 x—0 . 1, O<x<l
- ]jmxsin(_l_) —0 ik, x>1
x—0 x
‘ - Clearly, fix)is not differentiable at x = 0 as f(07) =0 and
’ 1 ! , ’
, —cos( )+2xsm—, x#0 fO)=1. :
= g')= x x . 7Gxy is differentiable at x=1as"(1) =/ (1" = 1.
0, x=0 ' - 1 b c. o
A 4 -~ f(0)=0
Atx =0, cos| — | is not continuous, therefore g’(x) is not.
x) erereen N | 9= i L1
continuous atx =0. Atx=0,
1 . S '
0—(=x)sinsin (— —) : : h
Lf’= lim - */ = sin (l) ,, f( ) =)= k(say)
. x0 . x ' X )
' =kx+ =kx = f(0)=0
which does. not exist. . : — J&® kx = (x) . - f0)=0).
11. a,c. ‘ ) Match the following type questions
) ' y=1+x La. p,qr y=xlx|
: y
A
y=2
, , 1%
From the graph, it is clear that f (x) is continuous Fig. 3.66
everywhere and also differentiable everywhere except at " From the graph; £(x) is continuous and differentiable in
x=land-1. (=1, 1). Also f(x) is strictly increasing.

Office.; 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi- 1
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From the gmph f (x) is discontinuous at x = 0 Also f(x)is

increasing.
d p,g. y=|x—1
A
............ 2._ -
............. 23
y S
Fig.3.67 X
From the graph, f (x) is contmuous in (- 1, 1), but non- ,
differentiable at x=0. o Y.
¢ 5s. y=x+[x] ' o o , Fig. 369
' . From the graph, f(x) is continuous and differentiable in
-LD.

-y
Fig.3.68
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. 4.2 Calcull‘.\sv

GEOMETRICAL MEANING OF A DERIVATIVE

The essence of calculus is the derivative. The derivative is the -

instantaneous rate of change of a function with respect to one of
its variables. This is equivalent to finding the slope of the

tangent line to the function at a point. Let us use the view of

derivatives as tangents to motivate a geometric definition of the
derivative (Fig. 4.1).

y

Fig. 4.1

Let P(xy, f(xo)) and Q(xo + b, fx + h)) be two points very close
to each other on the curve y = f(x). Draw .PM and ON
- perpendiculars from P and O on x-axis, and draw PL as

perpendicular from P on ON. Let the chord PQ produced meet -

. the x-axis at R and ZOPL = ZORN = ¢.
Now in right-angled triangle OLP,

o 0= QL _NQ-NL _NQ-MP
PL MN ON-OM
= flro+h)—f(x) »

(g +h)—x

_ S-S
h

@

when h > 0, the point Q moving along the cﬁrve tends to P, ie,Q
— P. The chord PQ approaches the tangent line PT at the point P
and then ¢ — y. Now, applying lllm}) in equation (1), we get
11mtan¢ - lim.f(xo +h)—f(x0) °
>0 R0 h
. +h)—
h—0 h
+h)—
or fl(xo) = lim f(x() })z f(xO)

h—0 .
This definition of derivative is also called the first principle of
derivative. Clearly, the domain of definition of f ’(x) is wherever

the above limit exists.

IR UL 88 Find the derivative of eJ; w.r.t. x using the first
' principle. ' ‘

Sol. Letf(x)= e sthenf(x+h)= e

4= tim LRI

il
5

=

R [FE ) ()
= m
50 (Vx+h-x h
T

N A S
lim | ——————
h—0 L\/;T;_,_\/;]x

(Jx + h=x) (Jx+ & +x)

h(\Jx+h +x)

- ¢" lm (——ey-_l im —RTE
0y a0 h(x+h+[x)’
wherey = Jx + —Jx (:when k —-0,y—=>0)"

| ¥
x+dx) 24x

I f(x) = x tan”! x, find f*(</3 ) using the first -

- principle.

S(x+h)-1(x)

Sol. We have f'(x)= lim AL h
) —

i f6B3 +h2—f(«/§)
lim (*/5 +h)tan—‘ (J§ +h)‘—J§ tan~'f3 -
h-0 h ’

\'/5 [tan_l (\/5 +h)'—tan_1 \/3] +h tan” (\/§+h) -

h—0 h

B Bk
o [1+J§(J§ +h)]

- £ ()=

= lim

lim ¢ +lim tan ™" (JE +h)

h—0

_ h '
tan .l( ] . .
: ; : 4+J§h 1
=~31 i -1,
Y s e A
4431

=>f’(\/5)= «/§>§1x5+tan“\/§
NG

Cfice.: U6 , 6th'Floor, Hariom Tow i F RS, hi
. , , er, Circular Rodd, Ranchi-1
Ph.: 0651-2562523, 9835508812, 8507613968 ,
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Example EW Find the denvaﬁve of ,/4 —x w.r.t. x using the

>
()=
)

SE

A
o

. first principle.

Sol. Letf(x) Ja-—x, thenf(x+h)—,’4 (x+h

(f( ) =

fx+h)- f(x)

h—>o h

4 —(x +h) —\/Z:—x-

_h—0 h

\/4 x}{rx+h \ﬁl x}

| h-{\f4—(x+h)+ 4- x}

(x+h) -(4-x)
”"0 h{\/zl x+h) + J4—x}
—h . _1

s h{\/ﬁx—h+ 4-x} N

IRt X El Using the first principle, prove that

d 1)\ _~f)
| dx(f‘(x)J L&
—__1_.' en X+ =_;1__
Sol.._Let¢— f(,.x),th ¢ (x+h) (j;(ﬁh)
d, . O(x+h)-¢(x
- L) - m D
' 11
16 TG)

h '
I
=0 hf (x) f (x+h)

F(x)=f(x+h) i 1

o R f G
=_-f'(x R . : .
SO e

[fx) is differentiable = f(x) 1s continuous

= }llg(l)f (x+h) =f (63)]
_ ) |

{ray

1. Differentiate the following functions with respect to
. x using the first principle:

a. . -\lsinx b. COSZ.X
¢ tan”' x d. log, x

2. Usmg the first principle, prove that

Offbé s Sehalttbr e (S To

I"II

JEE (MAIN & ADV.), MEDICAL
__..+ BOARD, NDA, FOUNDATION.

Methods of Differentiation 4.3

STANDARD DERIVATIVES -

P =m"1 xeR ,neR,x>0

(") =¢"

—(@")= alna

&~ ﬁ"l"‘- §"|°~

d 1-
dx( _I_XI) .

d 1
—(lo =-—Ilo
4 dog )= log,
d ,

—(sinx) =cosx
dx(‘ X)

d, .
—(cosx)=—sin

dx( $X) inx

d 2
—(tan x) = sec

dx( x) x
4 (cotx) = ~cosec’x
dx

d .
—(secx) =secxtanx
dx

d, :
— (cosec x) =—cosec xcot x

d . -1 - 1
_( ; ) =
sSm. X (1 = x2)

-1

x\/(xz -1)

d -1
—(COs€C X) =
7 )

Some Standard Substitutions
Expression Substitution
Jai-x? x=asinfor a cosf

wer, Cik celar Road, Ran¢hieds; a cote
: 665ﬁ56252379835508812, 8507613968
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4.4 Calculus

x? —a x=a secfor a cosecOd

a +x
a—x a+x )
: o d
B Exampic 4.5 [iaE] ) (142 (1—x""%), then find Ey

Sol. y=(1+x")(1 +x”2) (1-x
p— (1 + xl/4) (1 xll4) (1 +xlf2)
= (1 xlIZ) (1 +xlfl)
=1-x ‘

dy

= —=-1
dx

IRCVNI XN If f/(x) =x|x]|, then prove that f*(x) = 2x].

—xz_, x< 0

' Sol. f(x)={x2 >0

‘x=acosBoracos26

-2x,x<0
2x, x>0

= f'(x) ={
e f@=2x

1— cost T '
led.7 PSSR —, 7 |,then
- / ve (0.2)o(Z.7)

ﬁ d

: ‘ dx

Sol. We have
’1 cos 2x _
1+cos2x

= y=|tan x|, where x € (0,_ —g)u(g,n)

2sin’ x /—_

2cos* x

: 2
L =Y=
. /4
—tanx, xe( ,7[)
sec’ X, 1f xe(O, E)
: dy 2
RV s
’ —sec?x, if xe(-z—, 77:]

2 .3 n

: ] X X X X
Example4.8 Ify= 1+1!+§+—§'-+ +—.— then

n

show that Q—y+——=0.
dx

n!
dy 1 2 n-l
Sol. ——0+ + 2x + "x +----+ nx
T L 29+1-62) ( )
x x2 x"”]
=1l+—+—+

....+__—
1 2 (n—l)'

X
= y==
n!
d n
= —y—y+x—=0
dx n!

DIFFERENTIATION OF INVERSE
TRIGONOMETRIC FUNCTIONS

BN Example 4.9 @I % fory =sin™ (cos x), where x € 0,2m).

Sol. We have

s i1 -
sin™! (cos x) = 5 cos'(cosx)

——Xx, if0<x<nxm -

/4 . '
5" Q2r-x), if r<x<2m-

——x, if0<x<m

3n Ve
,x-—7, F T <x<2m

Clearly, it is not differentiable at x=T. Therefore,

-1, ifO0<x<nm
1, if7z:<x<27z:

(2x \/l -x? ) with respect to

- % {sin”"(cos x)} =

IRE I LEBUN Differentiate sin

x,if

PO 1
a— —=<x<—= b — <x<1 .
TR J‘ 7z

c.—1<x<—‘,L

. V2
Sol. Lety=sin"! (2x \1- x> )
T

Substituting x =sin6, where 8=sin"'x, and O [—% 5] ,

we gety =sin" ! (2 sin@cos8) = sin” '(sin 26)
- 1 1 n 3 T T
A ——=<x<—= -~ <0<~ =2 <20< —
2 J2 4 4 2 2
=y =sin'(sin20) =20 =2 sin"' x
) _

3 \fl—xz

-1 : T T b4
b, =<x<1= — <0<~ = - <20<px
2 "4 2 2

=

&|&

= y=sin ' (sin 20) = sin" ! (sin (7~ 26)) =726
Dy="— 2'sin"'x

Ofﬁc{b%@ﬁ* &hﬁﬁlb@f, I%Farlom Tower, GlrggaPa @ﬁﬂehl 1
Ph.: 0651-2562523, 9835508812 8507813068
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1 T T . -
L L] <x< e~ = <O<— — -A<20<= —
c. ~1<x \/5=> > 4 | 5
=>y=sin‘1(sin26 =%in" (—-sm(71:+26))
- =sin” ! (sin (- T— 26))

=—n—286
=y _=—7r—2sin‘1x
2 2
: =>:Q=—O— =-
dx 1-x* 1-x*

1|1-cosx -1 2sin”
Sol. y=tan - =t
. Sm.x 2sin—cos—
= tan-] L —7r<x<7r=>—£<x<n)
tan [tanz) 2( 2277
dy 1.
& 1
dx 2

CIfy=sin" [x,/l x——«/—wll— ]and

dy
0<x<1,th find 2 .
x en fin -

'Soj y=sin'1 [x,/ll—x—"x/_wll—xz] where 0 <x<1
_—sm Ly = (V)P = Vxy1 - 2]

—smlx sin”? v/x

[ sin”! x— sin” y =sin™! (x\ﬁ— y2 -y \ﬁ— xz)]

‘ Diﬁ‘erentiating w.L.t. x, we get

D 2
de__J(f

[ ,/—x 2\/—
E X8k} Find Qfor =tan"! A ¥ —a<x<a
ERIRR] rind J fory=tan! (25 —asxsa

x
Sel. y=tan_1{ : },where—a<x<a
: at+x|

Substituting x = a cos6, we get
R I Al cosf
% ata cos6
1-cosB
= tan !
: 1+ cosf

= tan™ { ianz Q}
. V 2

Methods of Differentiation 4.5
Also for—a<x<ag, —1<cos 8<1
0 /9
=0 (0,n)= 5 € (0, —)

-1

¥ =tan tan?——
- YT 'S

‘Find % for the following functions:
3/4
x=2
1. y=logie"| —
Y g{e (x+2) }

2.y= sec'l[ﬁi:] + sin'l(ﬁzi)

3. ta 4x -1 2+3x'
a’ :
r 1 +5x2 3-2x
_ \/1+x2 -1 ‘
4. y=tan 1(——-—» 3 ],wherexio
5.9= ran! acosx —bsinx ,'\'avhere—' T cy< E
bcosx +a sinx 2. 2

and % tanx>—1

6. y= tan! ‘1+x +‘l—x , Where — 1<x<1x¢0
\[l+x —\/1—x

. x 1 - :
7.y=sin" 1[-———J+cos 1(—J,where0<x<°°
V1+x2 Vi+x? )

3

-1 3a’x—x
. a(a2 - 3x2)

9. y= sin™} M
.Y 13

10. y= tan™! (_x__)
1+1-%2

THEOREMS ON DERIVATIVES

‘8. y=tan

a —{fl(X)+fz(X)}——f1( DEL 0.

d
b. —d—x(lg‘ x)= k— _f (x), where kis any constant.

Office.; IQQ% 6th Floor, Hariom Tower, Ciraiip R Bt ™ 00
h.: 0651- 2562523 9835508812 8507613968



. ' . 1
=1xsinx X logx+xxcosxxlogx+xXsinxx —
x,
—smxlogx+x cosxlogx+smx

x=siny/cos(a+y) -
Differentiating w.r.t. y, we get

(1)

dx _ cosycos(a+y) +sin ysin (a +y)
Example4 15 Wivie ’ , prove that (1 xz) +y=0. dy cos” (a +y) '
- Sol. We have: dx _ cos (a+y —v)
1-x dy. cos® (a+y)
YEuT .
: 1+x _ dy cos’ (a+y).

Differentiating w. r. t. x, we get = ="

dx cosa

.dy 1

1 1‘—.x (1/2)—1i l—_x X
_ 1+x Cdx\1+x

Putting x =0 in equation (1), siny =0 = y=nm,Vne I

a2 ] cos’(atnm)  cos?q
) . [2] - - e e
1 Mox (1+x)dx(1—x)—(1— _)dx(1+x) N : E . ,
T '2'\’1_ . (1+5)? DIFFERENTIATION OF COMPOSITE FUN.CTIONS_
_ (CHAIN RULE)
_1 ’ L+x (1+x) (—1)—(21—x) M- If f{x) and g(x) are two differentiable ﬁmctlons then fog is also
2¥1-x (1+x) differentiable, and (Ibg) @)=f (g(x)).g’x)
' d d
_[m= o2 D T4 {(fog)(x)}; (g(x)).
a 1-x 2
(1+x) . or :
| Ify is a function of ¢ and t is a function of x, then
N 1+x 2 dv
= D ) » i
L _xZ).‘_i_}f _ = | Thus, if y=f (f) and ¢ = ¢(x), then %=f’(t), and
dx 1+x dt ’
' —=¢'®)
=( —xz)dl == p
dx 7 _ %# % Zx— =1"()¢'(x). Thlsrule is called Chain Rule.

:>(D4‘ﬂ)‘3é+)6€16 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968

’ JEE (MAIN & ADV.), MEDICAL
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4.6 Calculus - .
- In general; , ~ Find the sugl of the series 1 + 2x + 3x* |
) - ! . . + — 1 . d.ff . - .
SR LD A= 5O AE-) (17 D veing differentiaion
i : . d' Sol. Weknowthat 1 +x+x?+ ...+ 1= 11 x
' "{Z'fz("))(fx D f()--) Differentiating both sides wrtx we get- o
4 _ 0+1+2x+3x2+ +(n— 1)3#2 -
(—fs(x)) (AN L(0)--) +- , (1 x)—(l ) (l . )—(l %)
4 {f(x)} fz(x) f1(x) fl(x) fz(x) (1-xy
a = . u
& | £, AP o 14204324 o+ (n 2= 202 ”Z; ‘)+<1 x")
Find Ey fory=x sin_xlpgx. e 142 d 3l +(ﬁ—l)x"‘2=—nx"— (—;—(n )Zl)x +1
Rl _ : —x
S";l' Vze ha\fe ) {i (x)}. et x, ' ‘Iif siny= 2x cos(a+ y?, show that |
g rsinxlogx) =15, 18 Ey = %@ and find the value of dy/dx
+}ci(sinx) logx+xsinxi(logx) _ atx=0.
Sol. We have
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Methods of Différentiation 4.7
’fhis chain rule can be extended as follows: » ' o ' (2 |
Lety=/0) 1= (). 2= W), " - ot (? - J
LN A E ~ D 6 v ' N O _

then =% & S S WYV ‘ 3 \/log {sin (ﬁ _ 1]}

Lety=logsinx —logt . ' o : 3

Putt;zgtdsmj_smz andputtmgz-x3 o Find%fory—zlog(H [+ ).

L NCN o
= & el Ry (1/4) cosz3x2 Sol. y=log(x+ Ja 7 7)

= (1/sin x°) (cos X’)x3x* = 3x"cot x*

. . . -@ . N . .
Find — fory=-sm(x2,+ 1). 1 d
' ' -=——(x+\/qz+x2)

Sol. Lety= =sin(x*+1).
Putting 2z = =x*+1, wegety—smu

.'.Q=cosu and,‘—i—_=2x
du . dx
Now, = @
v dx v du - dx
dy

Y _ cosu 2x=2xcos(x* +1)
dx -

L ‘ - 2
Example 4.19 Bty \Fg {sin [%— - 1)} , then find % .
2
Sol. y= \llog {sin (% - l}}

_ 2 . 2 . dy . L
Putting x? 1=+, we getsin ( x 1) —sinv=u,and Find o for the following functions:

_ : ‘ 1. y= sin”! (1-x) + cos™ Jx
2 ' = [si
log {sin (i— - 1)} =logu=z, _' = » 2. y=sinvx
3 : | 3. y esmxz
2 4, y= log\lsih\/—:
wegety \/; z=log u, u=smvandv—?—1 : (s 1)
sin X
’ 5. y=a
1+ sin '
o -dl = EN Y =cos vand LN 6. y= l°ge,f—l . = » where x = /3
dz \f— du udv dc 3 : 1—sinx
7. Ify=(1+x) 1+ 1 +xY... 0+x¥), then find
Now, D= D b b : Y atx=0.
dx  dz du dv dx ' dx
' ' L dy log x
dy. 1 1 2x x cos v 8. Ifx”=e""7, prove that o =
< = (cos v) == (1+1ogx)
d \2Vz) 3) 3 u Jlog u : o :
' 9. IfoH—y+ym 0, provethat—y —_——

Office.: 606 , 6th Floor, Hariom Tower . Circular Road, Ranchi- 1dx (x+1)
" Ph.: 0651- 2562523 9835508812, 8507613968




JEE (MAIN & ADV.), MEDICAL

’ 4 8 Calculus

DIFFERENTIATION OF IMPLICIT FUNCTIONS

If variables x and y are connected by a relation of the form
f(x,y) =0 and it is not possible or convenient to express y as
a function x, i.e., in the form y=¢(x), then y is said to be an

impli'cit function of x. To find % in such a case, we

dlfferentlate both sides of the given relation with respect to
x, keeping in mlnd that the derlvatlve of ¢(y) with respect to

-, de _a

x1s—£x—y

dy dx

For example,
' d, . -\ _ dy d(ay_. d
?i—x_(smy) =cosy—— Zx_(y )—2y =

d,.
It should be noted that zd—‘(sm y) =cosy
y ‘

but gx—(sin y) =cosy%-

“Similarly, we have 4 ( y3) =3y?,
A dy ] .

2 dy
dx
A direct formula for implicit functions

Letf(x,y) = 0. Take all the terms towards left side and put the left
side equal to f x, ).

whereas —j—x( ) 3y

Th dy _ differentiation of f w.rt. x keepmg y as constant
. en P differentiation of f w.r.t.y keepmg X as constant

B 1572yt fnd

Sol. We have
o xr42xy+y=4
Differentiating both 31des w.It. x, we get
dy 2 d d sy d
. ;(x )+2 ;(W)ﬁd;(y ) = 5(4)
‘ d
=2x+2 (xi—+y 1)+3y2 Y —o
dx dx
) 2
oo 26+y)
dx (Zx +3 y2 )
Alternative method
dy differentiation of f w.r.t.x keeping yas constant

dx  differentiation of f w.r.t. y keeping x as constant

2x+2y

ll Example 4.22 Ify=x+___L1__

Ax+_———

1
x+ -
x+...
‘ prove thatfll:L
_ dx 2y—x
Sol. We have
g x+ 1
1
x+
S
= y=x+—
_ -y {
= y=xp+1
dy . dy . . . :
= ZyE =y +xdx+0 [Differentiating both sides w.r.t. x]

I A S
dx 2y-—x

Example 4.23 [JiiERe Jy =4, then find gx_ aty='i1.\.
. Y '

Sol. Differentiating both sides of the given equation w.r.t. y, we

get

RS- R S
Wxdy 2 y_
L& -4

Example 4.24 Bigke ,/x log, x ,then find % atx=e.

L

Sol. —|x log, x]

de 2,/xlog, x dx

1 ! 1x 1
= —f=——— |xX— +1X
2y/x log, x x 08e * |

F
_[®

dx}x:e 2J——

(1+1)= —( log,e=

Offlcéx+éb6 6th Floor, ‘Hariom Tower Circular Road, Ranchi-1,
Ph.. 0651- 2562523, 9835508812, 8507613968
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1. Ifx3+f=3axy;ﬂnd —le |

<2 Iflog(xzﬂi-yz)=2tan‘1 ( ) show that — 4
X/ dx

3. fy= sinx+y , then find %
4, fx= ,/ —y* , then find 2 in termas of .
XTyl=yt, then neT, mTams L

5. Ify=b tan™ (f+tan“ll), find 2.
a x) dx

6. Ify= /sinx+ sinx+‘/sinx+---tooo,provethat
dy _cosx
dx 2y-1

DIFFERENTIATION OF FUNCTIONS IN
PARAMETRIC FORM |

‘ _Sometlmes x and y are given as functlons ofa smgle varlable
i.e.,x=¢(f), y= y(r) are two functions and tis a variable. In such
a case x and y are called parametric functions or parametric

equations and ? is called the parameter. “To find % in case of

parametric functions, we first obtain the relationship between x
and y by eliminating the parameter ¢ and then we differentiate it
with respect to x. But every time it is not convement to eliminate

the parameter. Therefore, % can also be obtained by the

following formula
dy _ dy/dt
Cdx dx/dt

Example 4.25 [Bgu% % if x=a(6~sin B)andy=a(l —cos 9).

Soi. We have, x = a(8— sin 8) and y = a(1 — cos 6)

= & _ a(l—cos8) and ﬂ1~=asir19
do do

dy _dyldo

dx dx/db

asin@

_ _ 2sin(8/2)cos(8/2) - cot?
a(l—cos8)

2sin(68/2) 2

Methods of Differentiation 4.9

Ifx*aseceandy—atanf)ﬁnd Z at

=

Wiy

Sol. Wehavex=a sec39 and y = a tan>6

% 3a sec29 20 (sec 6) = 3asec 30tan 0

and’ Zo = 3atan® G—B(tan._e) =3a tagzese& 6

3a t-an2 fsec’ 6 tan@.

dv dyldo _ .
- = - - = ——_'=sin8
dx dx/d®  3gsec’Otan@ - sec®

= (2) =sinZ = ﬁ

dx Jg_rs3 3 2

Example 4.27 Lety=x3 —8x+7andx=f({).If % =2 and

x=3 att=0, then find the value of ;ﬂ att=0.
. t

Sol. Wehave y=x>—8x+7
= EZ =3x2-8
I -5

It is given that when ¢ =0, x = 3.

<R dy 2 -
s whent=0, — =3.3=8=19.
0, 9. |
dy _dyldt - '
_Also, — =
T T dx s dxldt : )
Since,whent=0,d——19 dd—y—2
dx dt
2
from(l),19\*—
- dx/dt
&_2
dt 19

: 3
2. Ifx=acos’ 6,y=bsin’ , find ‘;—y at 6=0..

3. Ifx—\/ s = e g > 0and -1 <t<1,

show that d— 4 .
dx

X
. . d .
4, Find Y atx = /4 for x= a[cost+llogtan2£
dx : | 2. 24

andy=asin £

Office.: 606 , 6th Floor, Hariom Tower, Circular Rbad, Rahchi-l,
Ph.: 0651-2562523, 9835508812, 8507613968
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410 Calculus

DIFFERENTIATION USING LOGARITHM

Ify= AP ory—fl(x) f®) f_v,(x)

ory= ADLE L)
. &%) 8(x) g3(%)--

then it is convenient to take the loganthm of the function

first and ther differentiate:

For example, if y =

(sin x)log 5% find =-. .

@ _ (diff. of y keéping base sin x as constanf)
+ (diff. of y keeping power log cos x as constant)

logcosx

. . 1 .
— (sinx) log sinx—— (—sin x)

+log (cosx). (sin x)0°gc°sx~l) COS X.
"= (x+ Yy, rove that Q:—}-)-.
G+»)"P | oz

' E'(aple\4 28 RiEASY
Sol. We havex™y"=(x +y)'"+"
Taking log on both sides; we get
mlogx+nlogy= (m+n)logx+y)
Differentiating both sides w.r.t. x, we get
| 1 dy mind

+y£( x+y)

ﬂ{nx—i—ny—my—ﬁy}@' {mx+nx mx— my}

y(x+y) dx (x+y)x
L memydy  memy
yx+y)de  (x+y)x
. 2
dx x

for y = (sin x)"*&%.

dy
le 4.29 F d
Exampe 1n o

log x

Sol. Lety = (sin x)
Then y= logxloa sin x

& _ glogxlogsinx i {log x log sin x}

dx

: dy < logx
= = = (sinx) %

o (sinx)

X {log sinxi— (Ing)+iogxi(logsinx)
dx dx g

X @ . logx {logsinx ) 1 }
= — ={sinx ———+lo

dx (sinz) X g-xsinxcosx
- 4 =(sin. )hgx {___logs +cotx10gx}

dx x

Example4.30 Bl xr ﬁndj‘:

Sol. Since by deleting a single term from an infinite series, it .
remains satne.
Therefore, the given function may be written as
y=x
=logy=ylogx
i ldy -

dxlox+l
s dx gx+y

[Diff. both sides w.r.t.x]
N4 {l-ylogx} _ y
“dx y x
bV
dx  x(l-ylogx)

32
Example %3 . Find the derivative of %)2—4)—— wr.t.x.

J_ (x+4)3’ 2
(4x-3)*?
Taking log of both sides, we get

Sol Let =

logy¥ %logx +§2-10g(x+4)—§10g(4x—3)

’ Diﬂ'erentiating both sides w.r.t. x, we get

ldy 3 1 4 1
— —=X x4
ydx 2x 2x+4 3 4x-3

dy 1 3 16
= —=yy—+
Cdx 2% 2(x+4) 3(4x-3)

P JxG+4)*? 1,3 16
de (4x-3)"? |2x 2(x+4) T 3(4x-3)

Use of logarithm helps in finding the sum of special series given
in the following examples. '

Example4.32 Ifx<l, prové that

@ﬁet@@atn@@@lsx@mrlfrdﬁr"“H ariom Tower, ClrculaﬁE\bﬁq—R_ C‘hi”I '
Ph.: 0651-2562523, 9835508812, 8507613968 .
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Sol. The given series is in the form

O ACIAGON
16 fz(x) fs(x)
Then consider the product fl(x)sz(x)Xf3(x) f,,(x)

Now (1-x)(1+9) (1 +x) (142 .. A+ F) ()
—(1-A+D A+ 1+ )

(=) +aY .+

LA+

V -n—.l ‘ -1
=(1-x" )+ )
= 1_ x2"

’ n-1
Now whenn — o0, x> —0 (- x<1)
.. taking n — o, in (1) we get
(1 - (1+x 1+ +x)

_ Taking logarithm, we get-
log(1 —x)+log(1 +x)+1og (1 +x)+log (1 +x )+
Differentiating w.r.t. ‘x’, we get

1 -1 2x 4x
+ + +

— -+ '..=0
1-x  14+x 1+x*> 1+x*
1o, 2 4x° NI
o 1+x* 1-x

1 +x?

.vdy
1. Find == fory=x"
e

2. Ify“=x”,thenﬁndE’Z
e Tt . dy
3. Ifx=¢" , where x > 0, then find —

- ' nx d
4. If y = (tanx)® " then find Zy atx = /4.

J1 x? (2x+3)"? i

s +2)2/3 , fin Td;atx=0.

DIFFERENTIATION OF ONE FUNCTION W.R.T.
OTHER FUNCTION. '
Letu=f(x)andv= g(x) be the two functions of x. Then to
find the derivative of f(x) w.r.t. g(x), i.e., to find ;1; ,weuse
du _ dufdx
dv  avjdx’

Thus, to find the derivative of fi (x) w.rt. g(x), we first
differentiate both w.rt. x. and then divide the derivative

the formula:

Qi GGt GEF 66 Efarfiom Tower, Ciré far

+ BOARD, NDA, FOUNDATION_

Methods of Differentiation 4.11

|V NI CEXRE Differentiate log sin x wW.It. \COsx

Sol. I,et uélpg sinxand v= /cosx

: dv sinx
Then, =cotx and — ——2m
du  duldx cotx
dv  dvldx sin x
2Jcosx
=_2.+Jcosx cot x cosec x

IR Y ER:-REY Differentiate fan__l

where x 2 0.

1+x2 =1 C
T - w.r.t. tan " x,

RV FECE N N
Sol. Letu= tan —-x— and v=tan " x.
Putting x = tan 6,

' 4 V1+x2 -1
wegety=tan | —— | |

_i[ sec0-1Y
= tan

= fan

= tan! (tan_

S U .
Thus, we have u = Etan 'x andv=tan'x

4 1—0059) .

1] dv 1

= —=—-X—>7and —=

cdx 2 14x® dx o l+x

- du _duldx _ 1 xz)—l
dv  dv/dx 2(1+x) 2

DPBENERE Find the derivative of f(tan x) w.r.t. g (sec x) at

x= % ,where f/(1)=2and g'(v/2 ) =4.

Sol. Letu=f(tan x)-and v=g(secx)

du » 2
= —— = tan x) sec
e S (tan x) sec” x

d.;ld %—g (secx) sec x tan x

_d_u' du [dv _
dv dx

f’(tan x) sec® x
a g’ (sec x) secx tan x

f'[tan E) ,
. I:d_u] ) 4) _fm2
& =7 ¢ (sec E) sin = g'W2)
4 4 _

oad, Ranchi-1,

Ph.: 0651-2562523, 9835508812, 8507 13968
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x+b*  be Ax+ a? ac
: +

*n Sragns. Bt P AT, % ‘- 3 :,';", : k . ‘ =>f'(x)=

2

be x+c” ac  x+c

. . e . _i 2x . 1 2% )
1. Find the derivative of tan 7 WItsinm —— . x+a ab
, 1—x 1+x : ) + X
: ab x+b
2. Find the derivative of sec™ ( 21. —~ | wrt. =)= [(x2+ p) (x + )~ b2 ] + [(x +a?) (x + &)
| 2’ -1) ~a ]+ [(x+ %) (x+ ) ~a* ]

=) =3x*+2x (@*+ b*+ %)

Example EX¥) Iff(x), g(x) and % (x) are three polynomials of
. ' degree 2, then prove that _

\’1 —x* atx= % -
3. Iy =(P), z=g0), f'()=tanx and g'(x) = sec x,

" then find the value of lim M .
x—0 x

0 58 2] e
£ gk ) is a constan
I (x) e (x) B ( ) polynomial.

Sol. Let f{x) = apx* +azx+a3,g(x)—bx2+b2x+b3 and

()=

DIFFERENTIATION OF DETERMINANTS

To differentiate a determinant, we differentiate one row

g;rrcé)xlalﬁl;ll)eati ;1 time, keeping others unchanged. | )= epP+ oyt + 0, Then
i . - f®=2ax+ay,g'(x)=2bx+b,and h’(x) = 2c;x+¢c,
A=l (x) g(x) o S7®)=2a;,8"() = 2by, h"(x) = 2¢, and
' u(x) v(x)|’ o S7@)=g"x)=hE"(x)=0 .

In order to prove that ¢ (x) is a constant polynomial, it is

Similar results hold for the differentiation of determinants

of higher ‘order. Following examples will illustrate the v
~ same. . . () g7(x) r(x)

_d_ O = f'(x) g(x) + f{x) glx) sufficient to show that ¢’ (x) = 0 for all values of x.
A6 u(x)  v(x)| W(x) v(x) where, -
. 'Also ' o , f ((x)) g((x)) h((x)
(%) olx 9 o) P =(f'(x) g'(x) #(x)
{A( )%= ¢ ((x)) f((x))‘-l-v -:((x)) f’((x)) ' f"((X)) g”(x) h’(x)
)

o _ x +a* ab  ac| . : f(x) g(x) h(x) f(x) g(x) h(x)
T Y ) &) K1) e g )
——— 2 - ) g7(x) () (%) g (x) B(x)
ac bc x+c
- | fx) g(x) hlx)

prove that f/(x) = 3x2 + 2x (@ + b2 + ). =9 @=0+0+1"(x) g'(x) ¥(x)
_ ' N 0 0 0

Sol.. We have B : ' . = ¢’ x)=0+0+0=0 for all values of x

‘ ot a2 ab g => ¢(x) = constant for all :
_ g Hence, ¢(x) is a constant polynomial.
fx)=| ab x+b »bc -
ac bc _x+c2
1 0 0 x+a® ab  ac _ sinx cosx sinx

=) =lab x+b* bc [+ 0 1 0 1. Ify=jcosx —sinx cos x|, find &

ac  bc x+c®l | ac be x+c ' x T ‘
x+a®  ab  ac
, _ n 1
H ab  x+b® be | x nto 2
0 0 1 2. If f(x) = [cos x cos % 4|, then find the value of
Office.: 606 , 6th Floor, Hariom Tower, Clrculaanoad—”R n@ﬁlifft)]r 0

Ph.: 0651- 2562523 9835568812‘85@“7‘613966
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HIGHER. ORDER DERIVATIVES

Ify= y (x), then % , the derivative of y with respect tox,
is itself, in general, a function of x and can be differen- .

tiated again. We call % as the first-order derivative of y

dy
with respect to x and the derivates of Z wrt x as the

second-order derivative of y w.r.t. x, and it is denoted by

2
c_i_zz . Similarly, the derivative of d ;)
dx ' dx

w.rt. xis termed as )

the third-order derivative of y w.r.t. x and is denoted by

d3y

and so on. The nth order derivative of y w.rt. x is

denoted by d Y
“dx”

Ify=f(x), then the other alternative notations for

dy dy d’y 'y

dx, dxz 2> dx3 bl =) dxn
ylay25 Y35 -5 Vn ¢
y yn y”/ Y y( ) .
fG), @S '"(x) S (x)

The values of nth derlvatwes at x = a are denoted by

d"y]
dx™, x=a

*  then prove that

- (@), y"(a), D" y(a), f"(a) or (

-t
Example 4.38 [Ris A

' d’y dy
S+ —=(1-2x)—
a+x) = -2
o o
'z ‘Q_= g _
Sol. y—e =>dx 1+x2
tan~' x .
1+x? € (2
dzy ( )(1+x2) ( )
ax* (1+x2)2
Py (=20 dyp &y
= —7 2 ——————=>—d;2~(l+x )= (1—2x)2;'

(l-+x )2

IPTTITE]L] ify=(~—1)", then the (2m)th differential

coefficient of y is

a. m b. 2m)!
c.2m d. m!
Sol. Expanding binomially, we get ’
y= (x2_1) mcox2m+ Cme 2( l)+
So on differentiating, all the terms, except first, reduce to
zero, therefore

Office.: 606 , 6th Floor Hariom Towe|,

Ph.: 0651-2562523, 983550

Methods of Differentiation 4.13

d2m

o (2 -H= '"C02m(2m—1)(2m 2) ...

=@2m)! -

RG] [fy=xlog {x/(a+bx)}, then show that

J.

7 Sol. Given y/x =[logx—log (a+ bx)] |

d
L4 Y

3 Lxﬂ_

dx

iy 11 b
xdx x*° x a+bx
L,
S dx Y a +bx M
Differentiating again w.r.t. x
xd2y &) dy__ &
d* dx) dx (a +bx)2
2 22 p 2
38 Y _ y
P LY =[xZ -] byq
d?  (a+bx) ( dx y) y(D

_ If y = (ax + b)/(x* + c), then show that
- v @' +»)y"” =3(" +y')”, where g, b, c are
constants and dashes denote differentiation

wrt.x. '

Sel. Given vthat y o2+ c)=ax +b
Differentiating w.rt.x

Y@ +o)+2y=a )
Dlﬁ’erentlatmg againw.r.t.x '
¥ +C)+y\2x+2xy +2y=0 :
=>y"(x2 +0) +2(2xy" +y) =0 ©)
Differentiating again w.r.t. x )
ni(x2+c)+2xy”+2(2xyu+ 3y ) 0 '
= y"(x>+ )+ 6(xy” +y")=0 3
Multiplying ‘(2) by y”” and (3) by »” and then

subtracting, we get
22y +y)y" -6 (" +y) y" =0
=/ +)Y =30 +Y)y"

1. Prov Z pe )= 2"[e¥ +(-1)" e .

2.1f y = sin (sin x), andiiz—y+dy 4 f) =

A1y n.x), o ;tanx+f(x),—0,then
find f(x).

3. If y =log (1 + sin x), prove that y4 +y3 0 +y2 =0Q.
4. Iff(x) (1 +x)", then find the value of £ (0) + f'(0) +

FHOI MO
Cir culal Road,"Ranchi- 1
12, 8507613968
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NEWTON CLASSES - o

4,14 - Calculus

PROBLEMS BASED ON FIRST DEFINITION
OF DERIVATIVE '

E\ample 24 A function f: R — R satisfies the equation
JG&x+y)=fx)f(y) forallx,y € R and f(x) 0 for
all x € R. Iff(x) is differentiable at x = 0 and
J7(0)=2, then prove that f*(x) = 2f (x).

Sol. We have f(x+y)=/(x)f(y)forallx,ye R
= fO)=/0)f(0) =>f O {/(0)-1} =0 =/(0)=1

[~ f(0)=0]
Now, /(0)=2 _
20t h) fO_,
h—>0
: . S)=-1_ (O =
2%1_%-h——2 (- f0)=1) 1)

Now 9= lim LEHD =€)

-t LIOIE (e ey =1 1)
/) (hm / (h) 1)

2/(x) * [Using (1)]

IRClnldIERRY Let /1 R — R satisfying | f(x)] <x}, Vixe R,

dlfferentlable atx =0 then find f 0).

Sol. Since, |f(x)[<x% V¥ x€ R ' )
-~ Atx=0,| £(0)| <0 = f(0)=0 Q)
e 1 JBO-FO) . f(R)

o fOO- wlR o
Now, —f% <|h| (from (1)) -

=>—|h|si§’i)sgh|'
= lim—j:(h—)
>0 h

. from (3) and (4), we get f7(0)=0.

Exmple EWER  Suppose p(x) =ag+ ax+ap’+ - +ax’.
‘ B If| p (x)| < |¢** — 1| for all x> 0, prove that
la;+2ay+---+na,|<1. :

Sol. Givenp(x)=a0-|ja]x+a2x2+...+a’x’
~pPE)=0+a,+2ax+- --+na,r7c"'1

-0 (using Sandwich Theorem) (4)

=p(1)=a,+2a,+--+na, : 1))
Now,lp(l)ISO,(-l” 1=le’~1}=]1- ll 0)
=[p1)|<0=p(1)=0 (- 1p(MI20)
Aslp(x)|<|e" - 1], we get :
L+l 1] v A>-1,k20

C =p(i+R)-p)i<le -1 (2 p(1)=0)

Office.: 606 , 6th Floor, Hariom ToWer (@

|pA+m)=p®)| e -1|
nd IEEVEE b
Taking limit as & — 0, then

= im|EAHDZPO) e 1

: h—0 h : h—>0I h l
=p')|<1
= la;+2a,+ -+ na,,l <1 (from(1))

. - + +
Let f (xzy ) /() 2f(y ) forallreal x and y.
If £7(0) exists and equals —1 and f(0) = 1, then

findf(2).
Sol. Sincef(x+y)= f®+10)

‘Replacing x by 2x and y by 0, then f(x) = _f(2x)2+ S (0)

= f@)+f(0)=2(x) =f20)-2f(x)=-0) (1)
Now, ()= hmM

f(2x+2h)_f(x)
= lim

2
h—0 h
[reazren
= lim-

k-0 |’ h

\ {f(2x)+f(2h)—2f(x)}
R0 2h
] S2R)- £(0) '
= h z
=f(0)
=—1V xeR
Integrating, we get f(x) = —x + ¢
Putting x = 0, then f(0) =0+ c =1
se=1
then f(x)=1-x
~f(2)=1-2=-1
Alternative Method 1
f(HyJ _S®+f»)
: 2 2
Differentiating both sides w.r.t. x treating y as constant.

XYL f()+0 xt+y

..f( ! ].2_ 2 =>f( ] £,
Replacing x by 0 and y by 2x,

then f7(x) = f7(0) = -1 A given)

Integrating, we have f(x) =—x +¢.

(given)

(given)

Puttino x=0,f(0)=0+c=1 _ (given)
.c= 1
Hen =—x+

arzRead Ranchi- 1
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Alternative Method 2 (Graphlcal Method) , :
Suppose A(x, f(x)) and B(y, £(»)) be any two points on  the
curve y=f{(x). v
If M is the rmd-pomt of AB, then co-ordinates of M are
(x+y f(x)+f(y))

2’ 2 :
According to the graph, co-ordinates of P are

(552 05)

and PL>ML = f(

2

2

x+y)> SO

12

,ME

1
1
1
1
1
1
l
1

hhh ex
0 M L M

Fig. 4.2

But ‘gi'ven f (x+y )= / (x)+f ) which is possible

2

when P > M,
i.e., Plies on AB. Hence, y =f(x) must be alinear functlon

Letf(x) axtb=>f(0)=0+b=1 _ (given)
andf’(x)=a=f"(0)=a=-1 ' (given)
S f)=-x+] i
s f(@)=-2+1=-1

2 2
satisfies the section formula for abscissa and ordinate on
L.H.S. and R.H.S., respectively, which occurs only in the
case of straight line.
Hence, f(x)=ax + b, fromf(0)=-1,a= — 1, andfromf(O)
=1,b=1=fx)=—x+1.

<01~ 1

and lim S& ).—2 Fmdf(\/g) a.ndf’(l).-

x>0 X

_ _ \ .
Also in the given relation f (x 24 ):f ®+/O)

)forallx,ye R(xy;ﬁ 1
xy

Sol. f0)+/0)= [lx xy) o

Putting x=y =0, we get (0)=0
Puttingy = —x, we get f(+x) +f(=x) =£(0).

= fx)=-) @
also, hmz(—l— v
-0 X

. Methods of Differentiation 4.15

_ i LER (0 (using (2) (9) =)

“h—0 h ‘
=)
f@=lim——— (using (1)
h .
Ntem)
oy ] L)
h
drree))
o 14+xh+x 1
=re= 5 ( k- ) x(l+xh+x2)
1+xh+x° -
h
)
e _ B 1+xh+x
=/®= 5 ( h ) ><}'I—I+I(1)1+xh+x2
lf}-xh+x2
(usmg hm f ( ) )

= flx)=2x% ! 7
B T+x

Integrating both sides, we get
f(x)=2tan? (x) + ¢, where f(0) =0 =>c=0 ~* =
Thus, f(x) = 2 tan T x.

Hence,f(:/—_g) =2tan” (—\/%) = 216E = g ,and

1. Let fix +y)=f(x)} . f(y) forall x andy Suppose :
f(5)=2and f(0)=3, find f 05).

2. Letf()=f(x)f() V x,y € Randfis differentiable at
x=1suchthatf’(1)=1also f(1) #0,f(2)=3, then find
@

3. Iff(x+2y) FX)+2f(y) v x,yeRéndff(O)%;i,

3
£(0) =2, then find f(x).

4. Prove that 11 fx+h)+f(x=m)-2f (x)
h— hz
-(without using L’Hopital’s rule)

=17

MISCELL‘ANEOUS SOLVED PROBLEMS

\/1+x -y1- x? th .
\/H—x.‘_\/l—x witn respect 10

1. Derivative of tan~ {

cos™ £ is
a. -1/2 b. 1/2

N L
Offife B@é,—GEFTFToor, Hariom ‘Power, Circdlar Road, Rénchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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4.16 Calculus

Sol.l

Sol.

Sol.

a.Lety= tan™’ T
,\]1+x7 +41—x

1+x2
Let x*>=cos 20
=u=tan"" {l—tanﬂ}
1+tan@
=

Also v =cos™! P
du 1

=

dv 2 : ' ,
Let f and g be differentiable functions satisfying g’(a)
=2, g(a) = b and fog = I (identity function). Then f(b)is
equal to o

a h2

N N -

c. = d. None of these

W

a. Given fog=1
= fog(x)=xforallx -
= f'(g(x))g’(x)=1forall x

7] _ 1 ‘_l
= f(gla)= g,(a)—z
= =y ( g@=1)
If ()= cot™ ["x —zx-" ] then (1) is
a1l bl
c. In2 d-ln2

i %(x" ) ] xx(lflogx), %(x"‘) = —x*(1+logx)

= L= LU

\ ——(x—T%u’(lﬂogx)u‘*a+1ogx»
4+{x*—-x7"

-9 (x* +x *){1+logx)
- 2
(+ax7)

¢ flx y) = 2y%x?
Sol.

1 , 1
4. Ify=tan" +tan!
o 1+x+x° x% +3x+3
1 : .
+ tan ™! - +-- + upto n terms, then y '(0) is
x"+5x+7 - o
. o 2
o — 12_ . h - n _
1+n° . 1+n
e — 5 d. None of these
_ 1+n
: 4 1 | 1
Sol. b. y = tan > +tan” — +.--+nterms -
l+x+x x+3x+3
g4 +)—x an”! (x+2)—(x+1) +
1+x(1+x) 1+(x+D)(x+2)

+ n terms
=tan™! (x+1)—tan”' x+ tan”! (x+2) —tan™ (x+ 1)
+ oo+ tan™! (x+n)—'t'2m_1 x+(n-1)
=tan_l(x+n)—tan_1x -
1 1

,x = —
V'@ l-i-(x+n)2 1+Jg2
-
-n
= y’(0)= —l=—
0 1+n? 1+n°

0= +0- %) =a(x - %), and

6
‘ %:f(x,yj) [l—y ),then :

1-x°

a. f(x,y) =yl © b, f(x, )=y

d. f(x,y) =Xy
d. Let x* = cos p and y* = cosq

* Given \J1-x%) +41-)%) = a(’ =)

= \H—-cos2 p)+ (1-cos? g) = a(cos p—~cosq)

= sinp + sing = a(cos p—cosq)

R ZSin(m)cos(u)
2 2

=—2asin(p_q)sin(——p+_q)‘ '
2 2
- m(u) __b
2 a -’
- ()
= p-—q =tan |——
a

Z 1
= cos X’ - cos'ly3 = tan 1(——)
. a
Differentiate w.r.t. x, we have 2 + —SX— Q =0
1-x° i- y‘S dx
dy_ 5 [1-)°

dx  y? 1-x%

Off{b&:'606 , 6th Floor, Hariom Tower, '(ﬂerr,‘f:el’fl%ry)ﬁrgyazd, Ranchi-1,
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. _ )
6. Iff(x)=cosx.cos 2x.cos 4x . cos & . cos 16x,thenf’(z) is

| 1.
2 b —
a 2 5
¢l - . d None of these
Sol. a.f(x)= 2sin xcos xcos 2x cfos 4xcos8xcosléx
' 2sinx
_ sin32x
2% sinx
: inx - in32
=)= 1 < 32 cos32xsm. x2 cosxsin32x
32 sin® x
| 32x%_Lx0 |
(&)= 25—
1
: 32| —
&

. . : /4
\%f )= x|, then f” —Z) equals

. (z)"ﬁ(ﬁ_mi_&
4 .

2 T =
142 _
2 x T

(B
o () [Fust2

Sol. a. In the neighbourhood of — /4, we have
f(x) ( x)— sinx __ —smxlog -x)

simx

=>f (x) & sinx 1og () ( cosxlog(—x).— T)

= () =(x —sinx (—cosxlog(—x) - §E’£)

x

= f'(~-=m/4) = (g)llﬁ (-:/—%log % + % X %)
[of (Bt 28

— __1 —
4 2

Methods of Differentiation 4.17 -

x—-b=acos’ 0+bsin’ 6— b= (a—b)cos* 8
. y=(a—b)sin Ocos O—(a—b)tan” tan O
= "—;llsinze—(a—b)e

dy dy/d9 (a—b)cos20—(a— b) 1-cos20

“dx dxld® (b—a)sin26 sin 26
a-x '
o x~b
d3y
9. Ifx=acos8, y= bsing, then — is
a _3131 cosecfcot'd h % cosec*@ cotd
a a
3b 4 -
¢. ——cosec Ocoto d. None of these -
2

Sol. ¢. We havey= bsin'B, x=acos@. -

&
Therefore, dl:ﬁ:—écote
. _dl a
do
R .
NECRTCANTRIAE
der de\dx) dO\ a dx /
= 2 cosecze—@- = '—i cosec’0
a dx a>

= d3y 4 dy d( icosec39)£g
& dx\ &) do\ & dx

== % 3cosec? 6(—cosecBcot 0) 112
: a ,

-—;zg-cosec30cot6x —.1 =—%cosec4ecbt0
. Qg asm_@ a

la+n™ @+x®  1+x)
10. If /() = |1+ (1+x)%2 (1+x)%>|, then the
A+x0)% 1+0%2  (1+x)%>
coefficient of x in the expa.nsion of f(x) is

al b0
e -1 d 2

(+x)"  (Q+x)% (L+x)

2
o wse cov\cc\p\— &‘l ik (f cgew Sol b.Wehavef()=| (L+x)"" A+x)% (+x)%b
wse e

8. Ify= 1/(a—x)()c by —(a- b)tan ’ Z
equal to
N
- 1
C. ,[(a—x)(x—b) d —Ta-_—x\/———)z—f—x_
Sol. EXfftbcenc

sLa—-x=a—aco

Funetre~r A+x)%  (+x)5E Q+x)sB]

=a0+a1x+a2r2.+---
ab ab, ab 11 1
=a,=f(0)=|1 | 1 | +lah ab, aby
11 1] |1 1.1
11 1]
+| 1 1 11=0

ﬁ@@bgfﬁ Ioor Hal éé‘m Tower, Clrcular Road, Randff:1%% bl
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- 4.18 Calculus

- Subjective Type

Compute the value of £ (50). f°(50).

R? (where R > 0) and k = ——2—

(1+y'2)3

2. If 2+ Y=

then find k m terms of R alone.

\/Ify— —+= x,/x +1+loge\’x+ x* +1 prove that

)__' 2y=xy + log .y’ where " denotes the denvatlve W.r.t. X.

4, Ify='—2— tan'l. a‘—btanf , then show.
a2 _ b2 a+b 2

d’y . bsinx
i’ (a +b»cosx)2

that

_*
1+ (l—xz)

+sin {2 tan™' (—ILEJ} w.rt. x.
I+x )|

_\4 Ify=(1/2 "1y cos (n cos™! x), then prove that y satisfies
L | the differential equation (1 — x2 —_——x—=

\4 Ifxe (0,12[—) , then show that

Ly

5. Differentiate tan™

dy 2
+nly=0.
a7

% cos™! {% (1 +cos2x) + \/ (sin® x — 48 cos® x) sin x}

7 sin x

=1+ .
\/sin2 x— 48 cos’ x

Ve !
8. Iff(x)=cos”! —— (2cosx—3sinx) -
L_ f09: NEl ( _
%’ .
' +sin’! —j: X (2 cosx+ 3 sinx) w.rt. \/l+x2 ,

_then find df (x)/dx at x = 3/4.

- Diifice 2808 - 6thrSlﬁFEbélrsmH{<aFFcﬁ;ﬁeﬁl'ower Circ

EXERCISES

Lﬁ 17 g h
LT A= () " (xhy

. X x
10. Given thatcos E.cosz.cosi .= SIL , then find the sum
X

2x 1 2x .
—-sec” —+—sec” —+---
2? 2 20 4
. If0<x<1, then prove that
;_ 1-2x 2x 4x>  4x® 8y’ N _ 1+2x

1- x+x 1 2axt 1-xt+x8

L\y{ If -—[(x — A"+ 4 (-1 4 ] =X
> ﬁnd the value of A where 0 <r < m.
13. Let f(x) and g(x) be two functions having finite non-zero

3™ order derivatives f7(x) and g”(x) for all x € R. If

J(x) g(x)=1forall x € R, then prove that
DAY < 3[f_"_g_”)
VAR 4 f g

\J/fg( - — 1

(x—a)(x-b)(x—c)
of degree < 3, then prove that

1 a f@x-a? |a* a1
=11 &6 fEYx=-b)2 |02 b 1.
1 ¢ fx-o2 | ¢ 1

\/ Iff(x) =€, where x>0. Let foreachpositive integer n,

' L‘} P, be the polynomial such that CAPAC)] =P (l)é'l’ x
. : ' dx” ! ’

T+x+x2

, Where f(x) is a polynomial

dg(x)

x
for all x > 0. Show that P.x)=x [P (x)——P (x):l '

16. Letf:R— R isa ﬁmctlon satisfies condition f (x+y%) =
F)+ [f@)) for all x, y €& R Iff(0)20. Find f(10).

17. Let f(x +y)=f(x) +f(y) + 2xy — 1 for all real x and y and
J(x) be differentiable function. If f’(0) = cosc, then
prove that f(x)>0 V xe R..

8 1 f(x;y) - 24/+/0)
S'(2) =2, then determine y = f (x).

19. If £, g and & are differentiable functions of x and

for all real x and y and

. (xg)" -Ltl\lqnvp‘x:oye“thatg :
Sy () (<hy |
S g h
Nw=| /g WO
@Y &gy @hy

\/u( Ify=f(a") and f“(sin x) = log, x, then find % , if it exists,

L wherelg—<x<7r
Par Road, Ranchl 1,

prove thata, +2aypsday e, Sl 5 o0 93 ' 0835508812, 8507613968
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Methods of Differentiation 4.19

Objective Type

nx nx
C. ————== d ———
: . . : . x*+a® : xr+a*
Each question has four choices a, b, ¢, and d, out of which only
one is correct. \/_
: | Hcosx 10. Iff(x)= \/1+cosz(x2) , then f’(—;—] is
-1 ), o .
1. ij’d};)fory=tan { l_cosx},where0<x<ﬂz,1s _
a. 12 b. 0 a Jrl6 b —y(z/6)
el . d. -1 ~ e U6 : d z/\6
2. Kf(x)=]%*-5x + 6|, then f'(x) equals -
a. 2x—5for2<x<3  b.5-2xfor2<x<3 1. L cos Joos is equal to
¢c. 2x—5forx>2 d 5-2xforx<3 dx .
' 2 2 1
3. Hy=tan~ .log(e/x ) +tan"1(3+210gx),theni%is a. 5\/1+secx b Vl+secx
. log(ex?) 1-6logx dx | _
a2 b1 o —Trseox A —Tesecs
c. 0 .= ‘
4. Iff(0)=0,1"(0) =2, then the derivative of : . dy ,
y=f(f(f(f(x))atx=0is, - : 12. Ify=loggy(tan x), then (—) is equal to
dx
a. 2 » b. 8 LI
¢ 16 d4 4 : v
; a — b —4log2
4 2d%y . " log2 : —4log2
CIfy=ax"" + bx™", then x? el is equal to - S ‘ 4
L‘ a. n(n—1)y b. n(n + 1)y o : c. Eg_z - d None of these
c. ny d. i’y . . _ d
. _ . sin” x y .
. 2 3 n , - 13. Ify= ,then (1—-x?) = isequal to
6. Ify=1+x+ Jc—+x—+---+x—,thend—y is equal to ,/1_x2 dx A
2t 3! n! dx
- : axty b 1+xy
b. y+ X ¢ 1-w dxy-2
a.y .y _T - . -
n! 14. Ify= cot™! \/17+s1nx +\/l sinx O<x<m2),
< X" Jl+sinx —+/1-sinx
- dy-1-— '
c.y oy y Y A Q=
5 dx
@y . : 1 2
. Ify=asinx+b theny?+ | = | isa = h 2
7. fy=asmnx cOoS X. .y (dx) | a'2_ 3 ¢ 3 a1
a. function of x » b. function of y dy .
; , . Ify= & =
¢. functionof xandy d. constant 15. Ify= 50, then dx s
a. y[x*(log ex) log x + x*]
d - sin2x .
8. ——— isequalto (0<x<m2). . b. y[x* (log ex) log x + x]
dx \1+sin2x _ . _ ¢. y[x* (log ex) log x + x*']
n a y[x* (log, x) log x +x™']
a. sec’ x b. —sec?|=—x| °
‘ 16 4 sin? cot ™! "l—_x is equal to
‘ ' T odx 1+x 5 -
c. sec’ (Zr—+x) d. sec’ (%—x) b T )
4 _ - oa-l h — c.—= di
2 2

9. 1fy=(x+ /x2+02)",tpen % is | | ] 2

1_7. Ify=ae™+ be ™ then e

—m?y is equal to

a. m*(ae™ - be ™) h1l

a. Y b. -
OFfiv%606 , 6th FlodfF iIi’larlom Tower, Cirdilar Road, RahA&iTe i“hese
’ Ph 0651- 2562523 9835508812 8507613968
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4,20 Calculus

. dn
18. o (logx)= .
-n ]
. o .
x x
(n-2)! : a1 (n—=1)!
, — . d )" —
.« L
_ fogrionr i oo e &
19. Ify= logx+\/logx+ 10gx_+---oo,then_dx1s
X g X
' h
* 2 , 2y+1
P SR a —1
x2y-1) x(1-2y)

20. The differential coefficient of f (log, x) with respect to x,
where f(x) = loge x, is

a2 — b. lloge x
log, x x
c. 1 d. None of these
xlog, x
i ‘—l dy s
21. Ify =sec(tan™ x), then o atx=11s
a. cos” b sinZ
4. 2
e sin™ d cosZ
6 3

- ) |
22. If£'(x) = V25* -1 andy = f(x?), then Ey atx=11is

a. 2 ' b. 1 _
c. -2 S : - d. None of these

_23. .Ifu=f(x;), 1.1=g(x2),f'(x)=cosxandg’(x)=sinx, @m % 1s

3 ' 2. 3 2
- a. 5'){.‘008.):3 COSCCX2 b. gsmx S€C X

¢ ¢ tanx d. None of these
.. d*x =z
24, x=tcost,y=t+sint then —; atr= 5 is

. (r+4 b _7r+4

2 ' ' 2
c. -2 d. None of these
. 25. Iff(x) = v/1—-sin2x , then f'(x) is equal to
L\_ a. — (cos x + sinx), for x € (/4, W2)

b. cos x + sinx, for x € (0, w/4)
c. —(cos x + sin x), for x € (0, 7/4)

4

26. Ify=x—x’ then the derivative of j}z with respect to x? is
ca l-2x h 2-4x :
¢ 3x =22 d. 1 —3x+2x?
* 27. The first derivative of the function

1 . ’1+ . .
!:cos'1 (sm \ Tx}-‘x":l with respect to x at x = 1 is

a. 34 b. 0

c. 172 d. -1/2 _
28. If y = sin px and y, is the nth derivative of y, then

Yy nh »n

Y3 Vs Ys|is

Yo V1 W

a. 1l b. 0

c.—1 d. None of these

29. A function £, defined for all posmve real numbers,
satisfies the equation f{ (x2) x? for every x > 0. Then the

value of /(4) =
a. 12 b. 3
c. 32 ‘d. Cannot be determined

30. Suppose f(x) =™ + e®;, where a # b, and’ that f*"(x)
1 =2 ) 15f(x)=0 for all x. Then the product ab is
‘a. 25 ' b. 9
c. ~15 d -9

\/ Ify (b x) Vx -b ,then 131 wherever
L ,/a —X +qfx— . dx
}

it is defined is

a x +(a+b) 2x—a-b
(a-x)(x-0) ) 2@@
(a +b) 2x +(a +b)

c. — d.
.2\/(a —x)(x -b) 2\/(a—x)(x-b)
2. The function f(x) = ¢ + x, being differentiable and one to
L'\ one, has a differentiable inverse ! (x). The value of

% (f™") at the point f(log 2) is

g5
[\
U | =

d. None of these

e —
4
\)(Let h(x) be differentiable for all x and let fx) = (for + ) h(x),
L,' where k is some constant. If 4(0) = 5, 4’(0) = — 2 and /(0)
=18, then the value of kis
a. 5 b. 4
c. 3 d. 22

— -1
34. Ify=tan [1 T

P e
__)h D om0
dx

Office s608 = Bttt FIoor, Hariom Tower, Clrgular Road, R&rig[;yofjmese
Ph.: 0651-2562523, 9835508812, 8507613968
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_35. The nth derivative of the function f(x)= —— (wherexe
x .
(1, 1)) at the point x =0 where n is even is P
a0 hn! '
.e. n"C, d. 2°C,
. a? y
. 36. o (2cos xcos 3x) is equal to
a. 22 (cos2 x — 2%°cos3x) b. 220 (cos 2x + 2% cos 4x)
c. 2% (sin 2x + 2%° sindx) d. 2% (sm 2x — 2%%sin 4x)
37. Ify= 1=x ,then (1 - = Y ise ual_to
Y \J 1+x ( ) dx q
Ca b. y
c. -y d. —ylx
38. The derivative of y= A-x)(2-x)...(n-x)atx= 1is
2.0 b. (=1) (2 = 1)
¢ n!-1 d. (-1~ — D!

\){ Ify= cosv'l M) ,wherex € (0, E) , then
L 13 2
{

i

dy

— is

1. b. -1
0 * d. None of these

o |x+1 dy .-
40. Ify=t ‘,’—— ,then = is
,y an x—1 dx .

i

-1 -1
a —— b' —_—
2|xl"\/x2 -1 2xyx?—1
! d. None of these

_ - 2xyx? -1

\ . .
-— y _ EX' .
> ) = log a, then T is equal to

. R 2
41. I sin™ ["2

¥ +y
a. % b. _yz_
y pd
. x2__y2 d !_
C. 2 2 . . .
x“+y

\4Af - O vx) then by ati— o1 ie
. = S s _— = —
y=cos (co 2

L‘, a. 1 b. ~1
1 .
c. — d. None of these
V2 ,
42, i & = VAN ond tany = ‘fl then @
\/l+t+\/ 1+1 dx -

Methods of Differentiation 4.21

atti=— 18
1 1
a. — — —
2 2
c. 0 d. None of these

1
44. Ifx2+)72=tf% and x* + )t =7+ F,then x3y%=

a. 0
e -1

45. If Y™ = (x+v1+2%), then’ 1 + Py, + xp is
}  (where y, represents rth derivative of y w.r.t. x)
a. m’y b. my?
\/ c. my : d. None of these
Suppose the function f(x) — f(2x) has the derivative 5 at
L % = 1 and derivative 7 at x = 2. The derivative of the
{  function f(x) — f(4x) at x = 1 has the value equal to

b. 1
d. None of these

a. 19 b. 9
c. 17 d. 14
47. If f (x) =sin” ! cos x, then the value of f(lO) +f7(10) is
a. ll—ZE b. 7—7':—11
2 2
51 '
c. —2——11 d. None of these

\/ If (sin x) (cos y =172, thend 2y/dx? at (m /4, 7:/4) is
1 a4 b, -2
‘e.—6 d. 0 :
49. A function fsatisfies the condition, f(x) = f'(x) + f “(x)+
-~ f"(x) + ---where flx) is a differentiable function
indefinitely and ‘dash denotes the order of derivative. if

f(0) =1, then f(x) is

a. e"’2 |
c. e d. e* .
’ d
50. If J1-x* +Jl.—y2 =a(x-y),then EJ;- is equal to
1—x2 .2
a. xz b. ! y2
1-y 1-x
-1 -
c. x 2 d. Y 21
1-y 1-x
dy .
51. Ify=x"+ I then — is
dx
. x“+ |
x? % L
X2 400
2 .
a xy2 b xyz
2y—x y+x
. 2
c. xy d xy2

Office.: 606, 6th Floor Hariom Tower, Circuldr Road Ra.nCh|21,y
Ph.: 0651- 2562523, 9835508812, 8507613968
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52. 4 @_l [—\/MJ = \Afyﬂcosxl-lzlsinx], theﬁ'ﬂ atx= EL2 is
dx 1-3x : L’ dx 3
1 3 1-3 ‘
B b — > = b. 0
* 2o T * 2 |
2 _3 1Bl d. None of th
“ Qv ¢ 21+ xWx 207D one ot fese

53. Letg(x) be the inverse of an invertible function f(x) which
is differentiable at x = ¢, then g’(f(c)) equals

; L
a. f’(c) b. IZE)
¢. flo) d. None of these

54. Iff(x)=x+tanx andfis inverse of g, then g’(x) equafs
1+[g(x)—x] 2-[g(x)-x]
c. —1—2— d. None of these v
2+[g(x)—x]

55. If y\Ix2 +1= log(\/x2 +1—x), then

dy '
P+ 1) = +xy+l=
( )dx xy

a. 0 b. 1
c. 2 d. None of these
. Ify= yavx-Na“x then — is equal to _
_ L \/a +x+Ja—x
o ‘ ) -
a. a4 b, —2
wa® —x? - a? -x?
ay
c. d. None of these
xVx? —a2 :
57. If f(x) = x' tan (x ) ~xIn (1 + x%), then the value of
4
ﬂ%)_) atx=01is

a. 0 b. 6

\/ ¢ 12 424
58. Let g(x) be the inverse of an invertible function f{(x),

L which is differentiable for all real x, then g”(f(x)) equals
AR b, L@@ - =)’
Y : )
o LSO~ 4 None of thess

/L ()
59. Iff(x)=|log, x|, then f’(x) equals
L, oL

| x

b. '\ for [x] > 1 and — 1 for x| < 1
x x

,where x #0

c.—l forlx|>1andl for xj <1

61. Ifgis the inverse function of fand f”(x) = sin x, then g’(x)
is , . '
a. cosec{g(x)}
1

e -
- sin{g(x)}

b. sin{g()}

d. None of these

2

62. 1fx= ¢ (5, y=y (@), then %xTy is
. ¢’W” ‘V¢ b. ¢’ll/” !I/¢
@) ' 2N
' ¢,’, d. v’
II, - ¢’I

.V 4 o
63. f(x)=¢"—e*—2sinx— r x°, then the least value of % for

_1s non-zero is
x=0
a.5 ‘ -b. 6
c..7 d. 8
64. If f(x) satisfies the relation

{ f(Sx—sy)= 5/(x)-3/(7)

VX, Y€ R, and f(0)=3

-2 2
and f7(0) = 2, then the period of sin(f(x)) is
a. 2z b. T
c 3z d. 4z

5. Instead of the usual definition of derivative Df(x), if we
Ll define a new kind of derivative, D*F(x) by the formula

D*(x) = }llggf (x +hz (9

&P I f(x) =x logx, then
D*f(x)|, - . has the value
a. e , b. 2e
c. de- d. None of these

'\/ If f(x) = 2 sin” \/1—; + sin” (2 Jx(1- x)) where
Ly

, where f2(x) means

xe (0,%) , then f7(x) is ; |

a. b. zero

x(1-x) -
2

N -

c. —

@fﬁréexméi étﬁflfféor Harlom Tower, Circular Road, Ranchi-1,
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67.

68.

69.
70.

71.

72.

73.

74.

75.

Oﬁ:lwee . 6th Floor, Hariom Tower, Cireuhd

I£f” () =—1(x) andg(x)=f"(x)and .

: 2 2 '
Fx) = ( f(%)) + [g (-)ZED and given that F(5) = 5,

then F(10)1s
a5 b. 10
c. 0 : d. 15
1+x -1 i
The derivative of tan™' . -with respect to

2

-1 2xV1-x? .
—— latx=0is

1-2x
- a. 1/8 b. 1/4
c. 12 “d. 1
The nth derivative of xe¢* vanishes when
a.x=0 b. x=-1
c.xX=-n d.x=n
dzy

If y* = ax® + bx + ¢, then ——1s
y y 2

a. aconstant
c. a fiinction of y only
d2
Ify =sinx + &, then —;ﬁ =
- &

b. a function of x only
d. a function of x and y

: . sinx—e"
a. (—sinx+ e)  ——
(cosx+e*)

sinx—e” sinx+e”*
" (cosx+e*)

2,2, y d’u-
Ifu=x"+y*andx=5+3t,y=2s—t,then ;2— equals to

. ——3
(cosx+e*) .

a. 12 v b. 32
¢ 36 d. 10
e d*y .
Lety=t1°+ landx=7+1,then —i—) is
dx
a. 2t : b. 208
2
¢ —¢ d None of these
16¢° . _
2
- X 3d’y
Ify=xlo , then x° —= equals to
r- g(a+bx) dx? a
2
dy dy )
P — : b. | x—-—
a xdx y ( e y
-, 2
dy dy )
.y d. | y=——x
€.y =% _ (y o
Let u (x) and v(x) be differentiable functions such that

u(x) _ u’(X)= o M ’= en p+q as
(’C) —7.va(x) P d[v(x)) g,th P qh

" Methods of Differentiation 4.23

al : h O
c. 7 d -7
. d2y
76. Ifax*+2hxy + by’ =1, then = is
B - ab ab — b2
a o2 PPEETRY)
(hx + by) (hx + by)
) K + ab AN ¢ h
& ne
o + by)? one of these
- __d%y
77, Ifx=7, =£, then —= =
it &
2 b e  al
2 (41) 2t)
2
78. If y=x-+ then 2 is
dy
ex
a. e - Ia
(1+¢%)
e ' -1
(1+e*y? (1+e*y
79. Iff(x)=|sinx — |cos x|}, then the value f'(x) at x = 770/6 is
a. positive b. #

d hone of these -

‘e S
\)0/ If graph of y = f1 (%) is symmetrical about y-axis and that of

.L‘

y=g(x) is symmetrical about the origin. If h(x)=f(x): g(x),
Ph(x)
3

then atx=0is

a. can not be deterrhined b f(0) - g(0) .
0 - d. none of these

81. Ifx=logpand y=l,then
b

d?y : d?y

a ———2 0 h —+ 0
&’ P= dx? -
2
cDy by g dyd
dx de dx

2

\4 Lety=In(1 + cos x)?, then the value of ‘cjix—y 2 > equals

L

2
a0
1+cosx
. 4 4 —
" (1+cos x) (1+cos x)°
. In{x+h) - nx
sin(x+h —
83. Let f(x)— lim ( (x )) (sinx) , then f [E\;
h—0 h 2
is
a. equalto 0 b equal to 1

Road, Ran¢ineadyistent

Ph.: 0651- 2562523 9835508812 8507613968
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4.24 Calculus

Multiple Correct |

Answers Type

Each question has four choices a, b, ¢, and d, out of which one or
_more answers are correct.

1. Ify= e +e-‘/;,then%isequalto
Ve _ -Vx S R

e —e - e’ —e
a ——— b

“2Vx 2x
1 3 Y [T
e. —y> -4 d ——y* +4
2V 2Vx
2. Lety= \/x + ,/x +4/X+:0o  then % is equals to

x
. 2y -1 B x+2y
c. 1 o d Y
NETr 2x+y
© 3. If1isatwice repeated root of the equatlona.x 3+ bx?+ bx
+d =0, then
aa=b=d b a+b=0

) c. b+d=0 da=d
\/Ifx —2x%%+5x+y—5=0and y(1)= 1, then
LO ©a Y (1)=4/3 b y”(1)=-4/3

"(1)——8——,7 d y'(1)=2/3

5 fx)= |J|r2 3|x| + 2|, then which of the followmg is/aye t:ue
a f/(x)=2x-3forxe.(0,1)U(2, ) :
b f(x)=2x+3forxe (—o0,2)U(-1,0)
¢ f/(x)=-2x-3forxe (-2,-1)
d None of these

Xt —x? 41 dy

6. If d + b, then the value of
- X +«/_x+1 -

a-bis
t — b cot —
a. co 8 co
c. tan 275 ‘ ‘ d tan 5—”
12 .
. x—2 ',/x -1 {
7. Letf(x)= *——=——x,then i
_ o Jx-1-1
a f’(10)=1
b f'(312)=-

¢. Domain of f(x)isx>1
d Range off(x) is(—2,-1]U(2,)

, then é}: 1s

(log x)°Eloe*
8. Ify=x
Y dx

a = ((]mf’" 1+ 2Inx In(Inx))

Ofﬁy;éb"xw‘é BeE( TR Hariom Tower"c,‘gg"th T
Ph.: 0651- 2562523 9835508812, 8507613

§ Reasoning Type ”

_r
c. TInx [(lnx)? + 21n (In x)]

Ly logyr,
d =~ @[ZIOg (logx) +1]

9. Which of the following is/are true?
dy

a, - for y =sin™ (cos x), where x (O, n), 151

b % fory =sin~ l(cosx) where x € (7, 27),is 1 .

dy

. I 4
-e. — fory=cos™ , wh Id N PO
y (sinx), where x € ( 5 2),1; 1
dy . n 3Ty .
d — fory=cos?! h iad _
y=cos™! (sinx), wherex € 2’5 is—1

10. Iff(x—y), f(x) f(y) and f(x +y) are in A.P. for allx y,and - |
f(0)#0, then
a f@=f4) h f(Q)+f(-2)=0

¢. f@+f(4H=0 d (=12

x'),thenﬂ 1s
dx

1L Ify= cosr‘(i2

+ _x2
-2 R - ’
a > forallx b 2 forall [xj<1
1+x 1+x% i
c. 5 for[x|>1 d. None of these

p .
12. £ R’ - R be a continuous function satisfying
(x .
f(‘y‘] =fx)-fy) V x,ye R". Iff'(1)=1, then

b lim f(l)=
x—0 X

a. ‘f’ is unbounded

c ]ij=1 d limx. f(x)=0
x>0 X x—0 ’
13. 1£f,(x)= & forallne Nandfy(x)==x, then > {f(x)}
is
2 sy
n dx n-1 (x)}

b f () f,_ v
¢ £ £ &) ... (%) .£,(x)
d None of these

-~ Solutions on page 1_4;4‘

Each question has four choices a, b ¢, and d, out of which only
one is correct. Each question contains STATEMENT 1 and
STATEMENT 2.

a. ifboth the statements are TRUE and STATEMENT 2 is the
correct explanation of STATEMENT 1

ents rﬁﬁé’.&k ATEMENT 2 is
Qgﬂ: NT1
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c. if STATEMENT 1is TRUE and STATEMENT 2 is FALSE.

d. ifSTATEMENT 1 is FALSE and STATEMENT 2is TRUE.

1. Statement 1: Let f(x) = x[x] and [/] denotes greatest
integral function, when x is not an integral, then rule
for f’(x) is given by [x].
Statement 2: f”(x) does not exist for any x € integer.

2. Statement 1: If f(x) is an odd function, then f”(x) is an
even function.
Statement 2: If /'(x) is an even functlon then f(x) is an
odd function.

3. Statement 1: Let f:R—> R isa real-valued function v x,

y € Rsuchthat|f(x)- f(y)l < |x—¥ y|3, then f(x) isaconstant

function.

Statement 2: If derivative of the function w.rt. x is zero,

\/hen function is constant.
Lo % Statement 1: For f(x) = sinx, 1 ’(m) = f"(37).
tatement 2: For f(x) = sinx, f (%) = f (37).
” Statement 1: If differentiable function f&x) satisfies the

l/} relation f(x) + f(x —2) =0 v x e R;-and if

(E; f(X))x=a =b ’ fhen (Zx_ f(X))a+40-00 =0

atement 2: f(x) is a periodic function with period 4.
If for some differentiable function 1 (&)=0andf"(0) =0,

Lg_ Statement 1: Then sign of f (x) does not change in the .

neighborhood of x ="

Statement 2: &is repeated root of f(x)=0.

Consider function f(x) satisfies the relation, fx+ %)
=fx)+f (y3) v X,y € R and differentiable for all x.

Statement 1: If f*(2) = a, then f” -2)=a.
Statement 2: f(x) is an odd function.

L}.

Linked. Comprehenswn

Type

Based upon each paragraph three multiple choice questions
have to be answered. Each question has four choices a, b,¢c,and d,
out of which only one is correct.

! l For Problems 1-3
| () is a polynomial function f:R— Rsuch that

FEO =0

1. The value of f(3) is
a4
c. 15
2. fx)is
a. one-one and onto
b. one-one and into
¢. many-one and onto
d. many-one and into
3. Equation f(x) = x has
a. three real and positive roots
b three real and negative roots

d. None of these

D\‘? } t(E‘A‘\\ ,\(Q (v)

e

-{ Equationx"—1=0,n>1,n€ N, has roots 1,ay,a...,a

\/L Methods of Differentiaﬁen 4.25 -
( .
- For Problems 4—6
FiR-Rfx)=2+Xf (1) +xf Q) +f”(3) forallxe R.
4. The value of f(1)is
a 2 h3
5. f()is
a. one-one and onto h. one-one and into
¢. many-one and onto d. many-one and into.
6. Thevalue of /(1) +/"(2)+f"(3)is
- a0 bh=1 .2 d3
For Problems 7—9 '

Repeated roots : If equation f(x) = 0, where f' (x) is a polynomial
function, and if it has roots ¢ a,ﬁ, .or arootlsrepeat_edroot,ﬂlen
f(x) =0 is equivalent to (x — ¢ o — B)i= 0, from which we can
conclude that f’(x)=0or 2(x— o)(x— ). ..]+ c— 0 [(x— B)..T=0cr
& - )2{(x - B)..} + & = &){& — B)...}] = 0 has root o
Thus, if ¢ root occurs twice in.equation, then it is common in
equations f(x) =0 and f ‘x)=0.

e.—l a4

. . Similarly, if ezroot occurs thrice in equation, then it is common in
" the equations f(x)=0,/"(x)=0and f”(x)=0.

7. If x — ¢ is a factor of order m of the polynomial f (x) of
degree n(1 < <n), then x = c is-a root of the polynomial
(where f"(x) represent rth derivative of f(x) w.Lt. x)

a f"(x) b f77(x)
c. f () d None of these
8. Ifa+ b2 +cx+d=0and ay® + by +cx +dy =0
" have a pair of repeated roots common, prove that
3q 26 T q
3a, 2b,

ab —ab, ca,—ca

c, =0.
dia, —d;a
9. If o root occurs p times and f8 root occurs g times in
polynomial equation f(x) =0 or n degree( 1 <p, g <n), then
* which of the following is not true. (where f"(x) represents
rth derivative of f(x) w.r.t. x)
a, if p < g <n, then aandBaIetwooftherootsofthe
equation f2~!(x) =0
- b. if g < p'<n, then o and B are two of the roots ofthe
equationf71(x)=0 |
¢. If p < q <n, then equations f(x) =0 and /¥ (x) 0 have’
. exactly one root common
d If g <p <n,then equations f*(x) =0 and f7(x)=0 have
exactly two roots common

For Problems 10— 12

n-1

10. The value of (1 —a;) (1-ay) ...(1—a, ) is
a. n*2 hn
c. (—)n d. None of these
n-1 ‘
11. The value of z is
r= l -a,
=1, n _
a 2" (n-2)+1 b 2" (n-2)+1
2" -1 2" ~1

_1__

Offiag #6665, 6th Floor, Hariom Tower, Clr&uﬁrz"n‘l?\_—d Rarftfifer e
d. three real rpﬁmmﬂmzéw 9835508812 8507613968



R. K. MALIK’S : JEE (MAIN & ADV.), MEDICAL
NEWTFON-CLASSES—— e .+ BOARD, NDA, FOUNDATION_

" 4.26 Calculus
SR WYET PSP MY - Solutions on page 446
12 'I'he value of z S i FS R B AV NGRS AT e :
=1 a,. Each question contains statements given in two columns which

have to be mat_ched. Statements a, b, ¢, d, in column I have to be
matched with statements p, q, 1, s in column II. If the correct
match are a-p, a-s, b-1; c-p, c-q and d-s, then the correctly bubbled

n-1 . _ ' 4x4 matrix should be as follows
¢ — d None of these : b q r

S
For Problems 13 -15 @ @

—L/@=+xg (D2 D andg@ =/ +3/ @+ @O0
13. The value of f(3) is :
0J0)

(=D,

s

_ al h'.o" ' :
c.—1 d -2 '
14. The value ofg(O) is ' ¢ @@
a0 h -3 \/1/
c 2 d. None of these 7 1.

f(x) ) Ll L ColumnI
g(x)
a. (-0, 11U (2,3] h (=2,0]u(l, )
\/ c. '(—oo,O]y(2/3, 3] d. None of these
For Problems 16 - 18

Lﬁ\ gx+y)=g(x)+g() +3x(x+y) V x,ye Randg (0)—

e ColumnII -
) p Graph of () is symmietri
- about point (1, 0):

4 'q. Graph off(x)is symme cal
- about lme x=1 .

15. The domain of the functlon

.—4.
16. Number of real roots of the equation g(x) =0 is D }e"@‘k
a 2 h 0 (| a3 -
17. For which of the following values of x, \[g(x) is not
"defined ?
a [-2,0] ‘ b. [2,0)
c. [-1,1] d. None of these fOf all x,y and ft
18. The value of g’(1) is
a. 0 b1 . U o
c. —1 d None of these - T B
\}'o/l”roblems 19-21 ‘ TN RE s
A curve is represented parametrically by the equations aly=f(x). e given by x=1£-5£-20t+7. |

In(a) . andy

Lg\, = 1= @ andy= 8=

b;tlwherete R

a,b>0anda#1,
| d _ then—5 X,f%“at ,t‘__-' / ::_‘ s
19. Which of the following is not a correct expression for Zx}i 9 N | -1

_ b P() béapoiyr‘xonuél‘(‘)'fde‘gree4 with _ ‘. : (} —2 DS
m ey o g0 of@ | POSALP@SLPI=PTg=2 |

gl % (@) e 0 0 and P*(2) = ’24 then P" (3)
20. The value of d—;)atthe point where f(#) = g(?) is i A o

a0 b > el d?2 : \/1:?

f® e 60 S0, . .

21. The value of R, 2x+3y) 2f (x ,

TN O o e 1 vie ks df[ xs, y). >(.)5-f‘f(_)andf’((>))=vp_i. s 11

equal to

and f (0) g, thenf”(0) - '
Off?ce 6(562 6th Ffoor H&rlom Tovver—en“cmarl%oad—l%aﬁuu =1

Ph.: 0651- 2562523 9835508812, 8507613968
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derivative of the

’ 4 Match the value of x in column II whe
é 2 venhabnlity

function in column I is negative. ),

Integer Type §

[ \/1/ Iff(x) = ¢(x) and ¢"(x) =/(x) for all x. Alsof(3) 5andf’(3)
el = 4. Then the value of [f(10)? ~[p(10)}is -

27 1f y=f(x) is an odd differentiable function defined on (— oo,
o0) such that /’(3) =—2, then |/ (-3)| equals

3. If x> + 3x* — 9x + c is of the form (x — a) (x — B), then

ositive value of ¢ is
\/P If graph of y = f(x) is symmetrical about the point (5, 0) and
L (7) =3, then the value of /" (3)is
\/v Let g(x) = f(x) sin x, where f(x) is a twice differentiable
y function on' (—eo, o0) such that f'(-m) = 1. The value of
 |g"(=m) equals

6 Letflx)=(x-1)(x-2)(x—-3) -

5040, then the value of nis -
y=f(x), where f ‘satisfies the relation f(x + ) = 2f(x) + /()

+y «/f(x V.x,y € Randf'(0)=0, then f(6) is equal to

If function f satisfies the relation f(x) X f'(=x)= =) xf (%)
for all x; and f(0) =3, now if f{3) =3, then the value of f(—3)

is

L,

(x—n),ne Nandf'(n)=

By

+bx 3/2

9. Ify= and y’ =0 atx = 5, then the value of a*/b?

' xS/
1S

1 2 133
9 0B s X 3log27 (x*+1)° _ 2x dy

= d
. Lety P an

=ax+ b, then

the value of a + b is
+h In(e+h) _ e .
11. Limge————)——-—— is
h—0 h .
’ I-x ) 3

- X
\)/{Ifthe function f(x) = —4e 2 +1+.x+x7+?and g(x)

Offjeg,: RO b1k
O B 0P

+ BOARD, NDA, FOUNDATION

Methods of Differentiation 4.27

L.9_13 Suppose that f(0) = 0 and f”(0) = 2, and let g(x) =flx+.

f(f(x))). The value of g ’(0) is equal to
’V/ Suppose fx) = e™ + €, where a # b, and that f "(x)
2f7(x)— 15 f(x)=0 for allx Then the value of |ab|/3 is
7 A non-zero polynomial with real coefficients has the

L}- property that f(x) = f(x)-f"(x). If a is the leading
coefficient of f(x), then the value of 1/(2a) is
. A function is represented parametrically by the equatlons
L 1+t -3 2
) x=-—3—;y=——+— then the value of £1——x dy
t 22 ¢ dx dx

is
. \,Y7/ Let z = (cos x) and y = sin x. Then the value of
2 _
l/' 2—d§atx=2—nis'
dy 9

x* +xtanx—xtan2x

0 a
“18. Letg(x)= . Ifg(0) exists

ax+tanx—_tan3x

Ly 0; x=0
) and is equal to non-zero value b, then 52 b is equal to |
. R - a
‘Subjective -
1. Find the derivative of sin (x* + 1) with respect to x from
" first prmcxple (IT-JEE, 1978)
2. Find the derivative.of (IT-JEE, 1979)
F—;l— when x #1
fx)= xl_ x5 atx=1
g when x =1
3
3. Given y= - +cos?(2x+1),  (IT-JEE,1980)
J(1-x)
find 2
dx _
' i ‘ X dy
4. Lety=¢&™™ + (tanx)", find o (IT-JEE, 1981)

5, Let f be a twice. differentiable functlon such that

170 =—f (), and f*(x) = g(x), hx) = [f (1)} + [g(x))*. Find
h(10)if (5)=11. (UT-JEE, 1982)

6. If o be arepeated root of a quadratic equation f{x) = 0 and
A(x), B(x) and C(x) be polynomials of degree 3, 4, and 5,
A(x) B(x) C(x)
respectively, then show that |4(a) B(e) C(a)| is
A'(a) B'(a) C'(x)
d1v151ble by f(x), where prime denotes the derivates.
(IT-JEE, 1984)
7. Find the derivates with respect to x of the function

1 2x T
3 at x = —.
1+x 4

(log o5, Sin x) (log g, ,COS X Y +sin”

ariom Tower, Circular Road, Ranchi-1, @mr-JEE,1984)
523, 9835508812, 8507613968
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4.28 Calculus.

8. Ifx=cosec O—sin O andy= cosec” 8—sin" 6, then show

that (x* +4) (iy-)z =n*(y +,4)7 . (UTJEE,1989)

dx

< dy N sm(%x) \/g -1 ]
9. Find a;atx;—l,when (siny) * +—2— sec™! (2x) +'

2*tan (log (x +2)=0. (IT-JEE, 1991)
; ) N _ e
ax bx . ‘
-10. ¥y= + - + +1,
Y Gma)x-b)(x-0) @(-b)x-c) x-c
oy b
prove that DA [ 2 4 + c |
y xla-x b-x c-x)
, (UT-JEE, 1998)
Objective
Fill in the blanks
2x -1 . 4
1. Ify=/{x; N 1] and f’(x) = sinx?, then ax}i =
(IT-JEE, 1982)

2. I£f(x), g,x), b, (x),r=1,2,3 are polynomials such that
f(@=glay=h(a),r=1,2,3and

A(x) AL AE)
F(x)=|g () 2 (x) g3(x)|, then VF'(x) atx = a is
h(x) m(x) B

. (IIT-JEE, 1985)
3. Iff(x)=log, (logx), thenf'(x)atx=e is

(IIT-JEE, 1985)
] with respect to

4. The derivative of sec”! 3
2x° =1
(IIT-JEE, 1986)

\/1 —_—x.2 atx=% is .
NI -3

5. 1/09)=9, /0)=4 then lim 7= —

B o | (ITT-JEE, 1988)
6. Iff(x)=bx—2] and g(x) =fT/(x)}, then g'= , for
x>20 . (IT-JEE, 1990)

1. ¥xe? =y +sin® x, then atx=0, % =
(@T-JEE, 1996)

- 8. Let 'F(i) =f(x)gx) h(x). for all real x, where f(x), g(x) and
" h(x) are differentiable functions. At some ‘point x,
F’(xO) = 21F(x0),fl(x0) = 4f(x0), g’(xO) =— 7g(x0) a.nd h’(xO)

- =kh(xy). Thenk = ) (IT-JEE, 1997)
9. If the function f(x) = x* + &' and g(x) = £71(x), then the
value of g'(1) is © (IT-JEE, 2009)

True or false

1. The derivative of an even function is always an odd
function. (IXT-JEE, 1983)

Multiple choice questions with one correct answer

Ph.7 0651-2562523, 9835508812,

. Ify? = P(x), a polynomial of degree 3, then

. Ify’= (_sinxjt"‘“", then v

R flh-12+1)- 1)

10. I£x*+y*=1, then

. =2.1(aQ)=1, =1, o’(a) =2, then the value of .
| ' éi(@qg}((gbéé Floor, Hariom Tower, Cij’_?ﬂ
S

+ BOARD, NDA, FOUNDATION

a -5 ' "h 1
. 5 ) .
.5 d None of these o

(IIT-JEE, 1983)

d 2 dzy
2-—- R =
& (y dxz_]

a. P”(x)+P'(x)
c. P(x)P"'(x)

(IIT-JEE, 1988) °

b. P”(x) P"(x)
d. a constant

. Let f(x) be a quadratic expression which is positive for all

the real values of x. If g(x) =f(x) +/f° "(x)+f"(x), then for any
realx, ’ : '
a. g(x)<0 h gx)>0 _
¢ gkxy=0 . d g(x)20 (OT-JEE,1990)

— (T-JEE, 1994)

a. (sin x)** (1 + sec’x log sin x)
h tan x(sin x)®*~'. cos x

c. (sin x)** sec? x log sin x

d. tan x (sin x)®=*~!

x> sinx cosx

. Let f(x)=|6 - 0 |, where p is a constant.

P pZ 1_73

3 .
Then g;; (f(x)) atx=0is.

ap ' - bhp-p’ -
c.ptp d independent of p-
. (IIT-JEE, 1997)
. Let f: R — R be such that /(1) =3 and (1) = 6. Then
. 1/x : :
. (f+x)
m | ———| =
x>0 f(l)

a1 b e e é de .
» (UT-JEE, 2002)
f(2hr2+1)-£(2)

, given that f'(2) = 6 and

S (H=4
a. does not exist
¢c. is équal to 3/2

Chis equal to—-3/2
d isequalto3

~ : (IT-JEE, 2004
. If f(x) is differentiable and strictly increasing function, '
5 _ :
then the value of lim M is
=0 f(x) - £(0)
a1 bh O c.—1 da2 .
' (IT-JEE, 2004)
. If y is a function of x and log (x + y) — 2xy = 0, then the
value of y’(0) is
a l B | c.2 a0

(IT-JEE, 2004)

20023170 by + @Y +1=0
ROgd, RaNghi-do 4 -
oé%slfggag Bldyei=o
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‘Methods of Differentiation 4.29

P : ‘ ' Staternent 2: f(t) = f{¢ +2) for each real . ;
: 11. — isequalto ' : a. Statement 1 is true, Statement 2 is true; Statement 2 is
o dy v _ - acorrect explanation for Statement 1.

! ) ) , 3 . h Statement 1 is true, Statement 2 is true; Statement 2 is
(dzy] - (d y) (ﬂ) o

a not correct explanation for Statement 1.
dx? & )\ dx c. Statement 1 is true, Statement 2 is false.
d Statement 1 is false, Statement 2 is true.

dy (dy )‘2 @ |22 ( dy )‘3 : ] (UT-JEE, 2007)
e J\ax . dx? J\dx Integer Type _ . '
' 2 . (UT-JEE, 2007) 1. Let f(6